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PREFACE. 


The  first  thirteen  sections  of  the  following 
work  were  written  immediately  after  I  ob- 
tained my  degree.  Sensible  how  imperfectly 
qualified  I  must  have  then  been  for  the 
execution  of  a  work  of  such  extent,  I  laid 
aside  the  manuscript,  in  expectation  that 
some  one'of  niore  years,  experience,  and  talent, 
would  supply  what  was,  and  has  continued 
to  be,  a  desideratum  in  science — a  complete 
and  uniform  system  of  Algebraic  Geometry. 
After  the  lapse  of  several  years,  no  work  of 
this  description  having  been  announced,  I 
again  resumed  my  labours  with  increased  ex- 
perience and  knowledge,  and  therefore  with 
increased  confidence. 

The  part  of  the  work  now  published  has 
been  submitted  to  the  best  test  by  which  an 
elementary  treatise  can  be  estimated,  the  pur- 
poses of  instruction.  Such  alterations  have 
been  made  as  were  suggested,  and  it  is  hoped 
that  the  treatise^  as  it  now  stands,  will  be 
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found  properly  adapted  to  initiate  students 
in  the  elements  of  the  science. 

Such  principles  of  algebra  as  are  assumed 
in  the  text,  and  not  to  be  found  in  the  com- 
mon elementary  treatises  in  our  language, 
have  been  explained  and  proved  in  the  notes. 
In  these  tb6  student  will  also  find  a  cdh- 
siderable  portion  of  historical  information  re^ 
specting  the  invention  and  progressive  im- 
provement of  the  different  parts  of  geometry 
which  fall  under  his  consideration  throughout 
the  work,  and  other  matter  which,  if  intro- 
duced into  the  text,  would  have  broken  its 
uniformity. 

Those  who  are  acquainted  with  fordga 
works  on  this  subject  will  easily  estitniate  the 
extent  of  my  claims  on  the  score  of  originality. 
Much  new  matter  is  not  td  be  looked  for  at 
this  period  in  any  elementary  work,  and  there- 
fore one  may  justly  assume  a  double  portion^ 
of  credit  for  whatever  may  be  found.  ,  CcHir 
siderable  improvement  will  be  perceived  in 
the  method  and  arrangement.  The  formulas 
which  have  been  given  by  dther  writers  are 
render^  more  general,  and  therefore  more 
prolific  in  results,  and  more  symmetrical  in 
form.    A  very  considerable  portion  of  the  fes- 
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^Maples  and  illustrations,  both  geometrical  and 
physical,  will,  I  believe,,  be  foiind  to  be  ori- 
ginal The  transfonnation  of  co-ordinates^ 
which  is  in  general  so  operose,  and  whidi  is 
the  mean  ordinarily  used  for  discovering  the 
ptoperties  of  curves,  is  Tery  sparingly  intoo. 
duced,  most  of  the  properties  being  dis- 
covered without  it  with  more  clearness  and 
facility. 

.  I  have  been  very  attentive  in  supplying  a 
defect  which  exists  in  every  treatise  on  the 
subject  which  I  have  ever  seen,  a  total  want 
of  eiamples  illustrative  of  the  application 
of  the  aJ[)stract  rules  and  princifdes  of  the 
science.  This  deficiency  prevails,  without  a 
single  exception,  in  all  the  continental  writers 
Some  will,  perhaps,  be  of  opinion  that  I  have 
fallen  into  the  oj^site  extreme,  ^id  given 
too  much  illustration.  To  this  I  have  only 
to  answer,  that  in  this  science  the  illustrations 
and  examples  are  not  confined  in  their  effect 
merely  to  the  practice  they  afibrd  in  the 
analytic  art,  but  that  they  abo  store  the  mind 
with  independent  geometrical  and  physical 
knowledge.  Besides,  it  ^ould  be  considered, 
that  the  only  effectual  method  of  impressing 
abstract  formulae  and  rules  upon  the  memory, 
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and,  indeed,  of  making  them  ftiUy  and  clearly: 
apprehended  by  the  understanding,  is  by  ex- 
amples of  their  practical  appHcation.  The 
quantity  of  examples  necessary  to  make  the 
Ld  ^  any  ^eral  prindple  is  diflferent 
according  to  the  various  degrees  of  talent.  A 
sufficiency,  at  leasts  should  be  giten  for  stu- 
dents of  very  moderate  capacity.  It  will  be 
much  more  easy  for  those  of  superior  parts  to- 
omit  what  they  shall  feel  superfluous,  than 
for  those,  whose  talents  are  of  a  lower  stand- 
aird,  to  supply  what  they  might  find  deficient 

The  title  "  Algebraic  Geometry"  has  been 
preferred  to  either  of  the  titles,  "  Analytic 
Geometry"  or  **  the  Application  of  Algebra 
to  Geometry,"  because  the  one  is  equivocal, 
and  the  other  circumlocutory.  The  use  of  the 
transcendental  analysis  has  been  brought  as 
an  objection  to  the  present  title.  I  do  not, 
however,  think  this  a  sufficient  reason  for 
rejecting  it. 

It  is  but  justice  to  myself  to  state  a  cir- 
cumstance which,  though  it  cannot  afiect  the 
intrinsic  excellence  of  this  work,  if  it  have  any, 
yet  must  materially  influence  the  estimation 
in  which  its  author  will  be  held  by  the  reader. 
During  most  of  the  period  in  which  I  have 
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been  employed  upon  the  present  treatise, 
from  eight  to  ten  hours  daily  of  my  time  were 
occupied  in  the  labours  of  instruction :  so 
that  this  work  may  truly  be  said  to  be  the 
result  of  a  few  spare  hours,  and  these  always 
hours  of  fatigue  both  of  body  and  mind.  This 
I  hope  will  plead  my  apology  for  any  over- 
sights which  may  be  found  throughout  the 
work,  of  which  probably  there  are  not  a  few. 
The  typographical  errors  have  been  very 
carefiilly  collected  in  the  errata.  Their  number 
has  been  principally  caused  by  the  circum- 
stance of  my  residence  in  a  different  country, 
and  nearly  four  hundred  miles  from  London, 
where  I  have  found  it  expedient  to  publish 
the  work.  The  difficulties  of  transmitting 
the  proof  sheets  for  correction  with  sufficient 
punctuality  and  despatch  were  very  great. 
These  difficulties  would  have  been  nearly  in- 
jsurmountable,  owing  to  the  enormous  charges 
of  the  post-office,  were  it  not  for  the  kindness 
and  attention  of  some  members  of  parliament, 
through  whom  the  necessary  correspondence 
with  the  publishers  in  London  was  conducted. 
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Geometry,  in  its  most  extensive  sense,  is  the 
science  whose  object  is  the  investigation  of  the 
properties  of  figure.  Figure  *  is  the  mutual  K-- 
lation  of  the  limits  of  space  among  each  other.  It 
is  therefore  an  affection  of  lines  and  surfaces ;  lines 
being  the  limits  of  superficial,  and  surfaces  those 
of  solid  space.  The  ideas  expressed  by  the  terms 
line  and  surface  admit  no  definition,  and  for 
the  same  cause  require  nohef*     They  are  con- 

*  **  Figure  is  the  relation  which  the  parts  of  the  tenmnation  of 
ext&aman,  or  circumBerSbed  space,  have  amongst  themtelvea.*'— « 
Locke. 

t  Although  the  abstract  terms  line,  and  surfieice,  admit  no 
definition,  jet  their  species,  with  the  exception  of  right  lines 
and  plane  surfaces,  do ;  these,  being  simple  ideas,  are  un* 
definable. 

**  The  several  terms  of  a  definition,  ngnifying  several  ideas, 
they  can  altogether  by  no  means  represent  an  idea,  which 
has  no  conqposition  at  all ;  and  therefore  a  definition,  which  ia 
properly  nothing  but  the  showing  the  meaning  of  one  word  by 
several  others,  not  signifying  eadi  the  same  thing,  can,  in  the  , 
names  of  simple  ideas,  have  no  place."— <-Locke. 

D'Alembert  entertains  a  different  opinion  on  the  necessity  of 
defining  those  terms,  and  yet^  at  the  same  time,  seems  to  admit 
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cepUons  so  simple  and  obvious,  that  any  necessity 
of  explaining  them  is  superseded  by  an  appeal 
to  the  senses.  It  is  only  necessary  to  observe, 
that  the  term  solid  is  used  without  any  reference 
to  body,  merely  to  signify  the  space  which  a  solid 
body  might  occupy.  Lines  and  surfaces  are  sub- 
divided into  numerous  classes,  marked  by  various 
characteristic  properties. 

The  first  division  of  lines  is  into  straight  lines 
and  curves,  and  of  surfaces  into  plane  and  curved, 
straight  Unes  and  plane  surfaces  admit  no  further, 
subdivision,  for  they  are  without  any  variety. 
One  indefinite  straight  line  is  so  applicable  to  any 

its  impossibility.    He^  however^  thinks  a  bad  definition  better 
than  none. 

<<  Nousne  pretendons  pas  pout*  oela  qu*on  doive  supporimer  des 
elemens  de  geomctrie  les  definitions  de  la  surface  plane  et  de 
la  ligne  droite.  Ces  definitions  sont  necessaires;  car  on  ne 
saiiroit  connoitre  Jes  propri6t68  des  lignes  droites  et  des  surfaces 
planes  sans  parler  de  quel  que  propriety  simple  4es  ces  lignes  et 
des  ices  surfaces  qui  puisse  etre  apperfue  a  la  premiere  vue  de 
I'esprit,  et  par  consequent  ^tre  prise  pour  leur  definition.  Ainsi 
on  definit  Ja  ligne  droite^  la  ligne  la  plus  courte  qu'on  puisse 
mener  d'un  point  k^  un  autre ;  et  la  surface  plane^  celle  k  la- 
quelle  une  ligne  droite  se  pent  appliquer  en  tout  sens.  Mais  ces 
deux  definitions,  quoique  peut-^tre  preferable  a  toutes  celles 
qu*on  pourroit  imaginer^  ne  renferment  pas  Tid^e  primitive 
que  nous  nousformons  de  la  ligne  droite  et  de  la  surface  plane^ 
I'idee  si  simple  et  pour  ainsi  dire^  srindivisible  et  si  une>  qu*une 
definition  ne  peut  la  rendre  plus  claire,  soit  par  la  nature 
de  cette  idee  meme^  soit  par  Timperfection  du  langage."— 
D*Albmbxrt.  . 
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other  as  perfectly  to  coincide  widi  it,  so  that,  in 
effect,  the  two  lines  will  become  one.  Straight 
lines,  then,  can  differ  one  from  another  only  in 
magnitude  and  position ;  but  the  figure  of  all 
straight  lines  must  be  the  same,  and .  they  must 
therefore  possess  the  same  properties.  Similar 
observations  apply  with  equal  force  to  plane  siir^ 
faces.  This,  however,  is  not  the  case  with  curves 
and  curved  surfaces.  Each  of  these  cliasses  con- 
tains an  endless  variety  of  species,  the  investiga^ 
tipn  of  the  properties  of  which  is  the  business 
of  the  geometer.  A  more  particular  subdivision 
will,  however,  be  necessary  before  proceeding  to 
the  discovery  of  these  properties. 

Lines  may  always  be  conceived  to  be  described 
upon  surfaces.  Under  this  point  of  view,  curves  re- 
solve themselves  into  two  classes.  The  first  em- 
braces those  whose  points,  all  situate  in  the  same 
plane,  may  be  conceived  to  be  described  upon  a 
plane  surface ;  and  the  second,  diose  whose  points 
not  lying  in  the  same  plane,  can  only  be  conceived 
to  be  described  upon  a  curved  surface.  The  former* 
are  called  plane  curves,  and  the  latter  curves  of 
double  curvature.  The  investigation  of  curved 
surfaces  involves  necessarily  the  nature  and.  pro- 
perties of  curves  of  double  curvature,  and  there-  • 
fore  the  whole  range  of  geometry  may  be.  divided 
into  two  principal  parts : 

The  Geometry  of  Plane  Curves,  and 
The  Geobietry  of  Curved  Surfaces. 
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In  conformity  with  this,  the  following  treatise  is 
divided  into  two  parts,  under  these  denominations* 

The  first  part  might  naturally  be  called  plane 
geometry.  Names,  however,  are  invented^  not 
after  knowledge  has  reached  its  full  extent^  but  in 
its  progress  to  that  state.  After  the  limits  of  a 
science  have  been  extended  by  the  gradual  ac- 
cession of  discoveries,  terms  are  always  to  be 
found  which  are  used  in  a  much  more  confined 
sense'than  thej  might  admit  ofi  because  dieir  in- 
ventors, unacquainted  with  the  extent  which  lay 
undiscovered,  only  applied  them  to  the  parts  then 
known}  and  the  difficulty  and  inconvenience* 
which  always  attend  the  alteration  of  received 
names  induced  their  successors  to  invent  new 
terms  rather  than  disturb  the^  accepted  sense  of. 
the  old  ones.  To  this  cause  the  very  limited 
sense  of  the  term^  plane  geometry,  must  be  at* 
tributed. 

In  the  earliest  infancy  of  the  science,  its  limits 
were  confined  to  the  properties  of  rectilinear 
figores,  or  rather  to  the  properties  of  triangles, 
into  which  all  rectilinear  figures  nrny  be  resolved.. 
The  circle  probably  served  at  fibrst  as  a  mere  in- 
strument in  the  construction  of  rectilinear  pro* 
blems.  The  properties  of  this  curves  however, 
soon  became  the  object  of  investigation,  and  were 
discovered  in  a  very  early  stage  of  the  scieftice* 
The  right  line  and  circle  terminated  the  inquiries 
of  the  first  geometers  with  respect  to  lines.    They 
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next  turned  their  views  to  surfaces^  and  in  these 
they  confined  themselves  to  those  generated  by 
the  revolution  of  an  an^e  round  the  line  which 
bisects  it,  a  rectangle  round  one  of  its  sides,  and 
a  cirde  round  one  of  its  diameters.  They  thus 
acquired  the  notions  and  investigated  the  pro* 
perties  of  cones,  cylinders^  and  spheres.  They 
accordingly  divided  their  geometry  into  two  parts, 
called  plane  and  soHd  geometry. 

The  term  plane  geometry  is  stitt  used  in  the 
sufte  sense,  and  is  so  much  of  the  geometry  of 
plane  curves  as  includes  the  right  Une  and  circle* 
In  plane  geometry,  treated  according  to  the  an- 
cient method,  nothing  is  permitted  to  be  done 
but  what  may  be  effected  by  a  rule  and  compass, 
aaad  nothing  is  allowed  to  be  troe  withoot  proof, 
except  a  few  simple  and  general  propositions 
called  a^oms,  and  prefixed  by  Euclid  to  his  Ele- 
ments. On  these  axioms^  and  on  the  definitions, 
the  whole  structmre  of  plane  geometry  rests* 

The  science  continued  within  these  limits  until 
the  time  of  IHato,  about  four  hundred  years  before 
the  Christian  ersL  The  institution  of  the  Ha* 
tonic  School  forms  a  most  str&ing  epoch  in  the 
pcogresa  of  geometry.  In  it  originated  the 
cxnic  sections,,  the  geometrical  analysis,  geo- 
metric loci,  and  the  discussion  of  the  cdebrated 
problems  o£  tiie  duplication  of  the  cube,  and  the 
trisectim  (£  an  angle.  The  geometers  of  this 
school,  finding  that  the  ingemrity  of  their  pre- 
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decessors  had  nearly  exhausted  plane  and  solid 
geomeitry  as  they  had  descended  to  them,  con- 
trived, by  the  combination  of  these  sciences,  to 
produce  new  subjects  for  speculation.  They  con- 
ceived  a  conical  surface  intersected  by  a  plane, 
and  a  line  traced  upon  the  plane  by  the  points 
common  to  it,  and  the  surface  of  the  cone.  Hence 
arose  the  conic  sections,  the  properties  of  which 
have  employed  the  talents  of  geometers  from  that 
time  to  the  present,  and  which  have  been  since 
discovered  to  be  the  lines  traced  by  the  planets 
and  comets  in  their  revolutions  round  the  sun, 
their  common  centre  of  attraction.  These  are  the 
first  curves  to  which  the  attention  of  the  student  is 
directed  in  the  following  work,  though  defined  in 
a  different  manner,  and  conformably  to  the  ge- 
neral system  which  has  been  adopted. 

The  invention  of  the  geometric  analysis,  besides 
its  intrinsic  excellence,  has  the  additional  interest 
arising  from  our  knowledge  that  it  is  the  invention 
of  Plato  himself  The  other  discoveries  are  known 
to  have  originated  in  the  Platonic  school,  but  we 
have  no  authentic  record  to  prove  their  particular 
inventors.  It  does  not  appear  that  Plato  wrote 
any  work  purely  mathematical.  The  authority 
of  Proclus,  however,  proves  him  the  inventor 
of  the  geometrical  analysis.  Any  geometrical 
question,  whether  problem  or  theorem,  being 
submitted  to  analysis,  is  assumed  as  solved  if  it. 
be  a  problem,  and  as  true  if  a  theorem.    From 
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this  assumption  a  chain  of  consequences  is  drawn, 
which,  by  the  ingenuity  of  the  geometer,  is  con^ 
tinned  until  he  arrives  at  some  proposition  known 
to  be  true  or  false,  if  the  question  be  a  theorem ; 
possible  or  impossible  if  it  be  a  problem*  The 
final  consequence  points  out  whether  the  question 
be  true  or  possible,  and,  by  retracing  the  steps,  a 
synthetical  proof  or  solution  may  be  found. 

Geometric  loci  in  the  Platonic  school  were 
conceived  to  be  produced  by  indeterminate  geo- 
metrical problems  in  the  manner  explained  in  the 
commencement  of  the  following  treatise.  The 
principal  use  to  which  they  were  applied  by  the 
ancients  was  the  solution  of  determinate  problems, 
by  the  intersection  of  two  loci  determined  by  in- 
determinate problems.  To  give  a  very  simple 
instance  j  if  the  problem  to  be  solved  be  the  de- 
termination of  a  triangle,  whose  base,  area,  and 
ratio  of  sides  are  given,  the  problem  is  resolved 
by  the  intersection  of  a  right  line  and  circle ;  the 
former  the  locus  of  the  vertex,  where  the  base 
and  area  are  given,  and  the  latter  its  locus  when 
the  base  and  ratio  of  sides  are  given. 

The  celebrated  problem  of  the  duplication  of 
the  cube  was  solved  mechanically  by  Plato.  Me- 
nechme,  a  pupil  of  his,  solved  the  same  problem 
by  the  intersection  of  two  parabolas  *,  and  by  the 

*  See  art.  585. 


iiitersecticm  of  a  parabola  and  hypeH^la.  Thi6 
was  one  of  the  first  applications  of  geometric  loci 
to  the  solution  of  detenninate  problems. 

Geometers  next  began  to  extend  their  in^ 
vesitigatiotts  to  the  discovery  of  the  lengths  of 
curves,  and  the  areas  contained  by  them.  This 
gave  birth  to  the  Method  of  Exhaustions,  the  most 
refined  and  subtle  invention  of  the  ancients.  In 
this  method,  which  was  employed  with  such  ad- 
mirable ingenuity  and  address  by  Archimedes, 
nnd  by  the  use  of  which  he  rffected  most  of  his 
discoveries  in  geometry,  we  may,  by  minute  at- 
tention, observe  the  germ  of  the  diSerential  and 
integral  calculus.  Tliis,  however,  must  only  be 
understood  of  the  metaphysical  principle  of  that 
wonderful  science;  for  in  their  application  to 
geometry,  to  say  nothing  of  the  physical  and  al- 
gd)raical  sciences,  the  powers  of  the  calculus  are 
&r  beyond  those  of  the  ancient  method. 

By  the  Method  of  Exhaustions,  the  lengths 
and  areas  of  curves  ware  compared,  by  comparing 
those  of  inscribed  and  circumscribed  rectilinear 
figures.  As  the  numbet  of  sides  are  increased, 
the  differences  between  the  figui^es,  and  therefore, 
a  fortiori,  between  each  of  them  a«d  the  curve,  are 
Continually  diminished.  It  is  always  possible  so 
to  multiply  the  number  of  sides,  that  these  dif- 
ferences shall  be  made  less  than  any  assignable 
magnitude.    Under  these  oircumstances,  any  pro- 
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perty  of  the  rectilinear  figures  which  is  indei- 
pendent  of  the ,  number  of  thek  sid^  will  be 
also  a  property  of  the  curves.  This  would  ap- 
pear to  a  modem  geometer  sufficiently  evident, 
but  the  ancients  were  more  fastidious,  and  to 
remove  all  possibility  of  objection,  they  con- 
firmed the  proof  in  every  particular  instance,  by 
an  argument  eof  absurdo. 

Although  the  ancients  passed  the  limits  of 
plane  geometry,  yet,  from  the  nature  of  the 
method  of  exhaustions,  all  their  demonstraticHis 
were  tedious  and  elaborate.  When  we  enter  upon 
the  investigation  of  any  curve  beyond  the  circle,  * 
by  this  method,  we  are  perpetually  embarrassed, 
not  with  the  difiSculties  oi  the  subject,  but  with 
the  inadequacy  of  the  method,  the  insufficiency  of 
wfaich  is  supplied  at  the  expense  of  an  immense 
quantity  of  valuable  time  an4  talent. 

From  the  time  of  Archimedes,  ApoUonius, 
Omoo,  Ni^omedes,  and  Diocjes,  who  lived  about 
tbi^M  centuries  before  the  Christian  era,  until  the 
seventeenth  century,  an  interval  of  two  thpusand 
yieai^,  geometry  made  no  ocmsiderable  progress.  In 
the  year  1637  Descartes  published  his  Geometrie. 
This  work  disclosed  to  the  world  his  discovery  of 
the  :a{)ptica(tioin  of  algebra  to  geometry,  which 
vanquished  a  great  number  of  tibe  difficulties 
whi(Qb  jbad  m  loiag  in^ded  the  pirogress  of  that 
science.     In  .assigniag  to  Descwrtes  the  iewtire 

b2 
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honour  of  the  invention  of  Algebraic  Geometry, 
it  is  not  meant  that  no  mathematician  before  him 
bad  applied  algebra  to  the  resolution  of  geome- 
trical questions.  On  the  contrary,  we  find  many 
such  applications  in  the  algebra  of  Bombelli,  an 
algebrsust,  nearly  contemporary  with  Cardan,  and 
also  in  the  works  of  Tartaglia,  a  mathematician  of 
the  early  part  of  the  sixteenth  century,  and  even 
so  far  back  as  the  time  of  Regiomontanus ;  but 
more  particularly  in  the  works  of  Vieta.  The 
general  method  of  representing  curves  by  equa* 
tions  between  two  unknown  quantities,  and  thence 
deducing  their  various  properties  by  algebraic 
operations  performed  upon  these  equations,  was, 
however,  unquestionably  the  invention  of  Des- 
cartes. 

This  discovery  suggested  itself  to  Descartes  in 
the  investigation  of  the  following  problem,  which 
had  been  attempted  without  success  by  several 
ancient  geometers;  among  others  by  Euclid, 
ApoUonius,  and  Pappus.  "  To  determine  a  point 
upon  a  given  plane,  from  which,  if  a  number  of 
right  lines  be  drawn,  inclined  at  given  angles,  to  as 
many  right  lines  given  in  position,  the  continued 
product  of  half  the  number  of  lines  so  drawn,  shall 
bear  a  given  ratio  to  the  continued  product  of  the 
remaining  lines,  if  their  number  be  even,  and  so 
that  the  continued  product  of  half  their  number 
diminished  by  one,  shall  bear  a  given  ratio  to  the 
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continued  product  of  the  remaining  lines,  if  their 
number  be  odd«    Thus,  if  n  be  the  number  of 

lines  so  drawn,  the  continued  product  of  -|-  of 

these  shall  bear  a  given  ratio  to  the  product  o£ 
the  remaining  lines,  if  n  be  even,  and  so  that  the 

continued  product  of  -^  of  them  shall  bear  a 

given  ratio  to  the  continued  product  of  the  re- 
maining lines,  if  w  be  odd/'  Descartes  observed 
that  the  problem  was  indeterminate,  and  that  an 
infinite  number  of  such  points  might  be  found ; 
in  other  words;  that  the  solution  of  the  problem 
was  not  effected  by  a  point,  but  by  a  curve  which 
might  be  considered  as  the  locus  of  the  sought 
point.  He  also  found  that  all  these  points  werd 
related  to  the  lines  given  in  position,  and  to  the 
given  angles  by  one  common  relation,  ^hich  he 
expressed  by  an  equation  composed  of  constant 
quantities,  representing  the  several  data  of  the  pro- 
posed problem,  and  which  therefore  are  supposed 
to  remain  the  same,  however  the  sought  point 
may  vary  its  position,  and  two  variable  quantities 
representing  lines,  the  magnitudes  of  which  de- 
pending on  the  position  of  the  sought  point, 
change  as  it  changes.  The  sought  point  passing 
through  its  various  positions  being  supposed  to 
describe  the  locus,  he  assumed  this  equation  to 
represent   the  curve;  for,   any  value  being  as- 
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digned  to  one  of  the  variables,  the  equation  solved 
for  the  other  determines  a  point  of  the  locu^.  It 
is  not  difficult  to  conceive  one  of  the  variables 
uniformly  and  continually  to  change  its  mag- 
nitude, and  the  other  at  the  same  time  to  undergo 
such  a  continuous  change  of  magnitude,  that  the 
condition  of  the  equation  will  always  continue  to 
be  satisfied;  the  generating  point  will  thus,  by 
continued  motion,  trace  out  the  locus. 

Descartes  perceiving  the  importance  and  power 
of  the  principle  which  he  used  in  this  solution, 
immediately  conceived  the  notion  of  founding 
upon  it  the  whole  geometry  of  curve  lines.  By 
this  felicitous  application  of  equations  of  two  un- 
known  quantities,  the  science  of  geometry  was 
utterly  revolutionised.  Every  curve  described  by 
any  given  law  being  expressed  by  an  equation 
between  two  variables  deducible  from  that  law, 
was  thus  brought  under  the  dominion  of  algebra. 
This  equation,  including  the  essence  of  the  curve, 
its  various  propert^ies  flowed  from  it  j  its  diflTerent 
branches,  the  limits  of  its  course ;  its  asymptotes^ 
diameters,  Centres ;  inflections,  cusps,  and,  in  a 
word,  all  its  affections  he  found  to  be  algebraically 
deduqible  from  its  equation.  Thus  the  equation 
may  be  considered  as  a  short  formula  in  which  all 
the  properties  of  the  curve  are  embodied,  and 
from  which  the  analyst  is  always  able  to  deduce 
them  by  fixed  and  general  rules,  which  are  not 
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peculiar  to  the  equatioQ  of  any  particular  curve, 
but  iqdi&rently  applicable  to  those  of  all  curves. 
The  immediate  consequence  of  this  memorable 
discovery  was^  that  geometry  at  once  oversprang 
the  narrow  limits  which  had  circumscribed  it  for 
ages,  and  took  a  range,  the  extent  of  which  is 
literally  infinite.  Instead  of  a  few  simple  and 
particular  curves,  which  had  hitherto  constituted 
the  only  objects  of  the  science,  the  geometer  dis^ 
cussed  the  properties  of  whole  classes  of  cui'ves, 
distinguished  and  arranged  according  to  the  de^ 
grees  of  the  equations  which  represent  them. 
The  variety  of  curves  thus  became  as  infinite  as 
that  of  equations.  The  ancient  geometry  pro- 
ceeded upon  no  general  methods.  It  consisted 
of  scattered  propositions  arbitrarily  put  together, 
connected  by  no  necessary  tie  or  general  law. 
The  discovery  of  each  particular  property  there- 
fisre  cast  the  geometer  a  distinct  efibrt  of  in- 
vention, and  demanded  a  separate  expenditure  of 
intellectual  energy;  and,  even  when  successful, 
he  was  as  often  indebted  to  chance  as  to  his  own 
sagacity.  Thus,  for  example,  their  method  of 
drawing  a  tangent  to  one  curve  furnished  no  clue 
which  could  lead  to  the  solution  of  the  same  pro- 
blem with  another  curve,  and  therefore  the  geo- 
meter was  beset  with  the  same  difficulties  every 
new  curve  he  approached.  The  application  of 
algebra  at  once  removed  these  defects.  It  de- 
termined uniform  and  general  rules  for  the  in- 
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vestigation  of  the  properties  of  every  curve  what- 
ever. Nay,  it  did  not  alone^  assist  the  operation 
of  the  rieasoning  faculty,  but  actually  supplied  the 
place  of  invention  by  furnishing  means  of  dis- 
covering curves  in  infinite  variety.  No  equation 
between  two  unknown  quantities  can  be  proposed 
but  a  corresponding  curve  is  immediately  dis- 
coverable, whose  nature  and  properties  afford 
matter  for  geometrical  speculation. 

To  algebra  we  are  indebted  for  the  classification 
of  curves  in  di^erent  orders,  forming,  says  Cramer, 
a  sort  of  geometrical  arsenal,  where  the  imple- 
ments of  the  science  are  so  arranged,  that,  with- 
out hesitation,  we  can  choose  whichever  may  be 
best  adapted  to  the  resolution  of  any  proposed 
problem. 

Notwithstanding  the  extent  and  importance  of 
the  invention  of  Descartes,  something  still  re- 
mained to  be  done  before  geometry  could  be  con- 
sidered to  have  reached  that  perfection  of  which 
it  seemed  susceptible.  No  method  had  been 
given  by  Descartes  for  the  discovery  of  the 
lengths  and  areas  of  curves ;  problems,  known  by 
the  names  rectification  and  quadrature.  Rectifica- 
tion had  even  been  by  some  geometers  considered 
impossible.  Quadrature  had  been  effected  only 
in  a  very  few  instances.  Archimedes  had  effected 
that  of  the  parabola,  and  given  an  approximation 
to  that  of  the  circle.  Besides  these  deficiencies, 
the  method  of  drawing  tangents,  given  by  Des- 
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cartes,  although  general,  was,  in  many  cases,  at- 
tended with  considerable  difficulties,  and  required 
frequently  the  resolution  of  equations  of  the^  higher 
orders.  ■  A  very  short  period,  however,  gave  to 
the  world  a  science  which  removed  these  dif. 
ficulties,  and  may  justly  be  considered  to  have 
brought  geometry  to  a  state  little  short  of  positive 
perfection. 

The  investigations  which  had  arisen  from  the 
invention  of  Descartes,  directed  the  attention  of 
all  the  great  geometers  of  the  world  to  the  dis- 
covery of  a  general  method  of  drawing  tangents 
to  curves,  which  should  be  free  from  the  objections 
to  which  both  the  methods  *  which  Descartes  had 
delivered  were  liable.  Fermat,  Roberval,  Barrow, 
Sluze,  and  others,  severally  attempted  the  general 
solution  of  this  problem  without  complete  suc- 
cess. Their  methods  were  operose,  frequently 
impracticable,  and  never  applicable  to  transcen- 
dental curves  in  general.  Although  the  essays  of 
these  geometers  did  not  subdue  the  difficulties  of 
the  problem,  yet  every  new  attempt  shed  ad- 
ditional light  upon  the  subject,  a^nd  gradually 
facilitated  the  solution.  At  length  attentive  con- 
sideration of  the  subject  conducted  two  great 
geometers  to  the  discovery  of  the  true  and  ge- 
neral principles  upon  which  all  such  problems  de- 
pended. 

Newton  and  Leibnitz  each  claim  the  honour  of 

*  See  note  on  art.  132. 
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the  discovery  of  the  Fluxioiiary  or  Differential 
Calculus,  which  at  once  presented  easy  and  ge- 
neral methods  for  the  solution  a£  all  problems  of 
tangents,  rectification,  and  quadrature.  The  in«- 
vention  of  this  science^  unquestionably  the  most 
splendid  conception  the  human  mind  ever  enter- 
tained, whether  we  regard  the  nature  of  the 
science  itself,  or  the  extent,  variety,  and  im- 
portance of  its  applications,  was  too  grand  an 
achievement  of  genius  not  to  rouse  the  ambition 
even  of  the  greatest  men  to  claim  the  credit  of  it* 
The  mathematicians  of  the  continent,  on  the  part 
of  Leibnitz,  and  those  of  England,  on  the  part  of 
Newton,  each  advanced  their  claims,  and  hence 
arose  the  greatest  and  most  protracted  contest 
which  ever  agitated  the  philosophical  world.  With 
the  exception  of  Newton  himself,  the  parties  dis- 
played on  both  sides  a  degree  of  asperity  and  per- 
sonal acrimony  very  inconsistent  with  the  dignity 
of  the  prize  for  which  they  contended. 

Without  entering  into  any  detail  of  the  par- 
ticulars of  this  memorable  scientific  war,  we  shall 
merely  observe,  that  in  its  commencement,  Leib- 
nitz appealed  to  the  Royal  Society  for  justice  fbr 
the  injuries  done  to  his  fame  by  the  British  ma- 
thematicians ;  upon  which  the  Society  appointed 
a  committee  to  examine  into  and  repdart  upon  the 
rights  of  the  illustrious  candidates  for  the  in« 
vention  of  the  Calculus.  Their  report  was  pub- 
lished in  171^9  under  the  title  '^  Commercium 
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l^istolicum  D.  Johannis  Collins  et  aliorum  de  Ana- 
lysi  promotIL''  The  principal  part  of  this  pub- 
lication consists  of  extracts  from  a  correspondence 
between  Newton,  Barrow,  Gregory,  Wallis^  Keil, 
Collins,  Leibnitz,  Oldenburg,  Sluze,  and  others. 
Upon  this  correspondence,  the  committee  re- 
ported as  follows : — 

L  **  That  Mr.  Leibnitz  was  in  London  in  the 
beginning  of  the  year  1673 ;  ^uid  went  thence  in 
or  about  March  to  Paris,  where  he  kept  a  corre- 
spondence with  Mr.  Collins,  by  means  of  Mr.  Ol- 
denburg, till  about  September,  I676,  and  thence 
returned  by  London  and  Amsterdam  to  Hanover : 
and  that  Mr.  Collins  was  very  free  in  communi- 
cating to  able  mathematicians  what  he  had  re- 
ceived from  Mr*  Newton  and  Mr.  Gregory. 

II.  *^  That  when  Mr.  Leibnitz  was  the  first  time 
in  London,  he  contended  for  the  invention  of  an- 
other differential  method,  properly  so  called ;  and, 
notwithstanding  that  he  was  shown  by  Dr.  Pell 
that  it  was  Mouton's  method,  persisted  in  main- 
taining it  to  be  his  own  invention,  by  reason  that 
he  had  found  it  by  himself  without  knowing  what 
Mouton  had  done  before,  and  had  much  improved 
it.  And  we  find  no  mention  of  his  having  any 
other  differential  method  than  Mouton's  before 
his  letter  of  the  21st  of  June,  1677,  which  was  a 
year  after  a  copy  of  Mr.  Newton's  letter  of  the 
10th  of  December,  1672,  had  been  sent  to  Paris 
to  be  cmnmunicated  to  him,  and  above  four  years 
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after  Mr.  Collins  began  to  communicate  that  letter 
to  his  correspondents ;  in  which  letter  the  method 
of  Fluxions  was  sufficiently  described  to  any  in- 
telligent person. 

III.  "  That  by  Mr.  Newton's  letter  of  the  13th 
of  June,  1676,  it  appears  that  he  had  the  method 
of  Fluxions  above  five  years  before  the  writing  of 
that  letter.  And  by  his  Analysis  per  eqtiationes 
numero  termnorum  infinitaSj  communicated  by  Dr. 
Barrow  to  Mr.  Collins  in  July,  I669,  we  find  that 
he  had  invented  the  method  before  that  time. 

IV.  *'  That  the  differential  method  is  one  and 
the  same  with  the  method  of  Fluxions,  excepting 
the  name  and  mode  of  notation ;  Mr.  Leibnitz 
calling  those  quantities  differences,  which  Mr. 
Newton  calls  Moments  or  Fluxions,  and  marking 
them  with  the  letter  d,  a  mark  not  used  by  Mr. 
Newton.  And  therefore  we  take  the  proper 
question  to  be,  not  who  invented  this  or  that 
method,  but  who  was  the  first  inventor  of  the 
method.  And  we  believe  that  those  who  have 
reputed  Mr.  Leibnitz  the  first  inventor  knew 
little  or  nothing  of  his  correspondence  with 
Mr.  Collins  and  Mr.  Oldenburg  long  before ;  nor 
of  Mr.  Newton's  having  that  method  above  fifteen 
years  before  Mr.  Leibnitz  began  to  publish  it  in 
the  Acta  Eruditorum  of  Leipsic. 

"  For  which  reason  we  reckon  Mr.  Newton  the 
first  inventor  j  and  are  of  opinion  that  Mr.  Kiel, 
in  asserting  the  same,  has  been  no  ways  injurious 
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to  Mr.  Leibnitz.  And  we  submit  to  the  judgment 
of  the  Society,  whether .  the  extract  and  papers 
now  presented  to  you,  together  with  what  is  ex- 
tant to  the  same  purpose  in  Dr.  Wallis's  third 
volume,  may  not  deserve  to  be  made  public/' 

The  foreign  mathematicians,  as  might,  be  ex- 
pected, were  by  no  means  satisfied  of  the  justice 
of  this  decision,  in  which  it  was  more  than  in- 
sinuated that  Leibnitz  was  guilty  of  a  disgraceful 
theft.  Even  to  the  present  day. a  difference  of 
opinion  on  the  subject  exists,  and  the  fire  of  party 
zeal  is  far  from  being  extinct.  The  foreign 
writers  generally  contend  that  Leibnitz  has  the 
merit  of  the  invention,  though  some  of  them,  at 
the  same  time,  allow  that  Newton  was  acquainted 
with  its  principles  first,  although  he  did .  not 
disclose  them  to  the  world.  .  Bossut  insinuates 
that  Newton,  being  president  of  the  Royal  Society, 
must  necessarily  have  had  a  strong  influence  on 
this  report ;  also,  that  it  was  made  ex  parte,  and 
that  its  publication  was  hastened  to  avoid  intro- 
ducing a  defence  which  Leibnitz  had  in  pre- 
paration. The  foreign  writers,  in  general,  strongly 
deny  the  fact,  that  the  principles  of  Newton's 
method,  or  any  hints  which  could  lead  to  them, 
are  contained  in  the  letters  and  papers  alluded  to  in 
the  report,  and  published  with  it  Montucla,  one 
of  the  most  candid  of  the  French  writers  on  the 
subject,  says,.  "  On  ne  peut  douter  que  Newton 
ne  soit  le  premier  inventeur  des  calculs  dont  il 
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s'agit.  Lea  pneuves  en  sont  plus  claires  que 
le  jour  i  mais  Leibnitz  est-il  coupable  d'avoir 
public  comme  sienne  une  deconverte  qu'il 
aaroit  puisne  dans  les  Merits  mifeme  de  Kewton." 
At  the  same  tinie  be  insists  upon  the  injustice  of 
Newton  to  Leibnitz,  in  suppressing  in  the  edition 
of  Hie  Fdncipia,  publidbed  in  17^6,  a  schoUsim 
¥rhich  appeaned  in  the  former  edition,  in  which 
Newton  is  alleged  to  have  allowed  Leibnitz  itibe 
merit  of  the  invention.  He  also  accuses  Newtcm 
of  having  been  secretly  the  author  of  the  notes 
wlidcfa  accompany  the  Commercium  Epistolicum. . 

One  of  the  latest  attempts  to  keep  the  discord 
of  the  scientific  world  alive  upon  this  subject,  is 
the  preface  to  the^  last  edition  of  Lacroix's  Traiti 
du  Cakul  Diffisrentiel  et  Integral^  repeating  agam 
all  the  former  arguments  on  the  subject,  except 
those  on  which  die  claims  of  Newton  jore  founded* 
He  observes,  -U«xpos6fid^quejev«m8  defaim 
de  la  naiasance  du  Calcul.  Difl&reotiel,  d'apres  le 
GcNximercium  Epistoliicuni,  imprim^  par  ordre  de 
la  $oc]i^t6  Royale  de  Londres,  ne  peut  laiaser 
auc^me  doute  «ur  les  droits  kicontestable  de  Leib* 
nitz  k  la  decouverte  de  ce  calcul ;  et  comme  U  est 
le  premier  qui  Fait  rendue  publique,  tanjdis  que 
Newton,  pi«&iant  son  ispos  k  sa  gloire  et  ^  Tin- 
tertt  de  ses  oontemporains,  aemblaat  avoir  oiibUe 
sa  methode,  n'«e8t-il  pas  aussi  celui  q«iW  doit 
nommer  Le  premier  dans  cette  docouy«srfae  ?'* 

Although  there  certainly  still  exists  a  difference 
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of  opiBion  as  to  tise  proportion  of  the  merit  of  the 
discovery  to  be  allotted  to  each  of  these  ilhistricms 
daimants,  yet,  it  seems  to  be  generally  i^reed,  that 
a  proportion  is  due  to  each.  It  is  generally  adcnow*' 
ledged  that,  although  Newton  did  not  pnoimdge 
the  method  of  Ruxions,  yet  that  he  has  the 
priority  as  to  the  invention.  Even  some  of  the 
partisans  of  Leibnitz  do  not  dispute  this.  On  the 
other  hand,  Leibnitz  first  gave  fbrmal  pubHcstioo 
to  tise  calculus.  His  notation  also  is  very  superior 
to  that  of  fluxions — so  much  so,  that  even  in  these 
countries  it  has  nearly  superseded  it. 

The  first  subject  on  which  this  surprisiug  science 
began  to  work  its  wooders  was  geometry.  Pro- 
blems, which  solved  by  the  ancient  methods,  or 
even  by  those  of  Descartes,  were  tedious  and  emr 
barrassing,  were  solved  by  tiie  dash  of  a  pen. 
Problems  which  had  foiled  the  talents  of  AjDcbi^ 
medes,  eluded  the  sagacity  of  Apoilonius,  and 
under  which,  even  the  method  of  Descartes  sKtvk 
powerless^  yielded  with  the  utmost  fiicUity  to  the 
new  calculus.  By  the  umformity  and  generality 
of  its  processes,  it  rendered  {geometry  at  once  an 
imposing  and  magmfioent  edifice,  raised  upon  a 
soiidl  fimndatkm,  displaying  an  unity  of  dedgn,  a 
justness  of  proportion,  and  a  stability  of  structure, 
which  would  strike  an  ancient  geometer  with 
astonishment  and  admira^tion,  were  he  to  rise 
from  the  tomb  to  behold  it  *. 

*  Si  les  deux  plu8  grands  g^orakres  de  (^antiqnit^,  An^hi- 
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From  the  date  of  its  discovery  to  the  present 
day,  the  calculus  has  been  rapidly  advancing  to- 
wards perfection  under  the  hands  of  the  great 
mathematicians  of  Europe,  who  have  devoted 
their  talents  to  its  improvement.  Every  impulse 
given  to  the  advancement  of  this  science  has  pro- 
duced a  corresponding  impression  upon  the  other 
parts  of  mathematics  and  physics,  but  on  none 
more  perceptibly  than  Geometry.  This  branch 
of  mathematics  is  largely  indebted  to  the  calculus. 
It  owes  to  the  integral  calculus  all  solutions  relative 
to  rectification  and  quadrature,  and  to  the  dif- 
ferential calculus,  the  general  method  of  tangents, 
the  general  principles  of  contact  and  osculation, 
the  methods  of  detecting  singular  points,  and  its 
entire  power  over  transcendental  curves. 

One  of  the  most  remarkable  circumstances  at- 
tending the  progress  of  Geometry  is  the  different 
routes  pursued  by  the  British  and  foreign  geo- 
meters since  the  time  of  Newton.  That  great 
man  entertained  a  strong  predilection  in  favour  of 
the  ancient  geometrical  methods.  A  stronger 
proof  of  this  cannot  be  offered  than  his  having 
discovered,  by  the  aid  of  the  modern  analytic 
and  fluxionary  calculus,  most  of  those  wonderful 

mMes  et  Apollonius,  pouvaient  revivre^  ils  seraient  eux-mSmes 
frappes  d'etonnement  et  de  radmiration^  en  contemplant  les 
progr^s  que  les  sciences  exactes  ont  faits  depuis  leur  temps 
jusq*au  notre  a  travers  des  siecles  barbares  qui  ont  tant  de  fois 
interrompu  la  marche  du  genie. — Bossut. 


INTRODUCTION.  XXXiil 

truths  communicated  to  the  world  in  his  Prin- 
ciPiA ;  and  yet  presented  them  in  all  the  repelling 
tediousness  and  circuitous  complexity  of  the  an- 
cient geometry. 

The  method  followed  throughout  this  stupendous 
work  is  such,  as  to  induce  foreign  mathematicians 
to  aiscribe  the  adoption  of  it  to  motives  which  could 
never  have  influenced  a  mind  like  Newton's.  "  La 
clef  des  plus  difficiles  problemes/'  says  Bossut, 
**  qui  y  sont  resolus  est  la  methode  des  fluxions  ou 
Panalyse  infinitesimale,  mais  presentee  sous  un 
forme  moins  simple  qui  rendait  Pouvrage  penible  k 
suivre.  Aussi  n'eut  il  d'abord  tout  les  succes  qu'il 
meritait;  on  y  trouva  de  Tobscurit^  des  demon* 
strations  puisnes  dans  des  sources  trop  detourn^es, 
un  usage  trop  aflect6  de  la  methode  synthetique 
des  anciens  tandis  que  I'analyse  aurait  beaucoup 
mieux  fait  connaitre  Pesprit  et  le  progres  de  Tin- 
vention.  L'extreme  concision  de  quelques  en- 
droits  fit  penser  ou  que  Newton  dou6  d'un  sa- 
gacity extraordinaire  avoit  un  peu  trop  presume 
de  la  penetration  de  ses  lecteurs  ;  ou  que  par  une 
faiblesse  dont  les  plus  grandes  hommes  ne  sont 
pas  toujours  exempts  il  avoit  cherche  k  surprendre 
un  admiration  qui  le  vulgaire  accord  facilement 
aux  choses  qui  passent  ou  fatiguent  son  intel- 
ligence/' Alluding  to  the  superiority  of  the  mo- 
dem  analysis  over  the  ancient  methods,  D'Alem- 
bert  says,  "  Pent  fetre  serous  nous  contredits  ici 
par  les  Anglois  grands  partisans  de  la  Geometrie 
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Ancienne  sur  la  foi  de  Newton  ^qlli  la  louoit  et 
qui  s'en  servoit  pour  cacher  sa  route  en  employant 
I'analyse  pour  se  conduire  lui  m6me/'  Though 
no  one  knowing  the  character  of  Newton  can, 

t 

for  a  moment,  assent  to  these  imputations }  yet, 
it  is  much' to  be  regretted,  that  through  an  ill- 
founded  prejudice,  he  should  ever  have  given  oc- 
casion to  them. 

In  the  hands  of  Newton  the  powers  of  the 
ancient  geometry  were  extended  to  their  extreme 
limit.  Supplying  their  inadequacy  by  his  own 
sagacity,  Archimedes  had  previously  astonished 
the  scientific  world  by  what  he  made  them  effect. 
But  even  Archimedes  would  shrink  from  the  com- 
petition,  if  he  beheld  the  miracles  wrought  by  the 
more  than  human  genius  of  Newton,  with  the 
same  feeble  instruments,  very  little  improved. 
Deeply  impressed  with  the  wonders  they  thus 
beheld  effected  and  guided  by  his  avowed  judg* 
ment,  the  English  schools  of  science,  until  a  few 
years  since,  have  uniformly  pursued  the  ancient 
.  geometrical  methods*  The  consequence  has  been, 
that  the  progress  of  mathematical  science  hasi>een 
much  slower  in  Great  Britain  than  ^elsewhere. 
At  the  death  of  Newton,  Geometry  had  dojie  all 
that  geometry  could  do,  and  the  highest  efforts 
of  human  talent  could  stretch  its  powers  no 
farther.  The  students  at  our  universities  have 
traversed  the  same  ground  in  every  direction 
again  and  again.     Ingenuity  has  been  exhausted 
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in  supplying  thera  with  employment  by  the  in- 
vention  of  collections  of  contemptible  geometrical 
quibbles  for  their  solution,  which  possess  no  other 
excellence  than  their  difficulty.  Instead  of  ex- 
panding the  mind  and  invigorating  the  intellect, 
presenting  enlarged  views,  extended  and  general 
theories,  and  storing  the  memory  with  useful  and 
elevating  knowledge,  they  confer  very  little  benefit 
but  what  may  justly  be  called  geometrical  trick. 

While  the  schools  of  Great  Britain  were  thus 
wasting  the  splendid  abilities  by  which'they  have 
ever  been  distinguished,  on  objects  so  unworthy 
of  them,  and  throwing  away  the  golden  oppor- 
tunities of  honour  which  the  progressive  improve- 
ment of  analysis  each  year  presented,  far  different 
were  the  objects  which  exercised  the  test  of  the 
leaf  ned  worljd.  The  Algebraic  and  Transcendental 
Analysis  were  embraced  with  eagerness,  and  pro- 
moted with  rapidity.  Every  year  witnessed  new 
accessions  to  these  sciences,  and  consequent  ad- 
vancements in  geometrical  and  physical  know- 
ledge. Impelled  by  these  powerful  engines,  the 
Newtonian  philosophy,  which  at  home  stood  nearly 
where  its  illustrious  founder  had  left  it,  abroad 
advanced  with  the  speed  of  light,  and  we  find  the 
result  of  the  various  improvements  it  has  received 
up  to  the  present  day  in  the  great  work  of  Laplace. 

The  immense  advantage  thus  gained  upon  us 
by  the  philosophers  of  Europe  in  mathematical 
wd  physical  science  became  at  length  too  ap- 

c  2 
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parent  to  be  longer  overlooked.  The  university 
of  Cambridge  was  the  first  to  begin  the  reforma- 
tions The  works  of  Euler,  and  the  French  ma- 
thematicians Laplace,  Lagrange,  Lacroix,  and 
numerous  others,  were  introduced  and  studied 
with  activity.  The  notation  of  fluxions  and  fluents 
was  superseded  by  the  more  elegant  and  powerful 
algorithm  of  the  Differential  and  Integral  Calcuhis. 
Students,  who  hitherto  seldom  had  courage  to 
labour  through  more  than  a  few  sections  of  the 
Principia,  were  now  becoming  familiar  with  the 
pages  of  Laplace  and  Lagrange.  That  the  change 
efiected  in  this  great  national  institution  is  deep, 
radical,  and  permanent,  we  have  public  proofs 
in  the  works  of  Herschell,  Woodhouse,  Babbage, 
Peacock,  and  Whewell. 

The  university  of  Dublin,  though  later  in  adopt- 
ing these  measures  of  improvement,  has  not  been 
less  vigorous  in  their  prosecution,  and  will  soon  ac- 
company her  British  sister  passibus  cequis.  There  is 
something  worthy  of  notice  in  the  circumstances 
attending  the  introduction  of  what  is  called  the 
**  new  science*'  into  this  university.  Great  changes 
in  the  literary  and  scientific  arrangements  of  an 
extensive  institution  are  generally  slowly  effected, 
and  produced  by  a  combination  of  the  industry 
and  talents  of  a  number  of  individuals  co-operating 
for  the  attainment  of  the  same  end.  In  this  in- 
stance, however,  the  revolution  was  great,  rapid, 
and  the  work  of  one  man.     About  the  year  1811, 
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Dn  Bartholomew  Lloyd,  then  a  junior  fellow,  was 
elected  to  the  professorship  of  mathematics.  The 
state  in  which  he. found  the  knowledge  of  that 
science  amongst  the  students,  and^  indeed^  the 
state  in  which  it  had  remained  for  a  century,  was 
nearly  as  follows. 

Students  in  Dublin  must  be  four  years  in  the 
university  before  they  become  candidates  for  the 
degree  of  bachelor.  Of  this  time,  ten  months 
were  spent  in  the  acquisition  of  the  first,  second, 
third,  and  sixth  books  of  Euclid.  These  con- 
stituted the  entire  mathematical  knowledge  ex- 
pected even  from  the  candidates  for  the  highest 
academical  honours.  A  short  selection  of  me- 
chanics, taken  from  an  old  treatise  by  Helsham^ 
accompanied  by  a  popular  introductory  pamphlet 
to  Natural  Philosophy  (both  replete  with  errors), 
a  very  few  of  the  first  elementary  principles  of 
optics,  and  a  selection  from  Keil's  Astronomy, 
gave  the  under  graduate  employment  for  twelve 
months.  The  remainder  of  the  course  (two  years 
and  two  months)  was  divided  between  the  ancient 
and  modem  Logic,  and  the  Ethics  of  Cicero  and 
Burlemaqui.  Such  was  the  state  of  the  under- 
graduate course.  The  mathematical  and  physical 
knowledge  requisite  in  candidates  for  fellowships, 
the  situations  of  highest  honour  and  emolument 
in  the  university,  consisted  of  Newton's  Arith- 
metic, the  properties  of  Conic  Sections  geome- 
trically,   Solid  Geometry,   Keil's  Trigonometry, 
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Newton's  Optics,  and  a  selection  from  the  Prin- 
ciPiA ;  Maclaurin's  Fluxions  were  touched  upon, 
but^  with  reserve.  Such  was  actually  the  state 
of  scientific  knowledge  in  this  national  academy 
about  the  year  1812. 

Such  a  course  of  study  might  have  been  very 
proper  in  the  university  of  Dublin  in  the  year 
1712 ;  but  in  the  y^ar  1812,  with  the  accumulated 
discoveries  of  a  century,  the  various  scientific 
establishments  of  Great  Britain  and  the  continent 
all  actively  cultivatirig  physical  and  mathematical 
science  in  their  most  improved  state,  the  con- 
tinuance of  such  a  system  must  have  Been  con- 
sidered  disgraceful.  Deeply  impressed  with  this 
feeling,  Dr.  Lloyd,  singly  and  unassisted^  con- 
ceived and  executed  the  most  important  and  rapid 
revolution  ever  eflected  in  the  details  of  a  great 
public  institution.  In  order  to  appreciate  the 
benefits  derived  from  his  exertions,  it  will  be  only 
necessary  to  compare  the  state  of  science  already 
described,  with  its  state  in  the  present  year  182^. 
Among  the  under-graduates,  those  who  now  look 
for  high  academical  honours  read  the  works  of 
Cagnioli  and  Woodhouse  on  Trigonometry,  Brink- 
ley's  Astronomy,  a  course  of  Algebraic  Geometry, 
equivalent  to  the  extent  of  the  first  part  of  the 
present  treatise,  the  Elementary  Treatise  of  La- 
croix  on  the  Difierential,  and  part  of  that  on  the 
Integral  Calculus ;  with  Peacock^s  examples  as  a 
praxis ;  a  selection  from  the  Mecamque  of  Poisson, 
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induding  the  Statics^  the  Dynamical  principle  of 
D'Alembert^  with  its  various  applications;  the 
theory  of  the  moments  of  inertia,  the  motion  of  a 
body  round  a  fixed  axis,  and  most  of  the  Hydro- 
namics  j  also  the  subject  of  the  first  seventeen 
propositions,  and  the  seventh  section  of  the  Prin- 
ciPiA,  and  the  theory  of  projectiles  in  vacuo$  all 
treated  analytically.  i 

The  course  of  science  read  by  the  candidates 
for  fellowships  has  also  advanced,  but  not  nearly 
in  the  same  proportion ;  and  it  is  to  be  feared,  that, 
until  some  change  takes  place  in  the  manner  of 
ccmducting  the  examination  for  fellowships,  there 
can  be  little  hope  of  improvement.  This  is  a 
vivd  voce  examination  held  in  the  Latin  language. 
The  object  being  to  ascertain  the  knowledge  which 
the  candidates  have  acquired  in  the  different  de- 
partments of  science  and  literature,  it  would  ap- 
pear  that  the  medium  of  communication  between 
the  examiners  and  candidates  ought  to  be  that 
which  would  be  most  readily  and  clearly  appre* 
betided  by  both,  and,  therefore,  that  the  English 
language  would  be  much  preferable  to  any  other* 
For  whatever  facility  may  be  acquired  in»  speaking 
a.foreigHy  not  to  mention  a  dead  language^  no 
one  wiU  have  the  hardihood  to  assert  l^at  it  can 
wet  be  spoken  as  freely  and  fluently  as  our 
native  tongue*  Waving,  however,  for  a  moment 
the  o}>jection  to  the  language,  concerning  which 
Uieie  may  possibly  exist  some  difference  of  ojrie 
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nion,  what  reason  can  be  given  for  the  exclusion 
of  writing  ?  Will  it  be  credited  abroad,  that  in 
the  university  of  Dublin,  at  the  election  of  fel- 
lows, there  is  actually  held  an  oral  examination 
in  physics  and  mathematics,  without  any  use 
whatever  of  writing?  The  development  of  a 
function  by  the  theorems  of  Taylor  or  Lagrange, 
or  the  integration  of  a  differential  equation  effected 
vivd  voccy  and  in  Latin,  are  probably  phenomena 
new  to  the  learned  world !  It  is  unnecessary  to 
extend  our  observations  on  this  subject  further,  as 
its  absurdity  is  so  very  apparent,  that  the  strongest 
exposure  which  can  be  given  to  it  is  a  simple 
statement  of  the  fact. 

It  has  been  attempted  here  to  present  to  the 
student  a  very  brief  sketch  of  the-Tiistory  of  geo- 
metry to  the  present  day.  That  the  analytical 
methods  have  been  almost  universally  adopted  by 
the  moderns  in  all  questions  which  pass  the  mere 
elements  of  geometry  is  undeniable.  At  the  same 
time,  however^  it  is  fair  to  state,  that  in  Great 
Britain  the  ancient  geometry  is  not  altogether 
without  some  remaining  partisans,  who,  in  spite  of 
the  many  proofs  of  its  inefficiency,  and  in  opposition 
to  the  judgment  of  the  great  mass  of  scientific 
talent  of  Europe,  wish  to  found  upon  its  principles 
the  wtiole  theory  of  curve  lines.  To  show  how 
vain  such  an  attempt  must  prove,  it  is  only  ne- 
cessary to  examine  how  far  it  has  succeeded,  even 
when  seconded  by  talents  of  the  first  order.    Pro- 
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fessor  Leslie  has  lately  published  a  work  upon  the 
Geometry  of  Curve  Lines,  which  runs  in  some 
measure  parallel  with  the  present,  and  in  which 
he  avows  himself  the  champion  of  **  a  juster  taste 
in  the  cultivation  of  mathematical  science/'     In 
plainer  terms,  the  object  is  to  produce  a  counter 
revolution  in  geometrical  science  in  Great  Britain, 
and  to  restore  it  to.  the  state  it  had  been  in  before 
the  introduction  of  the  modern  analysis. 
.   This  work  presents  the  most  conclusive  proofs 
how  inadequate  the  method-adopted  in  it  is  to 
elucidate  most  of  the  subjects  to  which  it  is  ap- 
plied.  Its  failure  has  betrayed  the  author  in  many 
instances  into  the  use  of  a  phraseology  very  un- 
suitable to  a  mathematical  work.     Whenever  it 
becomes  necessary  to  explain  those  properties  of 
curves  which  demand  the  higher  instruments  (xf 
analysis,  the  Professor  uses  sometimes  language 
which  really  admits  no  meaning  whatever,  and 
sometimes  endeavours  to  remedy  the  weakness  of 
the  method  by  the  use  of 'an  highly  metaphorical 
and  figurative  style.     He  states  that  **  the  oscu- 
lating circle  may  be  derived  either  from  the  con- 
sideration of  three  approximating  points,  or  from 
thtt  of  a  tangent  and  a  point  merging  the  same 
contact.^*     He   describes   **  points   shooting  into 
extreme  remoteness,  and  vanishing  in  tfie  distance/* 
**  lines  thrown  off  to  indefinite  distances,'*  "points 
vanishing  towards  one  another/*  ^^  points  absorbing 
one  another,''  "  curves  migrating  into   one  an- 
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other/*  "  tangents  meltmg  into  the  curve,"  &c.  &c. 
If  the  author  had  used  Taylor's  tlieorem  in  the 
investigation  of  the  singular  points,  and  in  the 
determination  of  the  tangents,  he  would  never 
have  heen  driven  to  the  humiliating  necessity  of 
invoking  the  aid  of  poetry  to  establish  the  theo- 
rems of  geometry*  Had  he  effected  rectification 
by  the  use  of  the  integral  calculus,  his  work 
would  never  have  been  encumbered  with  such  a 
sentence  as  the  following :  ^*  The  gradual  ag- 
gregation  of  increments  constitute  the  line  to 
which  the  cumulative  amount  of  the  elementary 
arcs  which  compose  the  curve  is  equal/'  But 
these  absurdities  are  not  the  worst  consequences 
which  die  imbecility  of  the  geometrical  method 
has  produced  in  this  treatise.  The  Professor 
has  been  in  many  instances  led  into  positive  error. 
The  investigation  of  the  osculating  circle  of  the 
logarithmic,  and  its  point  of  greatest  curvature, 
presents  a  remarkable  example  both  of  absurdity 
of  style  and  fallacy  of  conclusion.  After  va- 
rious compositions,  conversions,  and  divisions  of 
ratios,  and  comparisons  of  minute  lines  and  seg-^ 
ments^  he  concludes,  that  ^'  the  radius  pf  a  circle 
osculating  at  any  point  of  the  logarithmic  curve  i$ 
a  fourth  proportional  to  the  corresponding  or^ 
dinate  and  tangent  ;'*  this  is  immediately  followed 
up  by  a  corollary  to  discover  the  point  of  greatest 
«•  incurvation,'*  as  the  Professor  calls  it.  Afler 
spending  more  than  a  page  in  describing  the 
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radius  of  curvature  as  •*  occupying  a  stationary 
limit,'*  and  *'  suffering  a  decrement  at  one  end 
and  an  equal  increment  at  the  other/'  in  the  course 
of  a  slight  mutation,  he  concludes,  that  the  point 
so  found  is  Hhe  point  of  greatest  incurvation, 
because  the  line  which  represents  the  radius  of 
curvature  is  placed  in  the  limit  where  it  has,  on 
the  whole,  neither  increase  nor  diminution,  and 
has  therefore  contracted  into  its  minimum.  The 
radius  of  the  osculating  circle  is,  however,  not 
what  he  professes  to  prove  it,  neither  is  the  point 
as^gned  by  him  the  point  of  greatest  curvature. 

Numerous  other  objections  might  be  brought 
agaitist  this  work,  and,  indeed,  against  any  other 
proceeding  upon  the  same  principles,  such  as  that 
by  the  method  of  marking  the  order  of  a  curve  by 
the  number  of  its  intersections  with  a  right  line, 
many  curves  of  the  fourth  order  would  be  reduced 
to  the  second,  and  therefore  classed  among  the 
conic  sections,  though  having  no  properties  in 
common  with  those  curves.  It  may  be  also  ob- 
served  that  there  are  many  singular  points,  the 
existence  of  which  are  not  even  recognised;  such 
are  conjugate  points,  pcants  of  undulation,  &e. 
Neither  is  any  method  given  for  determining  the 
different  degrees  of  contact  and  osculation,  nor 
for  finding  in  general  the  evolutes  and  involutes 
of  curves.  Even  those  of  the  lines  of  the  second 
degree  are  omitted  with  the  exception  of  that  of 
the  parabola,  which  is  casually  thrown  among 
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the  properties  of  the  semicubical  parabola,  which 
the  Professor  calls  the  Paraboloid.  .  It  is  un- 
necessary, however,  to  pursue  these  observations 
farther  ♦. 

Professor  Leslie  is  most  justly  esteemed  a  man 
of  the  highest  talents ;  his  works  in  other  depart- 
ments of  science  are  sufficient  to  establish  his 
fame,  and  are  so  many  unanswerable  proofs  how 
much  the  failure  of  his  work  on  Geometry  is  to 
be  ascribed  to  the  method,  and  how  little  to  tlie 
author.  The  Professor  engaged  in  an  enterprise 
which  could  not  have  been  attended  with  success 
had  it  been  supported  even  by  the  genius  of 
Newton,  ^ 

.  That  the  preceding  observations  may  not  be 
misconstrued^  nor  wrested  to  a  sense  never  con- 

*  It  is  a  strange  circumstance^  that  in  the  preface  to  this 
work  the  author  states,  that  *'  the  differential  and  integral  cal- 
culus" really  derives  its  main  advantage  from  its  algorithm,  or 
that  clear  and  compact  form  of  notation  invented  by  Leibnitz, 
and  improved  on  the  continent  by  his  followers,  the  Bemouillis, 
Euler,  and  Lagrange,  and  yet  at  the  same  time  states,  that 
where  he  has  found  it  necessary  to  depart  from  the  ancient 
method,  he  has  substantially  applied  the  principles  of  the  cal- 
culus trii^Aot^  Hs  algorithm f  which  amounts  just  to  this,  that 
finding  the  ancient  methods,  of  which  he  is  so  enthusiastic  an 
admirer,  fail  in  carrying  him  even  to  the  limited  extent  to  which 
he  has  penetrated  into  the  geometry  of  curves,  he  has  been 
driven  to  die  disagreeable  necessity  of  having  recourse  to  the 
more  powerful  calculus  of  the  modems ;  but  that  in  these  cases, 
he  has  uniformly  taken  care  not  to  introduce  the  use  of  that 
from  which  these  methods  derive  their  cardinal  excellence. 
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templated^  the  student  is  not  to  suppose  that  the 
following 'treatise  is  meant  to  supersede  or  replace 
the  ancient  geometry.  That  science  must  always 
be  viewed  with  admiration  by  every  person  ca- 
pable  of  appreciating  the  clearness,  elegance,  and 
variety,  which,  by  the  mere  exercise  of  reason, 
may  be  drawn  from  one  of  the  simplest  of  our 
ideas.  But  that  admiration  can  only  be  co-ex- 
tensive with  the  perspicuity  and  facility  it  confers 
on  the  investigation  of  the  properties  of  figure. 
This  science  then,  confined  within  proper  bounds, 
must  always  continue  to  be  cultivated  and  taught ; 
but  they  are  really  its  greatest  enemies  who  at- 
tempt, by  straining  its  powers  beyond  their  natural 
limit,  to  apply  them  to  subjects  which  they  can 
involve  in  obscurity  and  difficulty; 

As  far  then  as  the  elements  of  geometry  ex- 
tend, the  ancient  methods  are  used  with  con- 
siderable advantage.  Not  requiring  that  abs- 
traction which  the  more  powerful  analysis  of  the 
moderns  dehiands,  and  directly  addressing  the 
senses  as  well  as  the  understanding,  they  are 
adapted  with  peculiar  fitness  for  the  initiation  of 
a  student  into  the  science.  But,  beyond^  this 
point,  the  young  geometer  will  require  engines  of 
greater  efficacy;  and  even  though  the  requisite 
expertness  in  the  use  of  these  should  cost  him 
some  labour,  the  acquisition  of  the  powers  with 
which  they  will  invest  him  will  amply  repay  him. 
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The  clearness,  rigour,  and  exactitude  of  the 
ancient  geometry  have  been  much  and  deservedly 
extolled,  and  it  is  not  to  be  denied  that,  by  great 
efforts  of  ingenuity,  it  may  be  and  has  been  car- 
ried beyond  the  limits  which  have  been  assigned 
it.  The  modern  methods  have  been  stated  to  be 
inferior  to  them  in  two  respects ;  in  giving  less 
occasion  for  the  exercise  of  the  reasoning  faculty, 
and  less  rigour  to  the  demonstrations.  It  may 
very  fairly  be  answered,  that  the  extent  of  the 
knowledge  to  be  acquired  is  so  great,  the  space 
allotted  by  Providence  to  the  life  of  man  so  small, 
and  the  limits  of  his  intellectual  powers  so  con- 
fined, that  it  is  perfect  folly  to  create  difficulties 
for  the  mere  purpose  of  vanquishing  them*  Surely 
the  natural  obstacles  which  every  where  present 
themselves  in  the  prosecution  of  scientific  spe- 
culations are  sufficient  to  exercise  our  faculties 
without  raising  up  artificial  difficulties.  When 
two  methods  of  arriving  at  the  same  truths  pre- 
sent themselves,  to  select  the  most  intricate  and 
difficult,  purely  for  the  glory  of  the  conquest,  is 
little  short  of  wilful  sacrifice  of  t^me  and  ability. 

As  to  the  second  objection,  that  the  modern 
analytical  investigations  are  inferior  in  rigour  to 
those  conducted  upon  the  principles  of  the  ancient 
methods,  it  is  absolutely  unfounded.  The  truth 
is,  the  objectors  here  confound  the  terms  clear- 
n^s  and  rigour,  or  pro^jably  have  not  a  very 


INTRODUCTION.  xlldi 

distinct  notion  of  the  true  nature  of  their  own 
ohjection.     Without  taking  advantage  of  the  ob- 
scurity of  their  ideas,  we  will  first  explain  the  real 
nature  of  the  objection,  and  then  refute  it.  Locke 
very  justly  observes,  that  demonstrative  truths  are 
less  clear,  but  not  less  certain  than  intuitive,  and 
he  illustrates  his  observation  by  the  .very  ap- 
propria^  simile  of  a  face  seen  after  many  ^re- 
flections.   Owing  to  the  aptitude  of  the  mirrors 
to  absorb  part  of  the  light,  the  brilliancy  of  the 
image  is  deteriorated  by  every  reflection  it  suflTers, 
but  the  features  continue  the  same  faithful  copy 
of  the  original.     So  it  is  with  the  certainty  of  the 
conclusions  to  which  we  are  led  by  the  demon- 
strative process.     That  certainly  admits  of  no 
degrees,  although  the  clearness  of  our  perception 
of  it  does.     As  the  number  of  intervening  proofs 
requisite  to  establish  any  proposed  truth  increases^ 
so  in  proportion  does  it  lose  in  clearness ;  but  it 
certainly  is  in  nowise  impaired.  That  equal  quan- ' 
tities  increased  or  diminished  by  equal  increments 
or  decrements  continue  still  equal,  and  that  the 
squares  of  the  lines  containing  a  right  angle  are 
together  equal  to  the  square  of  the  line  joining 
their  extreme  points,  are  propositions  equally  cer- 
tain, but  by  no  means  equally  clear.     The  reason 
of  this  is,  that  the  former  is  immediately  per- 
ceived without   the    intervention  of  any  proof 
whatever;  it  carries  its  own  evidence  with  it,  so 
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always  tedious,  and  requiring  such  a  degree  of 
acuteness,  that  none  but  an  expert  geometer  is 
able  to  follow  the  thread  of  the  proof;  and  all. 
this  applied  to  questions  that  are  solved  by  the. 
analysis  of  the  moderns  with  perfect  facility.  On 
the  other  hand,  the  want  of  clearness  in  this  ana- 
lysis arises  not  from  any  fault  in  the  instrument,: 
but  from  the  very  abstruse  and  general  nature  of 
the  questions  to  which  it  is  usually  applied ; 
questi4)ns  which  are  utterly  beyond  the  most  ex- 
tended powers  of  the  ancient  geometry.  Those, 
however,  who  are  skilled  in  the  analytical  method 
feel  too  sensibly  the  extent  of  their  powers  to  un- 
dervalue them ;  and  the  truth  is,  they  are  only 
decried  by  those  who  are  ignorant  of  them,  and 
who,  as  a  learned  writer  observes,  derive  a  species 
of  consolation  from  stigmatizing  as  useless  that 
which  they  do  not  understand. 

The  following  treatise  is  designed  to  embrace 
Geometry  in  its  full  extent.  It  is  conducted  by  the 
modern  Analytical  Method  in  its  most  improved 
state.  It  is  divided  into  two  parts ;  the  first  contain- 
ing the  Geometry  of  Plane  Curves,  and  the  second 
the  Geometry  OF  Curved  Surfaces.  The  processes 
throughout  the  work  have  been  rendered  as  ele- 
mentary as  the  extensiveness  of  its  object  would 
admit.  It  is  desirable  that  students  who  have 
passed  the  first  elements  of  plane  geometry  and 
the  rudiments  of  algebra  should  be  qualified  to 
commence  algebraic  geometry.     With  this  view 
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the  differential  and  integral  calculds  is  not  intro- 
duced into  the  first  part  until  after  a  very  detailed 
investigation  of  the  properties  of  lines  of  the  «e- 
cond  degree,  and  an  extensive  collection  of  ques- 
tions, adapted  for  exercise,  as  well  in  these  pro* 
perties  as  in  the  general  principles  of  algebraic 
investigations.  As  far  as  this  point  the  student 
may  proceed  without  the  aid  of  the  calculus,  and 
this  •  part  may  precede  the  study  of  that  science 
with  considerable  advantage,  as  it  familiarises  him 
with  the  species  of  investigations  which  first  led 
to  its  invention.  Previously  to  advancing  further,  it 
will  be  necessary  to  acquire  a  knowleidge  of  the  first 
principles  of  the  calculus.  The  elementary  work 
of  Lacroix,  as  far  as  the  section  on  maxima  and 
minima,  with  the  ordinary  methods  of  integrating 
algebraic  and  trancendental  functions  of  one  va- 
riable will  be  sufficient  for  the  remainder  of  the 
first  part.  In  this  part  the  simplest  and  most 
elementary  principles  of  integration  are  uniformly 
adopted.  Those  who  are  more  expert  in  the  use 
of  the  calculus  will  probably,  in  many  instances, 
find  methods  more  expeditious  or  elegant  than 
those  which  have  been  used.  These  have  in  ge- 
neral been  chosen,  as  better  suited  to  the  limited 
knowledge  of  a  junior  student,  and  possibly  in  some 
instances  from  oversight.  The  general  method 
of  drawing  rectilinear  tangents,  rectification  and 
quadrature,  the  theory  of  evolutes,  the  general 
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manner  of  discovering  singular  points^  are  ex- 
plained by  the  calculus,  and  these  principles  ap* 
plied  to  lines  of  the  second  degree.  Passiii^  ta 
transcendental  curves  and  algebraic  curves  ex- 
ceeding the  second  degree,  the  properties  of  all 
these,  which  o&r  any  interest  to  the  geometer^ 
whether  arising  from  their  intrinsic  beauty,  or 
from  their  utility  in  physical  applications,  are  very 
fuUy  discussed.  These,  besides  possessing  the 
student  with  a  large  portion  of  interesting  and 
various  geometrical  knowledge,  serve  for  exercise 
in  the  manner  of  investigating  algebraically  curves 
in  general. 

The  geometry  of  plane  curves  is  next  applied 
to  the  illustration  of  a  variety  of  important  theo- 
rems relating  to  the  roots  of  algebraic  equations^ 
and  the  method  of  determining  these  roots  by 
the  intersection  of  curves  is  explained,  and  ex- 
amples of  its  application  given.  The  general 
propertied  of  algebraic  curves  are  developed  as 
far  as  they  appear  to  possess  any  particular  in- 
terest. To  enter  further  into  the  discussion  of 
them  would  have  swelled  the  bulk  of  the  volume 
without  any  adequate  advantage  to  the  student. 
Those  who  may  be  desirous  of  fbrther  information 
on  this  subject  are  referred  to  CTSLxaefsIntroducti(M 
a  F Analyse  des  Lignes  Courbes,  Euler-s  Analysis 
Titfinitorunij   Stirling  on  Newton's  lines  of  the 
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third  order,  and  De  Gua'^  work  entitle  V  Usag^ 
dt  PAnafyse^  &c.  The  first  part  ia  concluded  by 
a  very  copious  collection  of  questipns  in  geo«> 
metry  and  physics,  for  general  exercise  in  the 
principles  thus  far  explained,  as  well  ay  to  point 
out  the  utility  of  this  science*  The  questioiks  in 
physics  are  adapted  to  the  junior  students ;  this 
part  of  the  work  being  altogether  superfluous  for 
those  who  are  more  advanced. 

The  second  part,  which  will  contain  the  Geo- 
metry OF  Curved  Surfaces,  will  necessarily  re- 
quire a  more  extensive  knowledge  of  the  calculus. 
The  student,  however,  as  he  advances,  will  find 
little  difficulty  in  gradually  extending  his  know- 
ledge of  that  science. 

Exiguus  nascitur,  sed  opes  acquirit  eundo. 

Hitherto,  no  treatise  whatever  on  Algebraic 
Geometry  has  appeared  in  Great  Britain,  and 
even  in  France  no  complete  treatise  upon  the 
subject  has  ever  been  published.  The  works 
of  the  difierent  French  mathematicians,  entitled 
"  Geometrie  Anah/tiqtie**  and  "  r  Application  de  VAU 
gehre  4  la  Getmetrie^^^  do  not  in  general  include 
any  curves  beyond  those  of  the  second  degree ; 
and  even  their  discussion  of  the  properties  of  these 
is  very  incomplete.  None  of  them  whatever  ex- 
plain the  application  of  the  calculus  to  the  geo- 
metry of  curves;  this  part  oi  the  science  being 
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confined  to  works  upon  the  calculus.  One  com* 
plete  system  of  geometry,  proceeding  uniformly 
upon  the  most  improved  algebraic  and  tran- 
scendental analysis,  seemed  a  desideratum  in 
science,  to  supply  which  has  been  attempted  in 
the  following  treatise. 
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Pa^  6,  line    I'i  and  \4,Jbr  cd,  read  cb 

85,  15,/or  fl^  -,.  tf*x,rtad  €^  ^  d*^ 

26,  22, /or  («  -  X')  read  (x  -  x')  =  0 

27,  1 1  >/or  tan.  |,  read  tan.  ^ 
— ,  S  l,j^  ^  c.  read  —  c'. 

— ,  ^^tfoT  sides,  read  sides  cff, 
%  :i3,Jvr  (pn,  read  9 

29,  3,J^  6y  —  X,  read  by*K 
— ,  '4,yt>r  yw',  read  61' 

30,  1  btfor  B*,  read  b* 

«-,  22,  et  seq.,^  *,  read  =  — 

31,  '^9  for  Bi^,  read  B(«)* 

38,  SSjbr  M/  -  i^,  rettd  *(«'  -  *") 

31,  22,  Q^for  =y',  read  ar^' 

-,  3,  TJbr  ««',  read  «i" 

— ,  Htjbr^f^readi^* 

-*»  ®f  J^  «'»  read  i" 

— »  1  l.y&r  description,  read  discussion 

^%  2  from  bottom,,^  4ax,  read  4af 

«»  8, /or  R«,  read  » 

47,  1 6,  fir  lines.    If,  read  lines,  if 

"■"I  3  from  bottom,/or  >  0,  read  <  0 
^.5^»         15,/or  B>,  readB 

■^i        2  from  bottom,^  asymptots,  read  asymptotes 

57,  12,/w  (99),  read  (100) 

58,  6  from  bottoiOv^  B,  read  c 
60,        U,far  xx',  read  yy' 

-"r       lasti^/br  B,  read  d 

^1»        If,^  Dy,  read  ex 

— .       S^for  yx  «  0,  cy,  reed  x  »  0,  cx 

— ^j        6»  ^w-  if,  read  d 

— ,        %^0T  A(y  +  Bx  —  x")  read  Xy  +  b(«  —  *") 

— ,        16,^  origin  at,  read  origin  being  at 

62,        S,fi3Ti  if  B«  >  0,  an  hyperbola;  if  b«  <  0,  read  ,  if  ««  >  0;  an 

hyperbola,  if  b«  <  0 ; 
— ,        12,ywr  yx,  read  yx' 
•^-»        22ijhr  ,  read  ; 

77,        11  »yor  — ,  read  — 

e« 

8 1 ,  lastj/tfT  c«'%  read  c«x^ 

82,  21,^  X,  read  a' 

90,  23,J'or  ^  —  w,  read  w  —  (p 

91,  7,  10,  13,/of  «-,  read  = 
— ,        9,  for  P«,  read  B« 

93,        13,yi»r  (203),  read  (204) 

""t       5  from  bottom,  y!>r  Acy,  read  AVy' 

99,        12,^/or  point,  read  part 
^00,        17,  19,jri»rp,rcadp' 
'15,        19,/or(i67>refld(92) 
y-^S,       6  from  bottom, /or  s'  —  2',  read  ^  —  s 

'41,        5,/or  ;  b«,  read  ;  r 
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Pa.  144,  line  4  from  hoiimn^for  4cf,  read  4af 

—  Bfjbr  — ,  read  -h 

149,  13,  deU  - 

157,  IS^  for  r,  read  z 

165,  16,/ur  (y'  -  y)dr  +  (a/  -  x)dy,  read  (y'  -  y)dy  +  (^  -  ir)d» 

168,  2ffar  ab  have  a  Umit,  but  Ac,  read  AC  have  a  limit,  but  AB 

172,  la8t,/or  n  +  1,  read  n  —  1 

179,  14,  for  M^Claurin,  read  Maclaurin 

189,  5  from  bottom,y&r  Choncoid,  read  Coxichoid 

194,  3  from  bottom, /or  = ^,  read 


(to-  b)i  (m«  -  6«)* 

224,  22,/w  4ry,  reflrf  Bry 

22%  1,  2  from  bottom,  Jw  c,  read  d 

230,  69  for  c,  read  d 

231,  6,forB,read(p 

252,  4, /or  AP,  rend  AY  ,      \^        ,     .. 

254,  5  from  bottom,/or  point  of  contact,  read  origin 

266p  Iffor  w?  +  V  »  0,read  —  +  ▼ 

271,  7,  deie  of  a 

.  n«n— 1 

31 1,  2  from  bottom,  /or  nth,  read  -j— 5"  *" 

334,  oxiffor  eps,  read  ep'b 

351,  3  from  bottom,/or  ad  «  — ,  read  ad'  =  — 

355,  13,/or  b'd',  read  bd' 

390,  13,/or  XD,  read  XA 

392,  3  from  hottomyfor  c4,  read  c* 

393,  11, /or  0,refld^ 
408,  1 6,  2 1  ,for  m,  read  p 

417,  cut,^  ab'c  and  af'v,  read  abc  and  afv 

459,  dele  De 
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THE  GEOMETRY  OF  PLANE  CURVES. 


ALGEBRAIC   GEOMETRY. 


PART  I. 


SECTION  L 

Of  the  connexion  beiween  indeterminate  geometrical  ques- 
tionSy  and  algehrcAcal  eqtuxtions  between  two  Dariables. 

(1.)  The  dbgeet  oi  Algebraic  Geometry  is  the  investigation 
and  analysis  of  the  figures  and  properties  of  geometrical  mag- 
nitudes, by  means  of  the  symbols  and  operations  of  Algebra. 

No  necessary  connexion  subsists  between  the  notation  of 
Algebra  and  the  ideas  required  to  be  expressed  in'  geo- 
metrical investigations.  Some  conventional  connexion  must 
therefore  be  established  between  these  sciences,  in  order  that 
the  magnitudes  and  figures  contemplated  in  the  one  may 
find  corresponding  expressions  in  the  symbolical  language  of 
the  other. 

Let  several  finite  right  lines,     ^""^ 

A)  B,  c,  n,  be  related  to  any     b 

right  line  v,  in  the  same  man-     ^ 

ner  as  the  algebraical  symbols, 
a,  6,  c,  c?,  are  related  to  unity.     ^ 
The  symbols,  a,  6,  <?,  d,  are  then 
said  to  express  the  right  lines     v 

A,  B,  €,1). 

The  square  of  the  right  line  v,  bears  to  the  rectangle 

B 
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under,  b  and  c,  the  wme  relation  as  unity  bears  to  the  pro- 
duct be* 

The  rectangle  under  two  lines  is  therefore  ex[nressed  by 
the  product  of  the  Sjrmbols  which  express  those  lines. 

In  like  manner,  the  square  of  any  symbol  represents  the 
square  of  that  line  which  the  symbol  expresses. 

If  A :  B  : :  c :  D,  and  that  a,  b,  and  c  be  expressed  by 

be 
«,  by  Cy  then  d  will  be  expressed  by  — . 

In  like  manner,  all  geometrical  rehrtions  find  repre- 
sentatives in  algebriucal  symbols. 

Wh^i  the  expres^cm  A=:aorB  =  &is  used,  the  mean- 
ing is  that  a  or  6  is  the  algebraical  exprassioB  fiar  the  line  a 
or  B. 

(S.)  Having  thus  established  a  connexion  between  the 
language  of  algebra  and  die  magnitudes^  wbldi  are  con- 
templated in  geometry,  dither  may  be  conceived  iorepies^t 
the  other.  That  is,  a  geometrical  question  can  be  expres^ 
algebraically,  by  translating  its  conditions  into  alg^aical 
notatWy  and,  vice  versdy  an  algebraical  questiim  may  be 
expressed  geometrically,  by  uui^  geomeUieal  B)agDi|i|4es 
as  representatives  of  the  algebraical  symbols 

An  example  will  illustrate  this. 

A  geometrical  problem  reduced  to  an  (Ugebraical  question* 

^  To  cut  a  line  (ab),  so  that 

-^  ^       -^     the  reotan^e  undeir  the  whole 

line  (ab),  and  one  part  (bc),  shall  equal  the  square  of  the 
other  part  (ac). 
Let  ab  =  a,  AC  =  x,  and  v  ab  —  ac  =  a  —  «r# 
By  the  conditions  of  the  question,  a(a  *-  x)^x^  \*  ^  + 
ax  =  a^;  thus  the  question  becomes  an  algebraical  one^ 
sciL  to  find  the  roots  otx^  ^  ax  '^a^  sO. 
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An  algebraicai  question  reduced  to  a  geometrical  problem. 

To  find  the  roots  of  the  equation  x^  -{-  ax  ss  a\ 

By  transpodtion  a{a  —  4?)  ==  a\  Let  a  =s  ab,  and 
AC  s:  X  *.*  Bc  =  a  —  or  '•-  rectangle  under  ab  and  bc  must 
be  equal  to  the  square  of  ac.  Hence  the  question  is  re* 
duoed  to  the  geometrical  problem,  to  ad  a  line  so  thai  the 
rectangle  under  the  whole  line,  and  one  part,  shall  equal  ffte 
square  of  the  other, 

(S.)  It  is  therefore  apparent,  that  geometrical  problems, 
which  relate  to  mere  magnitude,  without  invdving  the  ideas 
ci  fgure  or  position^  may  with  giieat  facility  be  expressed 
by  the  notation  of  algebra.  And  that,  on  the  other  hand, 
algebraical  questions  con  with  equal  £EudIity  be  represented 
by  geometrical  quantities,  in  which  nothing  is  considered  but 
mere  magnitude.  But  in  order  to  institute  a  connexion  be- 
tween those  sciaioes,  and  to  bring  each  under  the  dominioa 
ef  the  other,  much  more  is  necessary.  Figure  and  position 
are  affiactions  of  magnitude^  in  which  the  geometer  finds 
objects  of  investigation  much  more  extensive  and  interesting 
than  magnitude,  oonddered  merely  with  reiq>ect  to  quantity, 
coold  supply.  It  is,  therefore,  expedient  to  estaUish  some 
principles  by  YrhSsAiJigure  and  position,  as  well  as  magnitude, 
can  be  exjnressed  algebraically. 

(4u)  A  method  of  representing  the  figure  of  a  line  by 
an  equation  is  furnished  by  a  striking  analogy,  which  sub- 
sists between  indetenninate  geometrical  problems  and  equa- 
jtims  in  which  there  are  two  unknown  quantities. 

In  a  geometrical  problem,  whose  dsita  are  insufficient  for 
its  solution,  the  point  wMdi  is  sought  cannot  be  deter- 
fluned,  but  yet  its  poation  Kmy  be  considerably  restricted ; 
far  the  oonAtions  which  are  not  sufficient  to  fix  the  exact 
place  of  the  point,  may  yet  be  sufficient  to  confine  it,  as  to 
position,  within  ceetain  limits.     That  is  tp  say,  though  an 

b2 
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indefinite  number  of  positions  may  be  assigned  to  the  sought 
point,  which  will  all  equally  fulfil  the  conditions  proposed, 
yet  positions  might  be  assigned  which  would  not  fulfil  those 
conditions.  The  space  on  which  those  points  are  placed, 
which  fulfil  tlie  conditions  of  the  question,  is  called  the  locus 
of  the  sought  point.  If  the  conditions  require  the  sought 
point  to  be  always  in  a  ^ven  plane,  the  locus  is  usually  some 
line  on  that  plane,  the  figure  and  properties  of  which  de- 
pend on  the  conditions  of  the  question.  If  the  point  be  not 
restricted  to  a  given  plane,  the  locus  is  commonly  a  surface. 
A  very  fisimiliar  example  will  illustrate  !his.  Let  it  be  re- 
quired. To  find  a  point  in  a  given  planCy  whose  distance 
from  a  given  point  is  given.  An  indefinite  number  of 
points  will  equally  fulfil  the  conditions  of  the  problem,  but 
yet  all  points  will  not  The  first  condition  excludes  every 
point  of  space  except  iliose  situate  on  the  given  plane.  The 
second  excludes  all  points  on  the  plane,  except  those  situate 
at  the  intersection  qfthcplane^  iioith  a  sphere^  whose  radius 
equals  the  given  distance^  and  whose  centre  is  at  the  given 
point.  If  the  first  condition  were  removed,  and  the  second 
retained,  the  locus  would  be  the  surface  of  the  sphere ;  and 
if  the  second  were  removed,  and  the  first  retained,  the  locus 
would  be  the  given  plane,  ' 

Every  line  described  upon  a  plane  may  be  considered  as 
the  locus  of  a  point,  restricted  by  certain  conditions  which 
have  a  necessary  connenon  with  the  nature  of  the  line. 

(5.)  Analogous  to  this,  in  an  equation  containing  two 
unknown  quantities,  neither  can  be  absolutely  determined. 
A  great  diversity  of  values  can  be  assigned  to  the  symbols 
representing  them,  which  will  all  fulfil  die  conditions  of  the 
equation.  The  symbols,  expressive  of  the  unknown  quan- 
tities, thus  capable  of  receiving  different  values,  are  thence 
called  variables f  in  opposition  to  the  other  symbols  involved 
in  the  equation,  which  are  called  constants^  because  their 
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values  are  supposed  to  remmn  the  same  through  all  the 
changes  which  the  variables  undergo.  Any  value  being 
assigned  to  either  variable^  a  corresponding  value  of  the 
other  will  necessarily  result,  and  thus  each  variable  is  sus- 
ceptible of  such  a  series  of  values  as  render  the  correspond- 
ing values  of  the  other  possiUe. '  Therefore,  though  each 
variable  cannot  be  absolutely  determined,  yet  certain  limits 
and  restrictions  may  be  assigned  to  its  variation,  and  those 
arededucible  from  the  conditions  expressed  in  the  equation, 
just  in  the  same  manner  as  in  an  indeterminate  geometrical 
problem  the  position  of  the  sought  point  restricted,  though 
not  absolutely  fixed,  is  deducible  from  the  conditions  pro- 
posed in  the  problem. 

Thus,  for  example,  in  the  equation  y  =z  ax,  y  and  x^  the 
yaiiables  are  susceptible  of  an  infinite  series  of  values. 
Their  variation  is  restricted,  however,  by  the  condition  that 
X  shall  vary  as  y.  Again,  in  the  equation  y^  +  o?^  =  a^, 
from  which  results 


The  first  shows  that  x  is  susceptible  of  all  values  not  ex- 
ceeding that  of  a ;  for  any  value  of  x  exceeding  a  would 
render  y  impossible.  The  second  equation  shows  that  the 
values  of  y  are  subject  to  the  same  restriction. 

(6.)  The  analogy  just  pointed  out  originates  in  this  cir- 
cumstance :  scXl,  if  an  indeterminate  geometrical  problem  be 
expressed  by  an  algebraical  equation,  that  equation  will  con- 
tain two  unknown  quantities ;  and,  vice  versa,  if  an  equa- 
tion of  two  variables  be  represented  geometrically,  the  result 
will  be  an  indeterminate  problem  which  will  generate  a 
locus. 

An  indeterminate  problem  reduced  to  an  equation. 

Given  the  base  (ab),  and  the  sum  of  the  sides  (ac  and  so) 
of  a  triangle,  to  find  the  vertex  (c). 
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Let  AB  =  a,  AC  =  y,  cb  =  or, 
and  let  the  excess  of  the  sum  of  the 
sides  above  the  base  be  d. 
'rtf  +  ^  =  a  +  J. 
Any  values  (^^  and  or,  which  fulfil  the  conditions  of  this 
equation,  represent  the  sides  of  a  triangle,  whose  vertex 
solves  the  problem. 

An  equation  represented  by  an  indeterminate  geometrical 

problem. 

In  ff  +  X  :=  a  +  d,  to  express  the  values  of  y  and  w 
geometrically.  Let  a  =  ab,  ac  +  cb  =  a  +  4  *•'  AC  and 
CD  represent  y  and  x.  That  is,  describe  the  locus  of  the 
vertex  of  a  triangle,  whose  base  ab  =  a,  and  the  sum  of 
whose  sides  ac  +  cd  =  a  +  d*,  and  then  the  sides  of  any 
triangle,  on  the  given  base,  and  whose  vertex  is  placed  on 
the  locus  described,  will  be  representatives  of  ^  and  x  in  the 
equation  y  +  x  =  a  +  d. 

Since  an  equation  of  two  variables  can  be  represented  by 
an  indeterminate  problem,  from  which  a  locus  may  be  de- 
ducedy  the  figure  of  which  depends  on  the  conditions  of  the 
problem  proposed,  and  therefore  on  the  equation  from  which 
the  problem  results,  an  equation  may,  therefore,  be  con- 
ceived to  represent  the  figure  of  a  Une,  that  is,  the  figure  or 
species  of  the  line  is  deddcible  from  the  equation.  By  this 
means^^g^r^y  as  well  as  magnUude,  is  expressed  algebraically. 
The  equation  from  which  the  species  of  any  line  is  deduced 
is  said  to  be  the  equation  of  that  line,  and  the  line  is  siud  to 
be  the  locus  of  the  equation. 

(7.)  In  both  the  preceding  examples  the  process  is  partly 
arbitrary,  and  at  the  discretion  of  the  analyst.  In  the  first, 
the  sides  of  the  triangle  were  represented  by  the  variables. 
These  might,  however,  have  been  made  the  representatives 
of  other  lines,  as  the  perpendicular  and  either  segment. 
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ride,  a&d  the  cosine  of  the  angle  it  fonns  with  the  base, 
cnr  any  tiigoncHnetrical  function  of  that  angle,  or  trigono- 
metrical functions  of  the  angles  at  the  base,  or,  in  fine,  any 
two  quantities,  either  of  which  b^ng  given  would,  with  the 
data  of  the  problem,  determine  the  vertex.  Hence,  in  re- 
presenting an  indeterminate  problem  by  an  equation,  '<  any 
quantity,  which,  being  given,  would  have  rendered  the  pro- 
blem determinate,  may  be  represented  by  a  variable.'^  Sub- 
ject to  this  restriction,  the  choice  of  quantities  to  be  repre- 
sented by  variables  is  arbitrary. 

(8.)  The  form  of  the  equation  of  a  given  locus  depends 
on  the  quantities  selected  as  variables.  If,  in  the  example 
given,  the  variables  represented  the  perpendicular  and  dther 
a^ment,  the  equation  would  have  been  of  the  second  de- 
gree ;  if  one  of  the  sides  and  cosine  of  the  angle,  at  which  it 
is  indined  to  the  base,  had  been  selected,  the  equation  would 
also  have  been  of  the  second  degree,  but  still  different  from 
the  last. 

From  these  observations  it  appears  that, 
1st,  ^'  Any  line,  being  considered  as  the  locus  of  a  point, 
restricted  in  its  position  with  respect  to  some  fixed  points  or 
lines  by  given  conditions,  may  be  expressed  by  an  equation.^ 
2d,  ^*  The  fomi  of  the  equation,  expressing  any  given 
linC)  depends  on  the  quantities  represented  by  the  variables.'* 
(9«)  In  the  second  example,  the  geometrical  quantities, 
selected  to  represent  the  algebraical  symbols,  of  which  the 
equation  is  composed,  are  arbitrary.     Thus^  instead  of 
bdng  represented  by  the  sides  of  the  triangle,  they  might 
have  been  represented  by  the  perpendicular  and  segment,  or 
in  any  other  manner  whatever.    But  on  the  manner  of  re- 
presenting them  depends  the  nature  of  the  line  which  the 
equation  generates.    Thus,  had  they  been  represented  by 
the  perpendicular  and  segment,  the  locus  would  have  been 
a  right  line.    Hence  it  appears, 
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1st,  "  Any  equation  between  two  variables  may  be  con- 
ceived  to  generate  a  line  which  is  called  the  locus  of  the 
equation." 

2d,  "  The  species  of  the  line  which  a  pven  equatboi 
generates  depends  on  the  manner  in  which  the  symbols  in 
that  equation  are  geometrically  represented.^' 


SECTION  II. 

Of  the  manmr  of  representing  equations  between  two 
variables  by  relatioii  to  cues  (f  co-ordinates, 

(10.)  In  the  mvestigation  of  the  loci  of  equations,  pro- 
secuted  in  the  following  part  of  this  work,  the  method 
most   usually  adopted,   of  representbg  geometrically  the 
symbols  composing  those  equations,  is  as  follows : 
Let  y  and  0?  be  the  variable  symbols  in  any  equation. 

Two  indefinite  right  lines, 
(tt')  and  (xx'),  being  assumed 
in  a  given  plane,  intersecting  at 
a  given  point  (a)  at  a  given 
angle,  are  called  axes  of  co^ 
ordinates.  Every  system  of 
values  of  the  variables  Q/  askdx) 
resulting  from  the  equation,  are  represented  by  portions 
(Ap  and  AP)  of  those  axes,  measured  from  the  point  (a)  of 
their  intersection.  Through  the  extremities  (p,  p)  of  those 
values,  parallels  (pm,  ^m)  to  the  axes  of  co-ordinates  are ' 
drawn,  the  intersection  (m)  of  which  is  the  point  of  the  locus 
corresponding  to  the  assumed  system  of  values  (Ap,  ap)  of 
the  variables  i/anda:;  and  in  the  same  manner  all  pcrints  of 
the  locus  are  determined. 

In  order  to  make  a  geometrical  distinction  between  the 


ALGEBRAIC   aSOMETBY.  9 

positive  and  negative  values  of  the  variables,  they  ate 
measured  horn  the  point  (a)  of  intersection  of  the  axes  in 
opposite  direolaons.  Thus,  if  the  positive  values  be  taken 
towards  t  and  x,  the  negative  are  taken  towards  y'  and  x'. 

Any  system  of  values  of  the  variables  are  calUd  the  co- 
ordinates of  that  p(nnt  whose  position  they  determine. 

The  point  of  intersection  (a)  of  the  axes  of  eo^ordmaiee 
is  called  the  origin  ofco-ordi^uites^ 

Suppose  the  positive  values  of  ^  measiured  from  a  towards 
Y,  and  those  of  w  from  a  towards  x,  then, 

+  ^>       +  ^  characterises  a  point  in  the  angle  xay 
-hy,       — ar-  -  -  -  x'ay 

—  y,       — a:-  -  -  -  x'ay' 

-y>+^-  -  •              -  xay' 

y  =  0,       -f  a:    -  -  on  the  line     ax 

y  =  0,       —  a:     -  -  -                 -     Ax' 

+  y,   0?  =  0     -  -  -                -     ay 

—  y,   a:  =  0-  -  -                -ay' 
y  =  0,    a?s=0-  -  -  the  origin       a 

Particular  values  of  the  variables  y^  or,  are  distinguished 
usually  by  traits^  thus,  y^/,  tfjf^,  &c.  and  the  pcnnts  di- 
stinguished by  those  values  are  denominated  the  points 
j/aff  t/'a^,  &c.  A  point  on  yy'  is  expressed  t/oy  and  on 
xx',  afo. 

(11.)  Another  method  of  re- 
presenting equations  geometrically 
is  also  occafflonally  used.     In  the 

preceding  method,  let  the  origin      x ^ X 

(a)  and  one  only  (xx')  of  the  axes 

be   given   in  position.     Let  the  / 

other  axis  (zz')  be  inclined  to  it  at  i/    Iy 

a  variable  angle.     Let  each  system  of  values  of  the  variables 

be  thus  represented:  let  one  of  the  variables  (x)  be  ex- 
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pvessed  by  any  trigon(Nnetfical  funetion  «f  the  angle  (eAx) 
at  which  the  axes  of  co^wdinates  are  indined,  and  the  other 
(y)  Bs  before,  by  a  portion  (Ap)  measured  along  the  axis 
(zz'),  whose  position  is  variable.  The  extremity  (p)  of  this 
portion  (Ap)  is  the  corresponding  point  of  the  locus. 

The  value  of  that  variable  which  is  represented  by  the 
distance  of  the  point  in  the  locus  from  the  origin^  b  called 
the  radius  vector.  The  origin  is  called  the  pole  qftke  equa^ 
turn* 

An  equaticm  represented  thus  is  caUed  a  polar  equation ; 
and  for  distinction  the  variables  represented  by  the  radius 
vector  is  called  z^  and  the  variable  angle  by  w.  The  equa« 
tion  is  thus  expressed^  z  =  F(ai). 

Particular  values  of  z  and  to  are  in  this  case  also  usually 
distingiushed  by  traits,  thus,  s/o/,  s^w",  &c.,  and  thus  cha- 
racterised  are  called  the  points  s/o/,  ^/'e/,  &c. 

(12.)  As  the  angles  which  the  axes  of  co-ordinates  form 
with  each  other,  and  with  Unes  which  intersect  them,  and 
also  the  angles  which  lines  in  general  form  with  each  other, 
become  frequently  objects  of  investigation,  it  is  expedient  to 
adopt  a  concise  and  clear  notation  to  express  them* 

The  ang^  qfordvnation  is  expressed  thus,         •>      yx 

The  angle  under  radius  vector  and  fixed  axis     -        w 

The  angle  under  any  line  and  an  axis  of  co-or- 
dinates -  •  -  ^Ix^hf 

The  angle  under  two  lines      -  -  -  i? 

Thus,  sin.^.r  is  sine  of  ordination. 

Sin.  U  =  aji.  of  the  angle  under  the  lines  thus  denominated. 

All  angles  are  supposed  to  be  measured  in  the  same 
direction. 

(13.)  Equations  are  classed  according  to  their  degrees. 
The  degree  of  an  equation  is  estimated  by  the  number  ex- 
pressing the  highest  dimen^n  of  the  variables  which  enter 
it.     Thus  an  equation,  in  which  single  dimensions  only 
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ooeur,  IS  called  an  equation  of  the  Jtni  degree^  One^  in 
which  the  variaUes  enter  in  dimensions  not  exceeding  two^ 
is  called  an  equation  of  the  second  degree^  && 

A  general  equation  ol  any  d^jee  is  one  which  embraces 
within  its  extension  every  particular  equation  of  the  same 
degree.  Such  a  formula  must  necessarily  consist  of  a  series 
of  terms,  including  every  dimennon  and  comUnation  of  the 
variables  not  exceeding  the  proposed  degree,  and  an  ab- 
solute term,  which  for  symmetry  might  be  conceived  to  be 
involved  with  dimensions  of  the  variables,  whose  index  is 
cypher.  In  this  formula  each  term  must  include  a  literal 
coefficient,  expresnve,  in  general,  of  any  value,  >  0,  <  0, 
or  =  0.    Thus,  the  general  equation  of  the^rst  degree  is. 

Ay  -f  Bar  +  c  :=  0. 
That  of  the  secwid  degree, 

A^*  +  Boy  +  car*  +  ny  +  EX  +  F  =  0,  &c.  &c. 
And  in  all  such  formulae  the  symbols  a,  b,  c,  8cc«  are  each 
understood  to  represent  quantities,  >  0,   <  0,  or  =  0,  as 
the  case  may  be  in  particular  instances* 

The  loci  of  equations  are  investigated  according  to  their 
degrees,  beginning  from  the  first. 

The  discussion  of  a  general  equation  is  the  investigation 
of  its  locus,  and  the  efiects  produced  on  the  locus  by  the 
various  values  and  signs  which  its  constant  quantities  may 
have  in  particular  cases. 


SECTION  III. 

Discusawi^  of  the  general  equation  of  the  first  degree, 

(14.)  Let  the  fixed  axes  yy'  and  xx'  be  assumed. 

In  the  general  equation.  Ay  +  bo?  +  c  =  0,  the  coefficient 
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of  one  or  other  of  the  variables  must  be  finite ;  for  if  a  =  0, 
and  B  =  0,  *.*  also  c  s  0,  and  the  equation  would  cease  to 
exist. 

Let  A  represent  the  finite  coefficient,  and  putting  the  equar 
tion  under  this  form, 


c 

y +  T 


B 


X 


Let  Ap  and  ap  be  any  system  of 
values  of  y  and  x  resulting  from 

this  equation.     Let  ab  =  — ,  •.• 


Bp  =  y +  -7^v— =  - 


Let 


—  — .  Hence  all  equations  in  which is 

A  ^  A 


Bjp  B 

A  AP  ""  A 

the  parallels  fm  and  j7m  be  drawn^ 

J     .  BO  B 

and  smce  ap  s  pM  •.•  -^  = 

'^  pM  A 

'.*  B/>  :  j9M  is  a  constant  ratio ;  and  since  b  is  a  fixed  point, 
the  locus  of  M  must  be  a  right  line,  l'l. 

(15.)  This  right  line  being  designated  by  the  symbol,  /, 
sin.  Ix       Bp 
sin.  ly  "^  pu 
the  same,  represent  parallel  lines. 

(16.)  If  b  =  0,  •.'  sin.  ir  =  0,  •/  the  line  ll'  is  parallel 
to  xx',  i.  e.  in  general,  "  If  the  coefficient  of  either  variable 
=t  0,  the  equation  is  that  of  a  right  line  parallel  to  the  axis 
on  which  the  values  of  that  variable  would  be  measured,^' 
*.*,Ay  +  c  =  0  is  the  equation  of  a  parallel  to  the  axis  xx, 
and  Bx  +  c  =0  SL  parallel  to  yy'.  In  these  cases,  if  c  =  0, 
the  first,  by  dividing  by  a,  gives  y  =  0,  and  the  latter,  by 
dividing  by  b,  ^ves  jr  =  0 :  these  are  the  equations  of  the 
axes  themselves. 

(17.)  If  neither  of  the  coefficients  (a,  b)  =  0,  the  right 
line,  being  parallel  to  neither  axis,  meets  both.     To  find  the 


L 
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points  where  it  meets  yV,  let  o?  =  0  in  the  general  equation, 
•••^  =  -  p  the  distance  of  b  from  the  origin  (a).    To  find 

where  it  meets  xx',  let  j^  =  0  •/  a?  =  -  ^,  the  distance  ac. 

ji 

(18.)  If  c  =  0,  the  points  c  and  b  coincide  with  a,  ••• 
Ay  -^  Bx  zsO  is  the  equation  of  a  right  line  through  the 
origin. 


(19.)  If  A  and  b   have  the 

same  sign  with  c,  •.• and 

a 

,  are  both  negative,  •.•  the 

right  line  intersects  both  axes  of 
co-ordinates  at  the  negative  side 
of  a. 


(20.)  If  A  and  b  have  a  sign 

c 
different  from  c,  •.• and 

A 


are  positive,  •/  the  right 


b 


line  meets  both  axes  at  the  po- 
ffltive  side  of  the  origin. 


(21.)  If  A  and   c  have  a 

different  sign  from  b,  \'.  —  — 

c    . 
isnegative^and is  posi- 

live,  •/  the  right  line  meets 
yy'  at  the  negative  and  xx'  at 
the  positive  side  of  the  origin. 


H  AtQ£BftAIC   GBOICBT&V. 

'  (S8.)  If  B  and  c  have  a  uga 
different  from  a,  •/ is  po- 


sitive, and is  negative,  •.• 

the  right  line  meets  yy'  at  the 
positive,  and  xx'  at  the  negative  side  of  the  origin* 


SECTION  IV. 

Of  (he  equations  of  right  lines  restricted  by  certain  con* 

ditions. 

PBOP.  I. 

(23.)  To  find  the  co-ordinates  qftJie  point  of  intersection  of 
two  right  lines,  whose  equations  are  given. 
Let  the  given  equations  be 

A^  +  BJT  +  c  =  0, 

a;^  -h  b'j?  +  tf = 0. 

The  point  of  intersection  being  that  point  whose  co-ordinates 
must  fulfil  the  equations  of  both  right  lines ;  let  the  variables 
in  these  equations  express  them,  and  the  resulting  values  are, 

^        BC^  —  B^C  _        Ac'— a'c 

^""■"ba'-b'a'  ^""""ab'-a'b' 
(240  If  ^e  numerators  of  these  formulae  be  finite,  and 
ab'  —  a'b  =  0,  the  Imes  are  parallel,  the  point  of  intersection 
being  supposed  infinitely  distant     This  condition  of  paral- 
lelism was  offered  before,  where  it  was  established  that  lines 

B  b' 

iare  parallel  if  —  =  — r ,  i.  ^.  ba'  —  b'a  =  0. 

A  A 

But  if  at  the  same  time  that  ab'  —  a'b = 0,  also  ac' — a'c = 0, 
and  •••  bc'  —  b'c  =  0,  the  two  Knes  coincide,  for  then  their 
equations  being  put  under  the  forms, 
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B  C 

y  +  -—x  4-  -—  =  0, 


B  b'  C-  c' 

are  identical,  since  —  =  — r,  and  —  =  — 7 

A        a"  a        a' 


PROF.  II. 

(25).  To  investigate  tJiC  condition  on  which  three  right  lines 
win  have  a  eomnum  point  of  intersection. 
Let  the  equations  of  the  lines  be 

hjf  -f  bo:  +  c  =  0, 

Aly  +  B'a?  -h  c'  =  0, 

A"y  +  B^x  4-  c''  =  0. 

By  equating  either  of  the  co-ordinates  of  the  point  of  in* 

tersection  of  the  first  and  second,  with  the  corresponding 

(x>-ordinate  of  the  intersection  of  the  second  and  third,  there 

will  result,  after  reduction,  the  equation, 

A(b"c'  -  b'c^  +  ^(80"  -  B^C)  +  A^b'C  —  BC')  =  0, 

expressing  the  required  condition. 

If  any  of  the  lines  be  parallel  to  either  asds  of  co-ordinates, 
the  formula  must  be  determined  by  that  variable  which  is 
common  to  the  three  equations. 

PROP.   III. 

(5i6).  To  find  the  equation  qfa  right  line  passing  through 

a  given  point. 
Let  the  point  be  j/a',  and  the  sought  equation 

Ay  +  B«  +  c  =  0. 
Since  t/af  is   on   the  right  line»  *.*  a^  +  Ba/  +  c  ^  0, 
'•*  by  subtraction 

Ay  +  Ba:  —  (a^  +  mj/)  =  0,  or 
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This  formula  might  also  be  demonstrated  thus:  the 
equation  must  be  such  as  that  when  jf^i  are  substituted 
in  it  for  yxj  the  whole  shall  be  equal  to  cypher ;  hence 
c  =  -  (Ay  +  By). 

PROF.  IV. 

(S7.)     To  express  the  equation  of  a  right  line  passing 

through  two  given  points. 

Let  the  co-ordinates  of  the  points  be  t/ji!^  jfaP.  By  (26) 
the  equation  of  a  line  through  j/^a?  is 

But  since  this  line  also  passes  through  'i/oiy  the  equation 
must  hold  good  after  substituting  y^r'  for^x;  *.* 
'    A(y  -  y)  +  ^{pt!  -  a?)  =  0. 
From  this  and  the  former,  the  result  is 

{3}  -  s^y  -  (y  — yV  +  j/J^  —jfaf  =  0; 
or,  (a/  -  a:^  0/  -  yO  -  (y  -y)  (a:  -  x")  =  0. 

PROP.  V. 

(28.)     To  express  the  egttation  of  a  right  line  meting  given 
angles  with  the  axes  qfco~<yrdinates. 
Let  the  given  angles  be  /or,  ly.    Let  the  general  equation 
of  the  right  line  be  divided  by  a,  and  it  becomes 

"'a  a 

B  Sin  1x  c 

Let  —  =  —  '     J  9  aod  —  sin.  fy  =  c';  •.•   the  sought 

A  Sm.   f'U  A 

equation  is 

sin.  ly  >y  "  sin.  /a: .  a:  +  c'  =  0. 

PROP.  VI. 

(29.)     To  express  the  equation  of  a  right  line  passing 
througli  a  given  pointy  and  making  given  angles  with 
the  fixes  qfanyrdinates. 
The  given  point  being  j/ji?,  and  the  given  angles  ly  and 
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Uc  it  follows  frcwa  (26)  and  (IS)  that  the  sought  equation  is 
an.  ly.(y  —3/)  —  sin.&(a:  -  jc)  =  0. 


PROP.  VII. 

(30.)  To  express  the  angle  under  two  lines  as  a  Junction  of 
their  equations^  and  of  the  angle  of  ordination. 

Let  the  equations  be 

Aj/  +  B.r  +  c  =  0, 
A'y  +  B^x  +  c'  =  0; 
sin.  Ix         B  sin.  Px         b' 


sin.  Iff         A  '  sin,  fy 


A 


f 


But,  ly—yX'-'lx^  Vy=:yx^Vx\ 

sin.  Ix       ^      B^  sin.  Ix  b' 

'  sin.  {yxrrlx)         A  '    sin.  (yx^lx\^  """V ' 
By  expanding  the  denominators^  and  dividing  both  numera- 
tor and  denominator  of  the  first  by  cos.  Ix,  and  of  the  second 
by  cos.  Tx^  the  results  solved  for  tan.  Ix  and  tan.  Ix  are 

Bsin.^^  B'sin.v^ 

tan.  Ix  = — — ,    tan.  fx=  -, ^ — u 

.    Bcos.^a:-A'  B'cos.yjr— a'^ 

Let  the  angle  under  the  lines  be  It, 

U'={lx'-Px); 

,  „       tan.  tx  —  tan.  I'x 

\'  tan.  il!  =  z — : ; r-. 

1 -f  tan./a;tan. /'.r 

Substituting  in  this  formula  the  values  found  above^ 

t».  U>  =  (*B'-VB)sin.^ 

aa' + BB' — (ab' + a'b)  cos.yx 
which  expresses  the  angle  //'  as  a  function  of  the  two  equa- 
tions, and  the  angle  of  ordination. 

(31.)  Cor.  1.     If  the  angle  of  ordination  be  right, 

cos.  yx  =:  0  %• 


tan.  IP  = 


ab'  — a'b 
A  a'  +  bb'* 

c 
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(32.)  Cor,  2.  If  the.  angle  under  the  line^  be  right,  tan.  // 
is  infinite,  '.• 

aa'+bb'— (AB'-i-A'6)cos.  yar  =  0. 

(33.)  Cbr.  8.     l(W  =  yx, 

A  a'  +  bb' — 2ab^  co8.^a?  =  0. 

(84.)  C(n:  4.    If  lV=^yx^  90% 

aa'  +  bb'  =  0.  *■ 

(35.)  Cot.  5.     If /' coincide  with  the  axis  of  «,  IV^^lx'^ 

and  b'  =  0,  (16.) 

,   ,  B  sin.  yx 

tan.  Ix  = ^ . 

Bcos.yjr^A 

(36.)  Cot.  6.     In  like  manner,  if  /'  coincide  with  the  axis 

of  y^  Z/'  =  }y\  \' 

A  sin.  yx 
tan.  ly  = =^ — . 

•^         ACOS.^X  — B 
PROP.  VIII. 

(  37.)  Tojind  the  eqvMion  of  a  right  line  inclined  at  a  given 

amgU  to  a  given  right  line. 

Let    the    given    angle    be   //',    the   given    right    line 
Ay  +  Ba?  +  0  =  0,  and  the  sought  line  uly  +  is!x  +  c'  =  0, 

In  the  formula 

(ab'— a'b)  sin.yo: 

tan.  W  =  — ?- — i — .     t  , — r-T , 

aa'  +  bb' — (ab'  +  a'b)  cos.  t/x 

found  in  (80),  by  dividing  numerator  and  denominator  by 

b'   . 
aa',  and  solving  for  — ^,  the  result  is,  after  reduction, 

b'  _^  B  sin.  {yx — II')  +  a  sin.  If 
a'  ""  A  sin.  (yjr+Zy)— B  sin.  //'* 
therefore  the  sought  equation  is 

{ A  an.(ya?+ W')— Bsin.Z^|y4"  { B  sin.(yjr— /?)  +  A  sin.//'}  jr  4- 

c"  =  0, 
where  c"  is  indeterminate. 
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(38.)    Cor.l.      If  the  angle^  of  ordination  be  right, 
sin.  {yx±lP)  =  cos.  IP ;  *•*  in  this  case  the  formula  becomes 
(A  cos.  Z/'- B  sin. //')y  +  (b COS. fi'  +  a  sin.  II)  x  +  d^  =  0. 


(39.)   Car.  S.     To  find  the  eqiuxtion  of  a  line  perpendicular 

to  a  given  line. 

In  the  general  formula  (37)  let 7^=90°,  •.'  sin. {yx±lt)z=. 
+  COS.  yx ;  *.*  the  equation  sought  is 

(a  cos.^o;  —  B)y  —  (b  cos.yx  —  a)  a:  +  c"  =  0. 

(40.)  In  this  case,  if  the  angle  of  ordination  be  right,  the 
equation  is 

By  —  AX  —  c"  =  0, 
which  is  the  equation  of  a  right  line  perpendicular  to  a  given 
line,  and  referred  to  rectangular  co-ordinates. 

(41.)  Cor.  3.  To  find  the  equation  of  a  right  line  inclified 
to  a  given  right  line  at  an  angle  equal  to  the  angle  of 
ordination. 

ILetyx  =  //',  •.'  sin.  {yx  ^  IP)  =  0,  and  sin.(^jr  +  If)  zz 
^n.  9yx  =  2  ^n.yx  cos.yx ;  *.*  the  sought  equation  is 
(2a  cos.yx  —  B)y  -\-  ax  +  c''  =  0. 
(42.)  The  formulae  established  in  the  precedipg  questions 
may  be  further  modified  by  subjecting  the  right  lines  sought 
to  pass  through  a  given  point ;  the  general  formula  (37)  will, 
in  this  case,  by  (26)  become 

{a  sin.  (yx  +  IP)  —  b sin.  IP]  (y  —  y) 
+  { b  sin.  {yx  ^  IP)  -{-  a  sin.  S"}  (j:  —  a/)  =  0. 
(43.)  The  formula  in  (40)  becomes 

B{y  —  y)  r-  a  (a:  —  a/)  =  0.  , 


c  2 
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It  is  dear  that  (29)  is  a  particular  case  of  (87),  and  can  be 
deduced  from  it 


PBOP.  IX. 


(44.)  To  express  the  length  of  a  Une  Joining  twopomts. 
Let  the  points  be  yx,  j/afy  and  l  the  sought  length ; 

If  the  co-ordinates  be  rectangular, 

L  =  V(y-y)*  +  (^-^)^ 
These  formulas  are  derivable  from  the  common  prindples  of 
geometry. 

PROP.  X. 

(45.)  To  express  the  intercept  of  a  given  right  line  between 

two  points  sitvMe  on  it. 

Let  the  right  line  be  iJy  +  b'j:  +  c'  =  0,  and  the  points 
yx,  andyo/.   By  (26)  |^=  -~r 5  •••  since 


t 

-  '\     ->/A'»  +  b'—^Vb^  COS.  yg?" 

*,*  L  ^^  \X  —  X  y  •  .^i— — ^— •      ^  • 


PROP.  XI. 


(46.)  To  express  the  distance  between  any  point  on  a  given 
line  cmd  the  point  where  it  intersects  another  given  line. 

Let  the  lines  be  Aly  +  vlx-^  c'=^0,  and  Ay  -f  bo?  +  c  =  0, 
and  let  the  point  given  on  the  first  be  f/af.    In  the  formula 
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in  (45),  substituting  for  x  its  value  for  the  point  of  inter- 
section found  in  (23),  the  .  result  expresses  the  sought 
distance, 

AtZ+BO^'H-C       -T : 

^  =      .w     w       Va'«  +  b'*-2a'b'cos.  yar- 

AB'  —  A'B  ^ 


PROP.  xir. 


(47.)  To  express  (lie  length  of  a  line  drawn  Jrom  a  given 
point  to  meet  a  given  right  line,  and  inclined  to  it  in  a 
given  angle. 

In  the  formula  of  (46)  substitute  for  a'  and  b'  the  values 
for  them  in  the  formula  found  in  (37)>  and  the  result  will 
be  the  formula  sought ;  but  for  brevity,  let  the  substitution 
be  only  made  in  the  terms  of  the  denominator,  retaining  the 
.symbols  a',  b'  under  the  radical,  signifying,  however,  the 
values  in  (37)>  the  result  is 

""  sin.  W      *      A«+B*— 2ab  cos.  yx  ' 

(48.)  Cor.  1.  If  the  co-ordinates  be  rectangular,  the 
formula  is 

^        Ay+Bor'+c 
an.  1/  V A«  +  B«'  * 
for  COS.  yx  =  0,  and  by  the  values  in  (38),  a'* +b'*= a*+b». 

(40.)  Cor.  %     To  express  the  length  qfa  perp&ndicular 
drawn  from  a  given  point  to  a  given  right  Une. 

In  (47)  let  sin.  W  =  1,  •.• 


,    ,  ,        ^  Va«  +  b'*-2a'b'cos.v^ 

\y-^  -r     f       A=+B'^-2ABCOS.y^ 


22 
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(50.)  Cor.  S.    If  the  co-ordinated  be  rectangular,  also 

_^      Ay'+Bor'+c 


(61.)  Car.  4.  To  express  the  length  of  a  line  drawnjrom 
a  given  point  to  meet  a  given  line^  and  inclined  to  it  at  an 
angle  eqtuil  to  tfie  angle  of  ordination. 

In  (47)  let  IP  =  i/Xf  and  let  a'  and  b'  have  the  values 
in  (37)  restricted  by  the  condition  of  IP  =  yx, 

Ay  +  B^+c 


.        ■  ■!     Mil    ,  m        '■ 

Va*  +  B®  -!-2ab  cos.^a? 


SECTION  V. 

Propositions  cetlculatedjbr  ea^ercise  in  the  application  of  the 

equations  of  the  first  degree. 


PEOP.  XIIL 


(52.)  To  investigate  the  intersection  of  the  three  perpen- 
diculars Jrom  the  angles  of  a  triangle  on  the  apposite 
sides. 

Let  the  base,  ac,  of  the 
triangle  be  taken  as  axis 
of  x^  and  a  perpendicular 
ax  through  it  as  axis  of 
y\  let  the  co  ordinates  of 
b  be  a/y,  those  of  c,  x", 
y  =  0,  Let  ad,  W^  cdy 
be  the  three  perpendiculars.  The  equations  of  the  three 
sides  result  from  the  formula  of  (27).     Hence, 


-    X 
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The  equation  of  ad  is  -  ady  --  t/x  s  0. 

The  equation  of  oc  is  -  -  ^  =  0. 

The  equation  of  be  is  {of  —  a^y  —  i^{x  —  a:")  =  0. 
Hence,  those  of  the  three  perpendiculars  result  from  the 
formula  (4S): 

The  equation  of  ad  is  yr/  —  {aP  —  af)x  =  0. 

The  equation  6f  6A'  is         -  j:  —  j;'  =  0. 

The  equation  of  cd  is    t/y  +  af{x  —  a:")  =  0. 
Eliminating  y  from  the  first  and  third,  the  value  of  .r  for 
the  point  of  intersection  is  af^  and  this  value  being  sub- 
stituted in  either,  we  find  the  co-ordinates  of  the  point,  0,  of 
intersection  of  cuJ  and  cd^ 

Y  = X  =  ar. 

y 

(53.)  Cor.  Hence,  it  follows  that  the  three  perpen- 
diculars intersect  in  the  same  point;  for  since  the  values  of  x 
for  the  points  b  and  0  are  the  same,  the  same  perpendicular, 
bV,  must  pass  through  both. 

FAOP.  XIV. 

(54.)  To  investigate  the  point  of  intersection  of  the  bisectors 
of  the  three  sides  c/*a  triangle  drawn  through  the  several 
vertices. 

The  axes  of  co-ordinates 
bdng  as  before,  and  lu/,  bVj 
ed,  being  the  bisectors,  and 
the  point  b  being  jrjj/',  and 
c,  ar'O; 

«/     x"+:d 
The  co-ordinates  of  point  d  are  -^,   — - — , 

The  co-ordinates  of  point  i'  are  0,   -5-. 

y     V 

The  co-ordinates  of  point  d  arc  — ,    -5-. 
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Hence,  by  formula  (27), 

The  equation  of  ojd  is  {pi  +  ^'')y  —  y^?  =  0. 

The  equation  of  W  is  {^  -  a:":^  —  y(2a?  —  ^r")  =  0. 

The  equation  of  cc?'  is  (ai  —  9aF^  —  jf{x  —  a:^  =  0. 
The  values  for  ^  and  x  found  {rem  first  and  second  are  ; 


x'  = 


8'  3     • 

The  same  values  being  found  from  the  second  and  tlurd, 
proves  that  the  three  bisectors  meet  in  this  point. 

It  is  obvious  from  the  proportion  of  y'  to  y,  that  each 
bisector  is  divided  at  their  common  point  of  intersection  in 
the  ratio  of  1  :  2. 

(55.)  Cot.  From  the  principles  of  MecJumtcs^  it  is  ob* 
idous  that  this  point  is  the  centre  (^gravity  of  the  triangle. 


PEOP.  XV. 


(56.)  To  investigate  the  point  of  intersection  of  perpen-- 
diculars  to  the  three  sides  of  a  triangle^  drawn  through 
their  several  points  of  bisection. 

The  axes  of  co-ordinates  being 
as  before,  the  equations  of  the 
three  perpendiculars  result  from 
the  equations  of  the  sides  ex- 
pressed in  (5S),  and  of  the  co- 
ordinates of  the  points  a\  V^  c',  in  (54),  by  the  formula 
(43),    Hence, 

The  equation  of  do  is  y(jf  —  "^)  +  oi{x  — ^)  =  '0. 
The  equation  of  o^o  is 

The  equation  of  Vo  is  x  —  —-  =  0. 
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By  the  first  and  second  equations  we  find  the  co-ordinptes 
of  the  point  of  intersection  of  do  and  do  to  be, 

Hence,  since  the  same  values  result  from  the  second  and 
third)  it  appears  that  the  three  perpendiculars  meet  in  this 
point. 

(57.)  Cor.  The  distance  e  of  the  point  o  from  each  of 
the  angles  of  the  triangle  may  be  hence  found. 

Let  ah  ^  c^bc^  d,  and  ac  =  c".  Hence,  y*  +  a:'*=  c*, 
a^=z<P,  also,  c*  4-  c''*  =  c/«  +  2c»a/,  •••  ^=         ^ . 

By  substituting  for  y^  +  ^^,  its  value,  and  changing  a^ 
into  c'',  we  have 

**  -  4y « 

And  rince  2cV  =  c»  +  c^«  -c'«,  •/  c*-c'a?  = o""^"* 

Al80,y«  =  c2  -  a/2  =  c2  -  ^ -^ — -.    Making  these 

substitudons,    and    observing    that    (c*  +  c'*  —  c"^)*  — 
(c»  +  c"«  -  c'*)*  =  4c*(c'»  -•  c^*).     We  find  that 

**-""  47^ '•'^~2i/ ""%/?• 
Let  the  area  of  triangle  be  a,  *.*  t/d^  =z  2a,  hence, 

_  cdd^ 
""  4a  ' 
This  expression  being  symmetrical  with  respect  to  the 
three  ndes,  must  be  the  same  for  each  of  the  three  vertices, 
and  therefore  the  distances  of  the  point  o  from  the  three 
angles  are  equal.  Hence  it  appears  also,  that  the  point  o 
is  the  centre  of  the  circumscribed  circle,  and  the  value  of  r 
is  its  radius,  expressed  as  a  function  of  the  three  ^des. 
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Cii 

The  equation  b  =  -^,  ivhich  gives  2Hy  =  c</,  proves 

that  the  rectangle^  under  any  two  sides  of  a  triangle,  is  equal 
to  the  rectangle  under  the  perpendicular  on  the  third  side, 
and  the  diameter  of  the  circumscribed  circle. 

If  V  =  0,  c*  =  cV,  and  hence  c^  +  c'*  =  c''*,  •.-,  there- 
fore, the  angle  is  a  right  angle ;  hence  the  angle  in  a  semi- 
circle is  right 

If  y''  >0,  c2  >  c^a/,  •••  €«  +  c'2  >  c''«,  •••  the  angle  b  is 
acute,  and  -.*  the  angle  in  a  segment  greater  than  a  semicircle 
is  acute. 

If  Y^<  0,  c«  <  cV,  •••  c2  +  c'«  <  c/'2,  •••  the  angle  b  is 
obtuse ;  and,  theriefore,  the  angle  in  a  segment  less  than  a 
semicircle  is  obtuse. 

PEOP.    XVI. 

(68.)  The  three  pomts  qfintersectiony  1®,  qftheperpendicU' 
larsjrom  the  angles  qfa  triangle  on  the  opposite  sides; 
2°,  of  the  bisectors  of  the  sides:  S*',  qfths  perpendiculars 
drawn  through  the  points  of  bisection  of  the  sides,  mil  be 
in  the  same  right  line. 

The  equation  of  a  right  line  through  the  points  yx  and 
y'x'  is, 

{y  -  y')  (x  --  x')  -  (y  -  yO  (^  -  x'). 
Substituting,  in  this  form,  the  values  already  found,  it  be- 
comes, after  reduction, 
y(3y— y)  (2a:'-  jJf)  -  |3(j?''- j/y -y« }  (3x  -  ar'-or^  =  0. 

The  values  for  y"  and  x''  being  substituted  for  y  and  x  in  this 
equation,  will  fulfil  the  conditions,  and  therefore  the  right 
line  joining  the  points  yx  and  y'x'  must  pass  through  yV. 
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PROP.   XVII, 

(59.)  To  investigate  the  intersection  qfihe  bisectors  of  the 

three  armies  of  a  triangle. 

The  axes  of  co-ordinates  being 
placed  as  before,  let  ad  and  cd  bi- 
sect the  angle  a  and  c  respec- 
tively. 

The  equation  of  cuJ  is, 

y  —  tang.  \a,x  ^0.  u  T 

The  equation  of  cd  is,  y  +  tang,  i^  c .  (x  —  c")  2=  0. 

_  sin.  a  .  sin.  c 

But  since  tanff.  i  ^  .r— : ,  and  tanir.  i  c= z . 

®^      1-hcos.a'  ^  ^       1+cos.  c' 

,  .  y  af      .  y  c»  -  a;' 

and  sin.  a  =  ^  cos.  a  =  — «  sin.  c  =  -^j  co8.c=  — ; — > 

c  c  d  d 

the  equations,  by  these  substitutions,  become, 

(c  -h  j/)y  -  y^  =  0, 

(d  ^-d^-- a!)y  +y(x  -  c/')  =  0. 
From  the  two  equations,  the  co-ordinates  of  the  point  of  in- 
tersection are, 

,-.»    y^     ,,«!  ^(^+^) 

^  -c+c'  +  c'"         ■"c+c'  +  c"* 
But  yc''  =2a,  •••  y'^  =     .    ,  .   «  .  also 

9^af  zzzc^  +  d^^-^d^  '.'  9d\c  +  ^)  =  (c  +  c^*  -  c'^  = 

c^d^-^d    c-^d  +  d^ 
(e  +  c'  +  c")  (c  +  c"  -  e')  •.•  x'''=  ■^^-  =  -^^^^^  -  e. 

The  values  of  x^'  bdng  symmetrical  with  respect  to  the  sides, 
will  be  the  same,  whichever  side  is  assumed  as  axis  of  x ; 
hence  it  follows,  that  the  three  bisectors  meet  at  the  same 
point,  and  that  the  perpendicular  distances  of  that  point, 
fiom  the  ^des  of  the  triangle,  are  equal.  Hence,  also,  that 
point  is  the  ceotre  of  the  inscribed  circle ;  and  the  value  of 
'y'^  expresses  the  radius  of  that  circle  as  a  function  of  the 
sides  of  the  triangk. 
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PROP.    XVIII. 

(60.)  To  find  the  locus  qfapointfrom  which  two  right  lines j 
drawn  at  given  angles^  to  two  lines  givefi  in  position^ 
shaiU  have  a  given  ratio. 
Let  the  equations  of  the  two  right  lines  given,  in  position 

referred  to  rectangular  co-ordinates,  be, 

Aj^  +  bo:  +  c  =  0,  Aly  +  B'd?  +  c'  =  0. 

The  given  angles  being  0  and  ?',  the  point,  whose  locus  is 

I*        fj^ 
sought,  being  yx ;  let  -jr  =  ^.     But  by  (48) 

_  A^  -l-BJ?  -f  C 

""      sin.  9  >v/ A*  +  B*' 
a'^+b'^t+c' 


l'  =  - 


sin.  <pVa'«+ b'*' 


•/  (Ay  +  B^  +  c)  Va'*  -f  b'*  .  ni  sin.  ((I  =  (A'y  +  ^^  +  c') 

Va*  4-  B*  .  »i  sin.  pn, 
which  being  a  simple  equation,  the  locus  is  a  right  line. 


PROP.    XIX. 

(61.)  A  parallel  to  the  base  of  a  triangle  being  drawn,  and 
its  points  of  intersection  being  connected  with  tl^e  ex- 
tremities of  the  basCi  to  find  the  locus  of  the  intersection  of 

the  connecting  lines. 

Let  AC  be  tne  axis  of  x,  and 

that  of  y  perpendicular  to  it ; 
also,  let  the  perpendicular  di- 
stance of  the  points  n  and  e, 
from  the  base,  be  6.  Since  the 
equation  of  ab  is  ^a;'— yx=0, 
and   D  is  a  point  on^  it,  the 

The  equation  of  bc  being 


value  of  a;  for  the  point  d  Is  -y. 


ALGEBRAIC   GEOMETRY.  29 

y (a/ — a:'') --y (a? -- a:'')  ==  0,  and  the  point  E  being  on  the  line,  the 
value  of  X  for  the  point  B  is  -^ -. — — — .     Hence, 

The  equation  of  ae  is,  y  =  ^^^_^y^^^^. 

The  equation  of  cd  is,  y  =       ,J^  .Jx  —  a^). 

Eliminating  b  from  these  equations,  we  find  the  equation  of 
the  locus  of  the  point  of  intersection, 

^{'Zxf  -  a^)^  %/x  +  f/a^  =  0,  or 
a?"  aj" 

which  by.  (27)  is  the  equation  of  a  right  line  passing  through 
the  points yar',  and  -^iO:  hence,  the  locus  sought  is  a  right 
line,  bisecting  the  base,  and  passing  through  the  vertex. 


PROP.   XX, 


(62.)  A  parallel  being  drawn,  as  before,  to  find  ffie  locus  of 
the  intersection  of  perpendiculars  to  the  sides  through  its 
extremities. 
The  co-ordinates  of  the  points  n  and  £,  being  expressed 

as  above,  and  the  equations  of  the  sides,  as  in  (52)  the 

equation  of  the  perpendicular  through  d  is, 

baf 
y(j,  -  i)  +  af{x  -  y  )  =  0. 

The  equation  of  perpendicular  through  e  is, 

y(3,  -  A)  +  (^  -  x»)  (or  -  *fc-^-)=  0- 
EUminadng  h  from  these  equations,  the  result  is, 

But, 
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f/^  +  iaf-  apy  =  c'S  y «  +  «^  =  e\ 

A  expresdng  the  area.  Making  these  substitutions^  the  equa- 
tion, after  reduction^  becomes, 

4Ay  (c' *— c«) + X  {  c' V + (f)-id^  -cy  }  +  c^c«(c2-.c^2_c'*)=:0, 
whichy  being  an  equation  of  the  first  degree,  shows  the  locus 
sought  to  be  a  right  line* 

FHOP.   XXI. 

(63,)  ToJindth£locibSGfapointjTomwJncht1ie8umtfthc 
perpjsndicidarsy  drawn  to  sevef^ai  right  lines  given  in  po- 
sittoHj  may  liave  a  given  magnitude. 
Let  the  equations  of  the  right  lines  given  in  position  be. 

Ay  +  Bar  +0  =  0, 

A^y  +  B'a?  +  c/  =  0, 

A^y+B^a:  +  d^—O, 


The  co-ordinates  of  the  point,  whose  locus  is  sought,  being 
expressed  by  the  general  s3rmbols  yx,  the  perpendiculars  re- 
spectively are, 

— .  Ay+BJ^+c 

""    \^aHb«  ' 


-v^A'^a+B 


m 


p{«)  =       "^  ' 


the  conditions  of  the  question  give  the  equation, 
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r     A  a'  a<*>      •> 

tVA*  +  B»         Va'«  +  b'»  Va<'«'«  +  B^«>*J 


{ 


Va*+b»      V'a'^  +  b'*         Va<'«'«+b^">* 

B  b'  b'*^  -> 

%/ A*  +  B«       \/  a'«  +  B'a  >/A<*'«  -I-  B<*>« / 


+  —===  +  •••==  M, 


>v/a8  +  b«     -/a'^+b'* 
iH^hich   being  a  ample  equation^  shows  the  locus  to  be  a 
right  line. 


PROP.    XXIT. 

(64.)  To  compress  the  area  of  a  polygon  as  a  function  of  {he 
equaJHuma  of  the  sides,  hnd  the  co-crdinaies  of  a  point 
Toithin  it» 

Let  the  equadons  of  the  sides  be  expressed  as  in  the  last 
prop.  By  the  fonnula  (27)  it  appears  that  t/al^  t/'af^j  being 
the  co-ordinates  of  the  extremities  of  the  first  side,  k^o^  ^af'j 

B=:  -  (y— y).  Hence,  v'a*+b«'=  \/(y  -j/^)*+{af—a?Y^c, 
c  being  the  first  side  of  the  polygon ;  and  for  the  same  rea- 
son, the  several  denominators  of  the  values  of  f,  p',  p",  &c. 
are  the  successive  sides  c,  d,  c",  c"',  &c. 

Let  the  figure  be  supposed  to  be  resolved  into  triangles, 
by  lines  drawn  from  the  point  within  it  to  the  several  angles, 
A  being  the  area 

2a  =  PC  +  p'c'  +  P^c»  .  •  ■.  .  .  P-"'C''»> .  (1)  ••• 

2a  =  (Ay  +  ar'  +  c)  +  (Ay  +  b'^  +  C) 

(A<«y  +  B<«>j/  +  C^-Oj   (2), 

which  is  the  required  function,  y^a^  being  the  co-ordinates  of 

the  point  within  the  polygon.     If  the  figure  be  a  regular 

polygon,  of  which  c  is  the  side,  (by  equat.  1),  we  have 

2a 
p  +  p'  +  p'' p^«^  =  — .     This  value  being  inde- 

pendent  ofyW, 


8S 
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(65.)  Cor.  It  follows  that,  in  a  regular  polygon,  the  sum 
of  the  perpendiculars  on  the  sides  from  any  point  within  it, 
is  of  a  certain  magnitude.  If,  at  the  same  time,  the  per- 
pendiculars are  equal  to  each  other, 

2a 


nc^ 


which  is  an  expression  for  the  radius  of  the  circle  inscribed 
in  a  polygon,  whose  side  is  c,  and  whose  number  of  sides 


IS  n« 


PROP.   XXIII. 


(66.)  To  inscribe  in  a  triangle  apardUelogramy  whose  aides 

shall  have  a  given  ratio. 

Let  ABC  be  any  ^ven  triangle ; 
let  AC  be  assumed  as  axis  of  x^ 
and  AY  making  the  angle  yac 
equal  the  angle  of  the  proposed 
parallelogram.  The  co-ordinates 
of  B  being  o/y,  those  of  c,  cd^o^  the 
equations  of  ab  and  bc  are  ex- 
pressed as  in  (5S.)  Let  s  and 
sf  be  the  sides  of  the  proposed 
parallelogram  ;  and  by  the  terms 


s 


m 


of  the  question,  --f  =  — •  Sub- 
stituting in  the  equation  of  ab 
s  for  y,  we  find  a?,  or  ad  =  -t-;  and,  in  like  man- 
ner, substituting  s  for  y  in  the  equation  of  bc,  we  find 

so/  ^  a? 
Xy  or  AE  = -J h  or. 

y 

If  the  parallelogram    be    situate    as  in  the  first  figure, 
y  =  AE  —  AD  •/  s'  =  — — -.-^,  and  this  combined  with  the 
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equation  s'  =  —  gives  s  =  — p -z^     But  if  the  paral- 

lelogram  be  inscribed  as  in  the  second  figure^  - 

•/  5^= ^ —  and,  therefore,  s  =  — j^ — tn*     Hence,  in 

general,  s  =     j^      „,  according  as  the  side  of  the  paral 

lelogram  parallel  to  the  base  lies  above  or  below  the  vertex. 
Hence,  there  may  be  two  parallelograms  inscribed,  which 
will  equally  fulfil  the  conditions  of  the  question. 

If  »i  =  n,  *  =  — — =. 

y +  ar' 

If  m  =  n,  and  the  angle  of  the  parallelogram  be  right, 
the  formula  solves  the  question,  to  find  the  side  of  a  square 
inscribed  in  a  triangle.     In  this  case  f/  is  the  altitude, 

Hence  two  squares  may  be  inscribed  on  each  side  of  a 
triangle,  except  when  the  side  and  perpendicular  on  it  are 
equal:  in  that  case,  the  lower  sign  renders  s  infinite;  and 
the  other  value  of  ^,  half  the  side  on  which  the  square 
stands. 

(67.)  Car.  1.  The  sides  of  squares  inscribed  on  the  sides 
.of  the  same  triangle,  are  inversely  as  the  sum  of  each  side, 
and  the  perpendicular  on  it. 

(68.)  Cor.  2.  The  formula  -jTZJfl  P^i^^s  out  a  geome- 
trical construction  for  the  inscription  of  a  square,  by  the 
equation  being  expressed  as~a  proportion, 

y  Hh  ^''  :y  : :  ^:  s. 

If  the  upper  ^gn  be  taken  through  b,  let  bd  be  drawn 
parallel  to  ac,  and  take  cb  =  ad  and  join  de,  and  through 
c  draw  cf  parallel  to  ed,  and  through  e  let  a  parallel 
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to  AC  be  drawn^  and  gi  will 
be  the  side  of  the  inscribed 
square. 
If  the  lower  sign  be  taken, 
O^   take  CE  upon  ca  and  equal 
to  AD,  and  draw  ed,  and  pa- 
rallel to  it  draw  cf.    The 
parallel  to  ac  through  f  will 
determine  gi,  the  side  of  the 
£  c  square. 

If  y  =  y,  ED  coincides  with  ad,  and  s  is  infinite. 

PBOP.  XXIV. 

(69.)  Tojind  the  equation  of  a  right  line,  such  that  the  per- 

pendicidars  drawn  Jrom  several  given  points  to  it  sJuxU 

have  a  given  magnitude  (m.  ) 

The  points  being  i/af^  i/^a!\  t^a/^^  . . .  y<^>x(''>,  let  the 
sought  equation  be  aj^  +  Ba?  +  c  =  0. 

By  the  formula  (50),  the  condition  of  the  quesdon  is  ex- 
{Mressed  thus : 

Ay  +  BJC'  +  C        Ajf-¥'BaP-\'C  Ay^^^BX^^^+C  ^ 

V^A«+B«  ^/A«Tb2  v"a*  +  B»         ""      * 

or,  -  A  (y  +y'  +  -.y'O  -  b  (j:'  +  a:"  +  ....ar^»0  - 

«C  -  M  ^A^  +  B*  =  0. 

By  dividing  by  n,  and  eliminating  c, 

A(3/  -^—^ ^-)   +   B  {X ^ — )- 

^^  n  '  ^  n 


M 

n 


^/A^  +  B«  =  Or 


or  (y  —  - — ^— )  +  tan.  lx(x )  — . 

\jf  n  '  n 


M 

n 


sec.  Ix  =  0. 


As  the  value  of  the  angle  Ix  still  remains  undetern^ined,  thq 
line  sought  cannot  be  absolutely  determined ;  but  its  position 
is  limited ;  for  let  c  be  a  point,  whose  co-ordinates  are 
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n  n 

A  perpendicular,  drawn  &om  this  point  on  the  sought  line, 

,  will  be  (50)  — .    Hence  it  foDows,  that  if  with  this  point  as 

M 

centre,  and  a  radius  =  — -,  a  drcle  be  described,  any  line 

drawn,  touching  this  circle,  will  have  the  required  property. 
If  the  question  required,  that  the  sum  of  all  the  perpen- 
diculars should  be  =  0,  ^cil.  that  the  sum  of  those  on  each 

^de  of  the  sought  line  should  be  equal,  then  —  =  0,  there- 
fore the  circle  vanishes  into  the  poipt  c,  and  any  right  line 
drawn  through  this  point  would  have  the  required  property. 
(70.)  Cor.  The  point  c  is  manifestly  the  centre  of  gravity 
of  a  rectilinear  figure^  formed  by  joining  the  given  points. 

SECTION  VI. 

Of  the  trans/brmation  of  co-ordinates. 

(71.)  It  is  frequently  desirable  to  express  the  equation  of 
the  same  locus  referred  to  different  systems  of  co-ordinates. 
This  is  effected  by  expressing  the  values  of  the  co-ordinates 
of  any  point  related  to  one  system  of  axes,  in  terms  of  the 
co-ordinates  of  the  same  point  referred  to  the  other  system, 
and  in  functions  of  this  position  of  the  two  systems  of  axes 
with  respect  to  each  other.  The  values  thus  expressed,  being 
substituted  in  the  equation,  related  to  the  one  systan,  give 
the  equation  of  the  same  locus  referred  to  the  other  system. 
Let  yx  be  the  co-ordinates  of  any  point  related  to  one 
system  of  axes,  and  t/ad  those  of  the  same  point  referred  to 
the  other  system.  Let  m,  n>  py  q,  a,  by  be  quantities  deter- 
mined by  the  niutual  position  of  the  axes.     Suppose^  then^ 

d2 
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y  =  wiy  +  mr'  +  «>  aiid  a?  =  pjf  +  y.«^  ^+  ft*  If  these 
values  of  ^  and  x  be  substituted  in  the  equation  of  any  locus 
related  to  the  axes  oiy  and  x^  an  equation  will  result  be- 
tween the  variables  jf  anid  si^  i.  e.  one  of  the  same  locus 
related  to  the  other  system  of  axes.  The  question  will,  there- 
fore, be  resolved  when  it  is  shown  what  functions  of  the 
position  of  the  axes  the'quantities  m^  n,  &c.  are.^ 

(72.)  Let  AY,  Ax,  and  aV,  a'x', 
be  the  two  systems  of  axes.  Let 
the  co-ordinates  of  the  point  m 
referred  to  these  axes  bey=MP, 
a:  =  AP,  y  =  MP',  of  =  aV. 
Draw  a' a"  and  pV  parallel  to 
X     AY  and  A^,  and  py  parallel  to 

,Ax.  Let  aa"  =  y',  a'a"  =y',  -.-y  =  y  +  P^'  +  ^M,  or 
j^  =  y  +  pIP  +  p'm,  and  a:  =  a/'  +  a'/>  +  p^.  Expressing 
the  angles  under  the  respective  axis  by  the  notation  ex- 

pltuned  in  (12.) 

sin.j/^  ,              ,  sin^y^ 

^       sm.yar  *            '^  sm.^a: 

sin.j^j/  ,                ,.  sm.yy  1,  . 

Hence, 

if  sin.  'Jx  +.r'  sin.  ^'^ 

„       a/sin.ar'.y+ysin^ 
^  sm.  ^^ 

(73.)- If  the  axes  aV,  a'x',  be  parallel  to  ay,  ax, 

y=y'4-y,  x  =  a;"4-^. 

(74.)  If  yx  =  90°,  •••  ah.  5^0?  =  1,  sin.  3(fy  =  cos.  a/or, 
and  sin.  jfy  ^  cos.  y'Xf  '/ 

y  =  y  +  y  sin.  y^r  +  xf  ski.  a?'ar, 

a?  =  d/'  +  ir'  cos,  a^x  +y  cos.ya?. 


(75.)  If  y^  =  90«, 

.   ,  y  COS.  d/a?+a/  sin.  ar'o? 

J/ = y  +-^ : . — 

sm.  yx  ' 

♦^  sin.  yx 

(76.)  If  j^a:  =  y^r'  =  900, 

y  ^  if  +^  sin.  odx  ^-^  COS.  ar'^r, 
X  :=•  of  '\'  of  COS.  o/a:  —  y  sin.  a:'ar. 

(77.)  If  the  two  systems  have  the  same  origin,  y  =  0^ 
and  o^  &=  0. 


SECTION  VII. 


deseripii 


(78.)  When  an  equation  is  constructed  in  the  manner 
described  in  (10),  its  locus,  if  it  have  any,  is  a  line  in  the 
plane  of  the  axes  of  co-ordinates,  whose  points  are  deter- 
mined by  supposing  each  variable  susceptible  of  an  unlimited 
series  of  values,  positive  and  negative,  and  the  equation 
thereby  furnishing  a  corresponding  unlimited  series  of  values 
of  the  other  variable,  and  thus  determining  the  course  of  the 
locus.  Under  this  view,  it  might  appear  that  the  locus,  of 
every  equation  whatever,  was  (like  that  of  the  first  degree) 
a  line  of  unlimited  extent  This  would^  in  fact,  take  place 
did  it  not  frequently  happen^  that  certain  values  being  as- 
^gned  to  either  of  the  variables,  the  equation  furnishes  im- 
possible symbols  for  the  values  of  the  other.  Such  values, 
since  they  have  no  arithmetical,  have  no  geometrical  repre- 
sentatives ;  or,  in  other  words,  the  hcy^  has  no  point  corre- 
sponding to  such  values.     In  what  manner  this  circumstance 
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affects  the  figure  of  the  locus,  whether  by  limiting  its  extent 
in  one  or  more  directions,  or  by  completely  circumscribing 
it,  is  determined  by  certain  relations  between  the  constant 
parts  of  the  equation.  The  values  of  these  affect  some- 
times the  form  and  properties  of  the  line,  and  sometimes 
only  its  poidtion  with  respect  to  the  axes  of  co-ordinates. 
The  general  equation  of  the  first  degree  was  found  to  ge- 
nerate a  right  line,  whatever  the  values  of  the  constant 
parts  might  be,  and,  therefore,  in  this  case  they  merely 
affected  the  position  of  the  line ;  but  its  figure  and  properties 
were  independent  of  their  particular  values.  This,  however, 
does  not  happen  in  other  cases.  In  equations  of  the  higher 
degrees,  it  is  found  that  not  only  the  position  of  the  locus, 
but  its  nature,  form,  and  properties,  depend  on  the  relative 
values  of  the  constant  parts;  and  that  lod  of  different  spedes, 
that  is,  having  different  forms  and  properties,  will  be  ge- 
nerated by  equations  of  the  same  degree,  according  to  the 
relative  values  of  the  constant  parts. 

(79.)  The  classification  of  the  different  species  of  lines 
included  under  a  general  equation,  and  the  investigation  of 
the  functions  of  the  constant  parts,  which  characterise  each 
of  those  species,  is  called  the  discussion  of  the  general 
equation. 

(80.)  An  equation  of  the  second  degree  is  one  which  in- 
volves the  variables  in  powers  or  products  not  exceeding  two 
dimensions.  Hence,  an  equation  of  the  second  degree,  pre- 
sented under  its  most  general  form,  is, 

Ay^  +  Bxy  -f  ca?^  -f-  D^  +  E^  +  F  =  0  (a). 

Where  a,  b  •  •  .  •  e  represent,  generally,  the  respective 
coeflBdents  of  the  dimensions  of  the  variables  admissible  into 
an  equation  of  the  second  degree,  and  r  the  sum  of  all  the 
terms  not  involved  with  the  variables. 

The  solution  of  this  equation  for  the  two  variables. gives 
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^  —  «  ^f^h?  ±  JL^^B*-4Ac)^«+2{nD— 2ab)x+  (d*-4.af)  (5) 

a.-=_5J^±i-^(B«-4Ac)y»+2(BB-2cD)y4.(D^— 4cf)  (c). 
2c       2c 

These  solutions  appear  to  exclude  those  equations  of  the 
second  degree  which  do  not  contain  the  squares  of  one  or 
both  variables.  But  it  will  be  sho^n  in  (86)  that  these  cases 
can  be  brought  under  the  above  solutions.  In  what  im- 
mediately follows  the  values  of  a  and  c  will  be  considered 

finite. 

To  construct  the  equation,  let  any  fixed  lines,  yy'  .  xx', 
be  assumed  as  axes  of  co-ordinates.  Let  the  sufiix  of  the 
radical  in  (6)  be  represented  by  k«,  and  that  in  (c)  by  e'*. 

The  value  of  y  consists  ^^ 

BJf  "^  n 
of  two  parts  scil. g— • 

and-^.    Thefirstisthe      ^ 

value  of  ^  in  the  equation 
9,Ky  +  Bar  +  D  =  0,  there- 
fore, if  the  line  bd  ^  be 
the  locus  of  this  equation,  and   any  value,   ap,   be   as- 


BJ?4-D 


will  be 


signed  to  a?,  the  corresponding  value  of  — 

pp*  drawn  through  p  parallel  to  ty'  to  meet  the  right  line 

BD.  The  other  part  -^ —  is  real,  =  0,  or  impossible,  ac- 
according  as  u*  >  0,  =  0,  or  <  0.  If  e®  >  0,  let 
i^M  =  +  s->  and  p'm'  =  —  5-,  and  the  values  of  y  corre- 

%A  XA 

spending  to  a?  =  af,  are  pm  and  pm',  and,  therefpre,  m,  m'^ 
are  the  points  in  the  locus. 

If  R*  =  0,  there  would  be  but  one  value  of  y,  scil.  pp', 
«Eid  the  doriespohding  point  p'  of  the  locus  would  be  on  the 
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line  BD.  If  K*  <  0,  ^  would  be  impossible,  or^  in  otber 
words,  the  locus  would  not  meet  the  porsdlel  pp'  in  any 
point  whatever. 

In  like  manner  the  value  of  x  consists  of  two  parts,  scil. 


and 


1^ 


The  first  is  the  value  of 
X  in  the  equation  Zcx  -f- 
Bj/  +  E  5=  0;  there- 
fore if  the  right  line, 
EF,  be  the  locus  of  this 
equation,  and  any  valoe, 
Ap,  be  assigned  to  ^,  the 
corresponding    value    of 


By  +  B 


will  be  p,  p^y  a  parallel  to  xx',  drawn  from  p  to 

meet  the  line  ef.    The  other  part  -5 —  is  real,  =  0,  or  im- 
possible, according  as  r'«  >  0  =  0,  or  <  0. 


R' 


B' 


If  r'* >0,  let  jym  =  4-^5  and  j/m^  ~  ""  "2" »  aiidi'^ and 

p/^nJ  are  the  values  of  x,  corresponding  to  ^  =  a/?,  and 
m,  m!j  therefore  the  points  are  the  locus. 

If  u'^  ^  0,  there  would  be  but  one  value  of  x^  seil.  ppf, 
and  the  corresponding  point,  p^,  of  the  locus  would  be  on 
the  line  e'f. 

If  r'^<0,  the  locus  would  not  meet  the  parallel,  pp^,ixk 
any  point  whatever. 

The  lines  bd  and  ef  have  the  property  of  bisecting  a 
system  of  parallel  cords  in  the  locus.  Such  lined  are  called 
diameters;  and  the  cords  which  they  bisect  are  called  their 
QrdifuUes* 

The  course  of  the  locus  of  the  equation  of  the  seoond 


ALGEBKAXC  GEOMETRT.  41 

degree  is  Ikoited  to  that  smes  of  values  of  each  variable 
which  give  real  values  of  the  other.  It  appears  that  from 
that  series,  all  values  of  x^  which  fulfil  the  conditioD^ 
fi^  <  0,  and  aU  values  of  ^,  which  fulfil  the  condition,  e'^  <  0, 
are  excluded.  It  will  therefore  be  necessary  to  determine 
how  the  sign  of  e*  is  affected  by  the  values  of  x^  and  how 
that  of  e'*  is  affected  by  the  values  of  y.  As  these  circum- 
^tonces  depend  on  the  roots  of  the  equations,  e^  =  0, 
and  e'*  =  0,  it  will  be  convenient  to  consider  the  cases, 
B*  —  4ac  >  0,  B*  —  4ac  =  0,  and  b*  —  4ac  <  0.  (See 
Notes.) 

(81.)  If  B^  -  4iAC  >  0,  let  the  roots  of  the  equation, 
E*  =  0,  be  afy  of'. 

If  af^  a/',  be  real  and  unequal,  all  values  k£  x  included 

E* 

between  of  and  x",  render  -r — j—  <  0,  and  since  b*  —  4ac 

'  B*— 4ac 

>0,  •/  E^<0;  •.'  all  values  of  y  corresponding  to  such  a 
series  of  values  of  ^  are  impossible.  All  values  of  x  >  x\ 
or  <  jt',  render  R*  >  0,  and  x  ^  aiy  or  x  ^  aP^  render 
B«  =  0;  •.•all  such  give  real  values  ofy. 


9 


R 

If  x^aP  be  impossible,  all  values  of  x  give  — — ^ —   >  0, 

B    "~  ^AC 

*••  E*  >  0;  •.•render  all  values  of  y  real. 
li  of  sis  jr*,   all  values  of  x  (except  x  ^  of)  render 

R^ 

-J— 2 —  >  0,  and  •.'  e*  >  0,  and  x  ^  oi^  gives  r^  =?  0; 

•••  all  such  values  give  real  values  of  y. 

By  the  same  reasoning,  let  yy  be  the  roots  of  the 
equation  e'*  ass  0. 

If  yy  be  real  and  unequal,  all  values  of  y  between  y 
andy  give  impossible  values  of  .r,  and  all  others  real  values 
oix. 

If  %l^  be  impossible,  all  values  of  y  give  real  values 
of«. 
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if  y  =  f/f^  all  values  of  ^  give  real  values  6{x'. 

(Sa.)  IfB^— 4i4LCi=0,  •••  b*=2(bd-2ae>+(d«— 4af). 

If  Bi>  —  2ae  >  0,  let  4/  be  the  root  of  e*  s=  0 ;  all  values 

of  0?  >  a/ ^ve  2(bd_£ae)  ^  *^'  *'   *'  >  ®>  «°^  ^  g^^es 
iBL*  =  0;  '.•  all  such  values  of  ar  give  real  values  of  y.     All 

values  of  JT  <  y  give  ^    ■  _g-^  v  <  0,  •/  e«  <  0,  •••  give 

impossible  values  for  t/. 

If  (bd  —  2ae)   <  0,    •••  all  values  oi  x  >  x'  give 

J — ;^j^ — V  >  0,  •/  E*  <  0,  %•  dl  values  of  y  impossible. 

All  values  of  J?  <  a:' give —  <  0,   v   e*  >  0,   and 

°       BD  — 2a£  ' 

X  -=-  al  gives  e*  =  0;  all  values  oi y  corresponding  to  such 
values  of  x  are  real. 

If  (bd  —  2ae)  =  0,  •••  E*  =  D*  —  4af,  •.•  all  values  of 
y  are  real,  if  d*  —  4af  be  not  <  0,  and  impossible,  if 
(D»  —  4af)  <  0. 

In  like  manner  in  this  case,  let  vi^  s  3(be  —  Scd)^  + 
(b*  —  4cf). 

If  BE  —  2cD  >  0,  all  values  of  y  >  y,  or  y  =  y,  give 
real  values  of  x^  and  y  <  j/9  ^ve  impossible  values  of  x. 

If  BE  —  ScD  <  0,  y  >  y  renders  x  impossible ;  but  all 
other  values  render  x  real. 

If  BE  »  ScD  =s  0,  all  values  of  a;  are  impossible,  if 
E*  —  4cr  <  0,  real  if  not 

It  is  observable  that  bd  —  Sai;  =  0,  and  be  —  2cd  =  0, 

are  fulfilled  at  the  same  time,  for  bd  —  2ae  =  —  tt-Cbe  — 

2cd),  on  condition  that  b*  —  4ac  =  0. 

Also,  if  B*  —  4ac'  =  0,  and  bd  —  2ae  =  0,  (d*  —  4a£), 
and.  (e^—  4cf),  will  have  the  same  sign,  and  be  at  the  same 
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time  =  0,  for  k*  -  4cf  =  r—  (d^  ^  4af). 
(83.)  If  b2  -  4ac  <  0,  as  before,  let  Jifx"  be  the  roots  of 

R«  =  0. 

If  x'a^  be  leal  and  unequal,  all  values  of  x  between  a* 
and  x"  give  ^^^  <  0,  •/  r«  >  0,  and  a:  =  or',  a?  =  a;'', 
pve  E*  =  0;  •/  all  such  values  of  x  give  real  values  of  ^. 
All  values  of  a?  >  a^^or  <  a/,  pve  -^ — j —  >  0,  •/  e*  <  0, 
*.*  all  corresponding  values  of  ^  impossible. 

E* 

If  x'x"  be  impossible,  all  values  of  x  give    ^     .      >  0, 

and  •.•  E*  <  0,  •/  all  values  of  y  impossible. 
If  a/  i=  a:",  all  values  of  a?  (except  a?  =  d/,  or  a?  =  a:^)give 

E*  •  .  . 

■  ^^  . —  >  0,  '.•  a*  >  0,  •#•  all  values  of  y  impossible;  but 

a:  =  a/  gives  r*  =  0,  \'  y  real. 

In  like  manner,  if  yy  be  real  and  unequal,  all  values  of 
y  included  between  y  and  y,  as  well  as  ^  =  y,  and  y  =  y, 
^ve  real  values  of  a*,  and  all  other  impossible  values. 

If  yy  be  imposidble,  all  values  of  ^y  give  impossible  values 
of  a:. 

If  y  =  y,  all  values  of  x  are  impossible,  except  those 
corresponding  to  y  =  y,  3/  =  y . 

(84.)  To  determine  the  conditions  by  which  afaP  and 
yy  are  real,  equal,  or  impossible,  let  the  equations  r^  =x  0 
and  r'^  =  0  be  solved ;  hence  the  roots  are  respectively 

-  (bd — 2ae)  ±  2  v' AM 


X  = 


b*— 4ac 


_  —  (be-2cd)±2a/cm 
^ ""  b«-4ac  ' 

where  M  =  ae^  +  cb*  +  b^f  -^  bde  —  4Acif. 
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AM  >  0. 
CM  >  0. 
M  =0. 
AM  <  0. 
CM  <  0. 


Since  a  and  c  are  both  supposed  finite : 

If  aia!^  be  real  and  unequal 

If  yy  be  real  and  unequal 

Ifa/  =  a:",ory  =y 

If  a/a/'beimposable        -     ^  - 

If  yy  be  impossible 

(85.)  To  investigate  the  course  of  the  locus  under  the 

condition,  b*  —  4ac  >  0. 

1.  Let  aic/^  be 

real  and  unequal; 
let  a!  =  AP,*  Qi?  = 
AP',  and  through 
p  and  p'  let  the  in- 
definite parallels, 
Iff/  and  yy  to  y  y' 
be  drawn :  No  point 
of  the  locus  lies  be- 
tween these  paral- 
lels (81);  but  it 
Bar'  +  D 
2a     * 


meets  the  line  j/jf  at  a  point  v^  such,  that  px;  =  — 
and  the  line  yy  at  the  point  t^',  so  that  p V  =  — 


%K 


Beyond  the  limits  of  the  parallels,  the  locus  spreads  to  un- 
limited extent  in  two  opposite  branches  (81),  touching  those 

lines  at  v  and  t/. 

%  Let  oix"^  be  impos- 
sible, all  values  of  ^  are 

« 

in  this  case  real  (81). 
Let  AP  be  that  value 
of  jr,  which  renders  «r 
»  the  least  possible  value  ; 
draw  pp'  paraUel  to  yy' 
to  meet  the  Une  bd, 
whose  equation  is  %Ky 
+  Bx  +  D  =  0;  take 
p'm  =  +  r,  and  p'm'  = 
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—  R.  Through  the  points  m,  m\  let  the  indeiSnite  parallels 
bd,  Vdl  to  BD  be  drawn.  Since  f'm^  f'm'  is  the  lea£t  -value, 
that  the  radical  in  (6)  can  receive,  the  locus  must  be  ex- 
cluded from  between  those  lines;  but  the  radical  being 
SBsceptible  of  every  magnitude,  howev^  great  it  extends  in 
two  opposite  and  unlimited  branches  beyond  than,  touching 
them  at  the  points  m,  m'. 


>.  Let  a?'  =  0?'' :  in  this  case  r*  =  (jr  —  o^^b^  —  4ac, 
and  as  all  values  of  7/  are  real,  the  equation  is  that  of  two 
right  lines: 
Similar  inferences  follow  with  respect  to  the  roots  5/y^. 

1.  If  they  be  real  and  unequal,  the  curve  touches  two 
right  hues  parallel  to  xx',  is  excluded  from  between  them, 
and  extends  indefinitely  beyond  them. 

2.  If  they  be  impossible,  the  curve  touches  two  right 
lines  parallel  to  the  diameter,  whose  equation  is  ^1/  + 
ba;  +  D  =  0,  is  excluded  from  between  them,  and  extendi 
indefinitely  beyond  them. 

3.  If  y  =  y,  the  equation  represents  two  right  lines. 
Hence,  in  order  that  the  locus  of  an  equation,  fulfilling 

the  character,  b^  —  4ac  >  0,  should  be  a  curve,  it  must 
also  satisfy  the  condition,  m>,  or  <  0;  if  not,  it  will 
represent  right  Hues. 

Curves  thus  characterised,  are  called  Hyperbola. 

(86.)  If  the  squares  of  one  or  both  variables  be  not  con- 
tuned  in  an  equation  which  does  contain  their  product,  it 
comes  within  the  character  b^  —  4ac  >  0.  But  the  in^ 
fer^ices  which  have  been  just  made  with  respect  to  the  locu» 
cannot  be  immediately  applied  to  this  case,  because  they 
were  made  on  the  supposition,  that  the  equation  contained 
the  squares  of  both  variables.  However,  if  the  axes  of  co- 
ordinates, to  which  such  an  equation  is  jrelated,  be  trans- 
foimed'by  the  general  formulae  given  in  Sect.  VI.  (7S),  such 
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a  position  may  be  assigned  them,  that  the  values  of  the  co- 
efficients of  the  squares  of  the  variables  shall  be  finite.    . 

In  the  equation 

Ay  +  'siay  -h  c'ar*  +  n'y  +  E'a?  +  f'  =  0. 

Suppose  a',   or  c',  or  both  =  0,  but  b'  finite,   let  the 
equation  resulting  from  transformation  of  the  axes  be 

Ay*  +  Bya?  4-  CO?*  +  Dy  +  E4?  +  p  =  0. 
Such  values  being  assigned  to  the  quantities  composing  the 
formulae  in  Sect.  VI.  as  will  render  a  and  c  finite. 

From  the  values  of  a,  b,  c,  in  terms  of  a',  b',  c',  and  the 
angles  under  the  axes  of  co-ordinates, 

■       ^         ,  .       ^   ,  ..  (sin.w'vsin.a^a?— sin.a^'vsinV'^)*      .« 

B^— 4aC  =  (b  ^—  4a'c  )  ^ ^^ r— ^ ^— ^  =  B^ 

^  sm.^j/o; 

(sin.yysin.ara;' — sin.jr'y  iiw.yxY 
biii.^  yx^ 

TIiCi  quantity  (sin.  j/y  sin.  xai  — •  sin.  dJy  sin.  'ifx\  must  be 
>  0,  for  being  a  complete  square,  it  cannot  be  <  0,  neither 
can  it  be  =0;  for  if  sin.^y  tan.  c^x  —  sin.  xy  sin.yx=  Oy 

^in.  t#  1/      sin  X 1) 
and'.*^^ — =^=-r-^ — j^    •.•   the  new  axes  of  co-ordinates 
sm.yx      sm.  xx 

would  be  coincident.     Hence,  since  the  quantities  b^^  and 

sin.2  yx  are  essentiaUy  positive,  the  quantity  Bi*  —  4ac  >  0, 

in  which  a  and  c  are  finite,  and  which  is  an  equation  of  the 

same  locus  as  that  in  which  a'  =  0  and  c'  =  0,  all  that  has 

been  proved  of  curves  characterised  by  B*  —  4ac  >  0:  son 

the  supposition  that  a  and  c  are  finite  also,  apply  to  the 

cases  where  a  or  c,  .or  both,  are  =  0,  piovided  that  b  is 

finite. 

(87.)  To  investigate  the  course  of  the  locus  when 

B^  —  4ac  =  O. 

Let  af  =  o:',  aji  =  y,  and  let  the  indefinite  parallels  5^ 
and  xsi  be  drawn. 

If  BD  —  2ae  >  0,  the  locus  touches  yy,  and  lies  entirdy 
at  the  positive  side  of  it.     See  (8^). 
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If  BD  —  8AB  <  0, 

the  locus  touches  ytf^ 
and  lies  entirely  at  the 
n^^ative  side  of  it. 

If  BE  ~  2cD  >  0, 
the  locus  touches  xaf^ 
and  lies  entirely  at  the 
poative  ode  of  it 

If  BE  —  2cD  <  0, 
the  locus  touches  xa!^ 
and  lies  entirely  at  the  negative  side  of  it 

If  BD  —  2ae  =  0,  and  •.•  also  be  —  gen  =  0  (82),  the 
equation  is  that  of  right  lines.  If  d*  —  4af  >  0,  or  =  0, 
and  •••  also  e^  —  4cf  >  0,  or  =  0 ;  but  if  d«  -  4af  <  0, 
and  •.•  also  15^  —  4cf  <  0,  there  is  no  locus. 

This  class  of  curves  characterised  by  b*  —  4ac  =  0,  and 
BD  —  2ae  finite,  and  consisting  of  one  unlimited  branch, 
extending  in  one  direction,  are  called  Parabolas. 

Equations  of  the  second  degree,  in  which  the  square  of 
one  of  the  variables  and  also  their  product  is  wanted,  come 
under  the  character  b^  —  4ac  =  0;  but  for  the  reason 
before  stated,  the  conclusions  preceding  cannot  be  imme- 
diately applied  to  them.  However,  if  a  transf(»:mation  of 
axes  be  efiPected  as  before,  it  will  follow  that  since  b'  ==  0, 
and  also  a'  or  d  =  0,  •.•  b*  —  4ac  =  0,  for  the  other  factor 
has  been  proved  finite  (86).  Hence,  since  by  the  trans- 
formation, A  and  c  become  finite,  and  at  the  same  time 
B^  —  4ac  =  0 ;  those  loci  come  under  the  class  of  Para-^ 
bolaey  and  the  preceding  references  apply  to  them. 

(88.)  To  investigate  the  course  of  the  locus  when 
B*  -  4ac  >  0. 

To  fulfil  this  condition,  a  and  c  must  have  the  same 
fflgn. 

1.  If  xy  and  •.•  also  y,  j/^  be  real  and  unequal,  let 


48 


ALGEBEAIC    6£0M£>TRY. 


AP  =  ar',  AP'  =  iXpf 
Ap   =  y,    A/l'  =  j/K 

Let  the  indefinite 
parallels,yy  andyy 
to  yy',  and  a/ of  and 
a^af^  to  xx'be  drawn. 

Let  pw  =  — 


m^  ss  ^ 


Sa 

B  W  +  D 

2a     ' 


that  the  locus  touches  those  parallels  at  v^  t/,  w'',  t?'''^  and  is 
included  between  each  system. 

£•  If  a:fa:",  and  *.'  also  ^y  be  impossible,  no  locus 
exists  (83). 

3.  If  ar'  =  or",  and  %'  also  y  =  y,  the  variables  have 

each  but  one  real  value,  seil.  y= rz — ,  x  =—  — - —  ; 

\'  the  locus  is  in  this  case  a  point. 
Hence,  in    order    that   an    equation    characterised  by 

^«  —  4ac  <  0  may  be  that  of  a  curve,  it  must  also  fulfil 

Ae  condition  m  >  0. 

Curves,  thus  characterised,  are  called  Ellipses, 
(89.)  To  recapitulate  the  preceding  results. 

If  B^— 4ac>  0  and  m  not  =0,  the  equation  represents  loci, 

called  Hyperbolce. 

-    -    -       >0        M=0  :  -  Right  Unes. 

...      =0        BD— 2ae  not  ^0  -  Parabola. 

.    -    -      =0        BD— 2ae=0,d*— 4AFnot<0jR^A<Kw^^. 

.    -    -      =0        BD— 2ae=0,  I)-— 4af<0       No^hcus. 

«^-       <0        Bi>0        -  -  -  Ellipses. 

_    -    -       <0        M=0        -  -  -  Apomt. 

.--       <0        M<0        -  -  -  No  locus. 
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SECTION  VIII. 


Of  the  diameters^  axesj  and  ctst/mptotes  of  (he  lines  of  the 

second  degree. 

(90.)  In  the  discus»on  of  the  general  equation,  it  was 
proved  that  two  right  lines  bisected  systems  of  chords  parallel 
respectively  to  the  axes  of  co-ordinates.  Hence  arose  the 
definition  of  a  diameter.  An  inquiry  naturally  presents  it- 
self, whether  every  system  of  parallel  chords  has  not  a  cor- 
responding diameter. 
To  determine  this,  let 
ay  +  fix  +  c  =  0  be 
a  line  meeting  the 
curve  at  c,  c'.  To 
consider  this  as  one 
of  a  syMem  of  paral- 
lel chords,  let  —  be 

a 

considered  as  given, 

and  —  as  indeterminate.     By  .eliminating  y  by  this  and 

th^  general  equation,  the  roots  a/>,  a^  of 

^    2a6c  —  Bco— pftg+Eg^         Ya^  +ac2— Dca  _ 
^  "^       A6«-B6fl  +  ca«      •  ^"*"a6»— Bfta+ca*""    • 
which  is  the  resulting  equation,  will  be  the  values  of  x  for 
the  points  c,  c'.     Let  cc'  be  bisected  at  m,  mp  be  drawn 
parallel  to  at, 

*•■  ^^  ~       2~'  '•*  ^^ ^Ab^^Bba  +  ca^)     • 

By  substituting  for  c  its  value  in  ay  +  6a?  +  c  =  0,  and 
denominating  ap  by  Xj  and  pm  by  y,  the  equation  of  the 
locus  of  M  is  found  to  be, 

(Ba  -  2Ab)y  +  (2ca  —  b6)  a?  +  Ea  —  nfe  =  0. 
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Thb  being  an  equation  of  the  first  degree,  the  locus  sought 
is  a  right  line,  and  consequently  a  diameter  to  which  the 
parallel  chords  are  ardinates.  If  the  curve  be  a  parabola, 
the  condition  b'  —  4ac  =  0,  ^ves 

9a«  j.  ,^  .  ^*  JEa-vb) 
2Ay  +  B*+     ^g^j     =0, 

by  eliminating  c.  The  co-efficients  of  the  variables  in  this 
equation  being  constant,  prove  that  all  diameters  of  a  parabola 
are  parallel  to  the  line  2Ay  +  bo?  =  0. 

As  ^  =  2a,  the  equation  may  also  be  expressed 


2c 


.   ^       .  2c(Ea— d6) 
By  +  gco?  +  -^ 7-  =  0. 


PROt.  XXV. 

(91  •)  Given  a  diameter^  to  determine  its  ordinates.' 
1°,  If  B*  —  4ac  be  not  =  0,  let  the  given  diameter  be 
ciy  +  b/x  +  d  =  Of  and  its  ordinates  ay  +  6j7  +  c  =  0. 

y  _gca-B&     ^^     b  __2ca'— b6/ 
rf  ""aa— 2a6'     '      a  '"bo'— 2Afi' 
Which  equations  determine  either  the  diameter  or  its  or- 
dinates when  the  other  is  given. 

9P.  If  b' — 4ac  =  0^  let  the  diameter  be  2Ay  +  Bar  +  c'  =  0, 
^  2A(Ea— d6)     ^  ^     b       2ae— Bc' 
~"     Ba— 2aJ  '    *      a  "~2a(d— c')* 

PROP.    XXVI. 

(92.)  Tojftnd  the  eqiiation  ^a  diameter  through  a  givenh 

point. 
The  equation  of  any  line  through  the  given  point  y^/  is 
dy  ^blx^  (ay  +  y^  =  0. 
This  being  a  diameter,  let  its  ordinates  be  ay  +  6j?  +  <?  =  0, 
•.•  a^=5Ba  —  2Afr,  V  =  2ca  —  Bi,  ay  +  W  =3  d6  —  Ea. 
*!  _      (Bg-4Ac)y+(BE— 2cn) 
a'  ■"      (b*-4.ac)j?'+(bd— 2ae)' 
Therefore  the  equation  of  tJbe  diameter  is 
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{(b»  -  4Acy  +  (bd-2ae)}(j/  -  y)  — 
{(b«  -  4Ac)y'  -f  (be-2cd)  }(ar  -  o:')  =  0. 
The  equation  of  its  ordinates  is, 

(2Ay  +  bj?  +  d)^  +  (2c;c'  +  By  -f  E>r  +  c  =  0, 
vhefe  c  is  indeterminate. 

(93.)  C(yr.  1.  If  b'  -  4ac  =  0,  and  therefore 

ji —  =  —  -rr-  =  —  — ^  the  diameter  becomes  either  of 

BD  — 2ab  2a  b' 

2A(y-y)+B(a?-aO=», 
^(J'— y)  +  2c(a?  -  jp)  =  0, 
(94.)  Cor.  2,  If  b'  —  4ac  be  not  =  0,  the  equation  of  the 
{Kom^r  being  divided  by  (b«  —  4ac)  becomes 
,  ,      BD  — 2ae^  ,        «     ,  .  .  BE— 2cD        ■      ,, 

which  is  a  right  line  through  the  point, 

__       BE— 2cD  _       bd*-2ae 

^  ""  ""  B«  —  4ac'  ""       B*— 4ac  ' 

therefore  all  diameters  of  an  eUipse,  or  hyperbola,  intersect 
each  other  at  this  point,  and,  vice  mrsdy  all  right  lines 
passing  through  this  point  are  dian^eters. 

(95.)  2>g^  The  point  t/^a^  is  called  the  centre,  and  the 
ellipse  and  hyperbola  are  thence  called  by  the  common  name 
of  central  curves.  Since  b^  —  4ac  =  0  renders  the  co- 
ordinates of  this  point  infinite,  the  parabola  may  be  con- 
ceived  to  have  a  centre  at  an  infinite  distance. 

PEOP.  XXVI 1. 

(96.)  In  central  curves^  if  any  diameter  be  parallel  to  the 
ordinates  of  another  diameter ^  the  latter  will  be  also  pa» 
raUel  to  the  ordinates  of  the  former. 

For,  in  (91),  if  —  determine  the  position  of  a  diameter, 

-r  determines  that  of  its  ordinates,  and  vice  versa. 
a 

Def.  Siich  diameters  are  called  coaijugate  diameters. 
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(97.)  To  discover  whether  any  and  what  diameters  intersect 

their  ordinates  perpendicularly. 

Y,  If  B*  —  4ac  be  not  =  0,  let  the  sought  diameter  be 

y  afl  being  the  co-ordinates  of  the  centre ;  and  its  ordinates 
ay  +  bx  +0=^0,  by  (91), -^  =  ^^^y  and  by  (32) 

ad  +  bV  '•^  [cib  +  all)  cos.  yx  =  0 ;  hence, 
.  (b-2a  cos.y^)ft'«+2(A-c)ya'+(2ccos.ya?-B)flf«=0, 

If      c — A  ±  >v/(c  —  a)*  4-  B* + 2  COS.  yx{^xc  COS.  yx  —  ba— bc), 
c/  B— 2a.  COS.  ya? 

These  values  of -^  are  always  real.    For  if  the  quantity  under 

the  radical^  be  arranged  by  the  dimensions  of  b,  and  equated 
with  zero,  we  shall  find 

B«+2(A+c)cQs.jya:.  b  f  4accos.  y.r  +  (c— a)«=0, 
which,  solved  for  b,  ^ves  after  reduction  . 

b=(c+a)  cos.^a?±(c— a)  sin.  ya?v/— 1» 
which  being  impossible^  the  suffix  of  the  radical  in  the 

values  of  -,  is  alway'fe  positive.     The  equations  sought  are  *.* 

' (b  —  2a  cos,  yx)  (y  —  yO  -f  (c  —  a) . 

±  >v/  (c  —  a)^  +  B*  +  2  cos.  yx  (2ac  cos.  ya?  —  ba  —  bc) 

X  {x  -  j^  =  0. 

2®.  If  b2  —  4}Ac'  =  0,  let  the  sought  diameter  be 

2A(Ea— d6)      ^ 

2Ay  +  bo:  +  — ^ -r-^  =  0. 

•^  Ba  -  2a5 

Since   it  is  perpendicular  to  the  line  ay  -r  bx  +  c  =:  0, 

^  f       •^  ,  V  rv       6       Bcos.vjr— 2a 

2Aa  +  b6  -  (2a6  +  Ba)cos.^a?=0,  •••  —  = ^ . 

a      B  *"*  aa  cos.  yx 

Making  this  substitution 

^       .  2a{be4-2ad-(bd+2ae)cos.  yarf 

2Ay  +  Bx  -f — ■ 5 — 1 — ^^ ,  :  o  =  0. 

•^  B« — 4ab  cos.  yx  -h  4a? 
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Such  diameters  are  called  axes,  and  it  appears  that  ellipses 
and  liyperbolce  have  two,  and  paraboite  but  one. 

(98.)  The  two  values  of —r  fulfil  the  condition  (32),  there- 
fore the  axes  of  central  curves  are  at  right  angles. 
(99.)  Henc«  also  the  axes  are  conjugate  diameters. 


PROP.  XXIX. 

(100.)   To^ndtlie intersection'^ a  curve  with  its  diameter. 

1°.  IfB=  -  Iac  =  0.   Let  the  equation  of  the  diameter  be 
2av  +  Jtx  +  i^  =  0. 


4 


The  elimination  of  y  be-  ^' 

tween  this  and   the  ge- 
nerai  equation  gives 

4AF+e^— ^DC* 

2(bd-2ae)  ■ 
Therefore  every  diameter 
of  a  parabola  meets  the 
curve  in  one,  and  but  one 
point. 

3°.  If  B«  -  4ac  be  not 
=  0,  the  diameter  ia  a  (t/  —  t/')  +  b  [x  —  a^  =  Xi, 
where  y^  is  the  centre.     Eliminating  t/,  we  find 


AVfi  t 


Ab^—Bba  +  caf 
The  roots  of  which,  after  expun^ng  the  terms  which  mutu* 
ally  destroy  each  other,  and  dividing  both  terms  of  the  frac- 
tion under  the  radical  by  b*  —  4ac,  are 


x  =  x"  ± 


N/-:n 


-4ac  '  Abf^  —  Bba  +  ca*' 
Where  m  retains  its  signiflcndon  in  (84). 

Supposing  these  values  of  :r  to  be  real,  let  c  be  the  centre, 
and  V,  V  the  points  of  intersection.    Since  rp  and  p'p  are  the 
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two  values  of  the  radical,  they  are  equal '.'  cv  =±  cv' ;  there^ 
fore  every  diameter  which  meets  an  ellipse  or  hj/perbo/a  is 
bisected  at  the  centre.  It  is  from  this  property  that  the  cenire 
has  received  its  name. 

(101.)  Def.  The  points  where  a  diameter  meets  the  curve 
are  called  the  vertices  of  that  diameter. 

(lOS.)  Def.  The  vertex  of  an  axis  is  called  a  vertex  of  the 
curve. 

(103.)  When  a  diameter  of  central  curves  is  spoken  of  as 
a  finite  line,  that  portion  of  the  dia^ieter  intercepted  between 
its  vertices  is  meant. 

PROP.  XXX. 

(104.)  To  find  what  diameters  of  central  curves  meet  them. 

It  will  be  necessary  to  determine  how  the  values  of  a  and  b 

affect  the  suffix  of  the  radical  in  (100)  negative,  and  what  not 

a* 
The  sign  of  the  factor    ,^^   .      — ^  depends  on  the  re- 

laticm  of  the  values  of  a  and  b  to  the  roots  of 

i«         6    .  ^   .        i       B  +  V  B«  —  4ac 

A—  —  B  — ^•  c  =  0, 1,  e.  —  =— = — . 

a^         a   ^  'a  2a 

Let  these  values  of  —  be  r,  r'.  If  they  be  real  and  un- 
equal,  scU.  if  B*  -*  4ac  >  0,  all  values  of  —  between  r  and 

,^  render  j^^^,  <  0.   If- =  r,or|  =y,  v 

a«  ...  .6 

,*      ; — : — 5  is  infinite;  and  if  —  have  any  value  >  r, 
a6*— Bfta-I  ca^  a  '^  ' 

or  <  r^  ^'  >  0. 

'  Aft*— Bfta+ca* 

If  r  and  r'  be  impossible,  scil.  if  b^  —  4ac  <  0,  all  values 

of—  render  -r^ r— . — i  >  0. 

a  a6«  — Boa+ca* 
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The  roots  r  and  W  cannot  be  eqoal,  Sar  tbmi  b^*4Acs&<I^ 
vhidi  is  contrary  to  the  hypothesis. 

If  B^ — 4ac  >  O^andii  >  0,  the  factor  — 


b*-4ac  ^^ 

therefore  the  real  values  of  <r  are  those  corresponding  to 

b 


-s i — ; — ;  <  0,  or  to  those  values  of  —  intermediate 

A*«— BAa+ca*  a 

between  r  and  r',  and  the  impossible  values  are  those  which 
correspond  to  values  of  — »  >r,  or  </•    Let  the  diameter 


a 

1.       11  J  ji        *      sin.  dr 

be  called  cL  •••  — ^-^ — :r-. 

^       a     sm*  ay 


Through  the  centre  c^  let 


the  lines  us  and  sfJ  be  drawn,  so  that,  calling  sf,  I,  and 

, .   _  sin«  2a? 

sV,  f ,  r  =  -r 


sin.  bf^ 

In  order,  therefore, 

that    a    diameter    d 

should  meet  the  curve, 

sm.  dx  - 

-: — ^—  must  be 
sm.  ay 

axL  fa        , 


^  sin.  tx 
sm.  f^^ 


sin.  fy 
sin.  Ix 


The  lines 


sin.  fy' 
%s  and  s'^  extend  ad 
mfinUum     without 
meeting  the  curve. 

S1Y1   dx       fill)   Lx 

Those  diameters  fulfilling  the  condition -r-^-T~i  >  ■  '  t">  or 

^  sm.  dy     sm.  i^ 

<  .  *  ^  ,  do  not  meet  the  curve.   Hence  the  angles  sc^  and 
sin.  ffy 

tics  indude  between  their  sides  all  those  diameters  whidi 

meet  the  curve,  and  consequently  include  the  curve  itsdf ; 

and  the  angles  s'cs'  and  sc^  include  dl  those  diameters  which 


^  not  tneei  the'curve^  and  oohsequmtly  ^xelitde  the  cq^rve 
itself. 

(106.)  The  values  of  r,  r,  being 


1  ' 


b      B±\/B®  — 4ac 

,  *  ^-^  ga  ■■■>  I    II  ■  ■ 

*"  a  2a  • 


^ince  lLl2l?lzfl?= ^=^,  the  viOues  of  r,  /, 

r  .2a  b+v'b*— 4ax? 

may  be  expressed  thus, 

B-l-  \/B^  — 4aC 


r  =s 


2c 


B+  >/B?— 4aC 

The  equations  of  the  lines  sa  and  sV  are  therefore^  ^ 
ftA(y  -  yO  +  (B  +v'B«  — 4ac)  (jt  -  oT)  =  0, 

2c(jr  -  a/')  +  (b  +  ^/b*  -  4ac)  (j^  -y)  =  O!    ' 
Though  these  right  lines  pass  through  the  centre,  yet  they 
are  not  diameters,  for  if  they  were,  the  equation  of  their 
ordinates  would  be  (9S)  respectively, 

2Ay  +  (B«  +v/B«  — 4Ac)a7  +  c  =  0, 

2ca?  +  (b  +  ^/B«  -  4Ac)y  +  (f  =  0. 
That  is,  the  ordinates  would  be  coincident  with  the  diameters 
themselves,  which  is  contrary  to  the  definition  of  ordinates. 
(106.)  These  lines,  therefore,  are  not  themselves  diapteters^ 
but  may  be  considered  as  the  limits  of  diameters.    Tbfty  sen. 
parate  those  diameters  which  meet  the  curve,  called  iram^, 
verse  diomctera^  from  those  which  do  not  meet  it,  called 
second  diameters*    As  the  diameters,  both  transverse  and 
second,  approach  to  coincidence  with  these*  lines,  they  also 
approach  to  coincidence  with  their  or&nates;  and, the  lines 
89  and  sV  are  the  limits  at  which  that  coinddenee  actiu|lly 
takes  pl^ce :  tbese  lines  are  called  aaymptots. 
..  (1.P7.X  From  the  position  of  tramverse  mi  second  cfifh 
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meters^  it  b  plain  that  the  ordinates  of  the  former  int^rsecfc 
the  same  branch  of  the  curve,  but  those  of  the  latter  opponte' 
branches* 

(108 )  If  B*  -^  4ac  >  0,  and  M  <  0,  inferences  similar 
to  those  already  made  will  follow,  with  this  dii&rence,  thatt 
the  angle  s^s',  ^c^,  will  then  include  the  curve ;  an4  tht 
diameters  which  meet  it  an4  the  angles  sc^,  s'c#,  indiider 
the  second  diameters.  :     ' 

(109.)  If  B^  -^  4ac  <  0.    In  this  case,  if  the  equation  re^ 

present  an  eUipsCy  m  >  0,  therefore  — TZTL —  ^  ^  >  ^^^  ^^ 

values  of  r,  r',  are  impossible,  and  therefore 
_^ 

-n 7 o  >  0,  hence  the  values  of  x.  in  (99),  are  al- 

AO^+Boa-fca*  .  \ 

ways  real  and  unequal,  therefore  every  diameter  of  an  ellipse 

intersects  it  in  two  points. 

(110)  If  the  axes  of  an  ellipse  be  unequ^d,  the  greater  is 

generally  called  the  transverse,  and  the  lesser  th6  conjugate' 

axis.     In  an  hypeibola,  the  axis  which  meets  the  curve  is 

called  the  transverse,  and  the  other  the  conjugate  axis. 


SECTION  IX. 


'  \ 


(y^(h^  different  forms  qfihe  equathn^  cf  lines  of  the  second 
degree^  related  to  J&ffkrent  axes  cf  co-ordinates.        •  ^ 

(111.)  That  an  equation  <^  the  sec^md  degree  should  in- 
ddde  Under  it  toy  or  all  of  the  three  classes  of  curves  which 
have  been  investigated  in  the  discussion,  it  is  not  necessary 
that  every  dimension  of  the  vai^l^,  consistent  with  its  ge- 
V^ral  character,  should  be  found  aniong  its  temm.  A  term' 
^^nted  does  not  joecessarily  render  the  equation  le^  general,- 
if  its  generality  .be  estimated  only  by  the  curv42S  in<^}uded 
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ttHder  it  But,  in  another  sense,  the  generality  is  always 
impured  by  such  defid^icy,  which,  though  it  may  not  ex- 
clude from  the  extendoa  any  of  these  classes  of  curves,  yet 
it  may  restrict  the  curve  in  its  position  with  respect  to  the 
axeit  of  co-ordinates  by  which  the  equation  is  constructed. 
A»  this  drcumstance  gives  great  facility  to  the  develop- 
sieiit  of  Uie  properties  of  lines  of  the  second  degree,  it  will 
be  useful  to  ascertun  the  form  of  the  equation,  (that  is,  the 
terms  of  which  it  consists,^)  corresponding  to  certain  par- 
ticular pontions  which  the  curve  may  assume  with  respect 
to  the  axes  of  ooH»dinates. 

PEOP.  XXXI. 

{112.)  Tojind  ihejbrm  tfthe  equation  when  the  curve 
pasees  through  the  origi^h  qftxhordmates* 
.  In  order  that  this  should  happen,  the  conditions  ^  =  0 
and  X  =  0,  should  be  co-existent,  %•  f  =  0,  •.•  the  form  is 
Ay*  +  Bjy  +  cur*  +  Djf  +  EJ?  =  0. 

« 

PBOP.  XXXII. 

(lis.)  To^find  the  firm  of  the  equation  witen  a  diameter 
and  Us ordinates  areparaUelio  ihe  axes  tf  co-i/rdinates. 
The  diameter,  whose  ordinates  are  parallel  to  tV,  is 

9, Ay  +  B4?  +  D  =  0. 
In  order  that  this  should  be  parallel  to  xx',  the  condition 
B  ss  0  is  necessary ;  therefore  the  form  sought  is 

Ajf  -H  or*  +  £^  +  E«  +  F  =  0. 

In  this  case,  also,  provided  that  a  and  b  are  both  iSnite,  the 
diameter 

Sex  +  By  +  B  s=  0, 
has  its  ordinates  parallel  to  xx',  and  therefore  the  curve  is 
central,  and  the  axes  of  co-ordinates  parallel  to  a  system  of 
doniuiEate  diameters« 
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PIEOF.  XXXIIl. 

(114.)  To  find  {hejbrm  qfffie  equation  when  either  axis  qf 
co-ordinates  is  coincident  with  a  diameter  whose  ardinates 
are  parallel  to  ihe  other. 

In  addition  to  the  condition  b  s  0  in  (113)  let  d  =  0, 
then  the  diameter  iKy  +  Bd?  +  D  cs  0  will  be  ooincideBt 
inth  xJy  in  this  case  the  form  ia 

Ay*  +  c jr»  +  EOT  +  F  »  0. 
(115.)  But  if  in  addition  to  b  =  0,  also  b  s:  0,  then  the 
£ameter  icx  +  b^  +  s  =  0  will  be  ocnncid^it  with  yt'^ 
and  the  form  will  be 

Ay«  +  ca*  +  ny  +  F  =  0. 
In  this  case,  if  f  =:  0,  the  origin  is  at  the  vertex  of  the 
diameter^  and  the  equation  becomes 

Ay*  +  ex*  +  EJ?  =  0. 
(116.)  If  all  these  conditions^  ^  =  0,  £  =  0,  n  =  0,  be 
fulfilled  together,  the  axes  of  co-ordinates  coincide  with  a 
system  of  conjugate  dian^ters,  and  the  fona  is 

Ay*  +  cj?*  +  F  =  0. 
(117.)  In  any  of  these  cases,  if  the  origin  be  on  the  curve, 
the  form  is  had  by  omitting  F. 

(118.)  In  case  b  =s  0,  if  the  curve  be  a  parabola,  Aoe  c 
must  also  =  0* 

P&OP.  XXXIV. 

(120.)  To  find  ihefiyrm  of  the  equaMon  when  ^centre  qf 

the  curve  is  ai  tJte  origin. 

The  coordinates  of  the  centre  in  (94)  must  each  =  0^  in 
order  that  the  centre  diould  be  at  the  origin;  \* 

BD  —  *AE  =  0,  BE  —  2CD  =  0. 

If  D  and  E  were  finite,  these  equations  would  give 
B*  —  4ac  =x  0|  whidi  united  with  either  of  the  above  cc^- 
ditionsy  would  render  the  equation  eithei^  impossibly  or  that 
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of  right  lines ;  therefore,  in  order  that  the  equation  should 
be  that  of  a  curve,  the  conditions  must  be  satisfied  by  d  =  0 
and  E  =  0,  wliich  shows  that  when  the  centre  is  on  the 
origin,  the  form  is 

Ay«  +  BXJ/  +  cx^  +  F  =  0. 

/•       .■  •      .  I  •  •       • 

!  PUpP;  XXXV, 

(120.)  To  find  the  form  of  fhe  equation  of  the  hyperbola 
when  the  axe&  qfco-ordtTtates  are^  one  or  both,  paraJ- 
lei  to  the  asymptots. 

In  order  that  s*  (105)  should  be  parallel  to  yy',  a  =  0, 
and  in  order  that  sV  should  be  parallel  to  xx',  c  =  0,  and 
in  order  that  both  should  take  place  together,  a  =  0,  c  =  0; 

hence, 

(121.)  If  an  asymptot  be  parallel  to  xx',  the  form  is 

Bjry .  +  cj?*  +  ny  +  E^  -f  F  =5:  0, 
The  equations  of  the  asymptots  are  in  this  case 

.  r  n 


B 


(122.)  If  an  asymptot  be  parallel  to  xx',  the  form  is 
.    Ajy*  +  BJiy  +  ny  +  Ea?  +  F  =  0 ; 
and  the  equations  of  the  asymptots  are 

.       A(y -^  f)  +  B{x  ^  a^J)  ==0. 

(123.)  if  both  axes  be  parallel  to  the  asymptots,  the 

form  is  *  ^ 

!  B4jy  +  J>y  +  E^  +  y  =?  0 ; 

and  the  equaticMis  of  the  asymptots  are 

^  +  Tv=®V  3^  +  7  =  ^ 

(124.)  If  an  asyi9ptc>t  b^  coinrid^lH  witb  yV,  •/  A  ^  0, 
b:s;.Q;  therefo*e  tbfe fpm  fe. 


car*  +  jixy  +  ny  +  f  =  0 ; 
aad  the  equations  of  the  asymptoCs  are 

yx  =  0,    c^  +  B{y  -  y)  -  0.  ,     . 

(126.)  If  an  asymptot  be  coinddent  with  xx',   c  »  0^ 
E  =  0,  the  form  is 

Ay*  +  B;rj/  +  Ey  +  F  =  0; 
and  the  equations  of  the  asymptots  are 

^  =  0,     A[ff  +  bo:  —  jT^  =5  0.  , 

(126.)  If  both  asymptots  1^  cwicident  ^tb  ^e  axes  of 
co-ordinates^ 

A  es  (^  C  as  0,   D  aa  0,   E  s  0;   V 
BJy4-Vs:0. 

J»ROP,  XXXVI,  "  ^       -'    ■   i 

(Ui7.)  Tojind  thejbrmqfthe  eqmtiofi  tftkepartA^ 
when  one  axis  is  a  diameter  a/nd  the  other  parallel  to  its 
ordinates,  the  origin  at  its  vertex*  , 

If  the  equation  be  that  of  the  parabola^  c  =  0,  and  the 
origin  being  on  the  curve,  f  =  0,  therefore  the  form  is 

Ay*  +  Eo:  s=  0, 

PltOP.  XXXVII. 

(1S8.)  To  express  the  equation  of  a  central  cmve  related  to 
system  of  conjugate  diantet^rs  as  axes  cf  co-ordinates^ 
and  in  terms  of  those  parts  of  the  diameters  wbidiare 
intercepted  within  the  curve. 

F 

In  (116)  y  =  0  gives  j?*  =  —  -r-,  and  a?  =  0  gives 

F  P  F 

V*  = ,  let =  A^*,  and :  =  b'«.  If  the  curve 

^  a'  c  •  A 

intersects  the  axes  of  co-ordinates>  2a'  and  2b'  will  be  the 

parts  intercepted,  and  the  equation  sought  is 


A^  being  positive,  or  made  so  by  changing  the  mgns,  the 
curve  will  be  an  dlipse ;  if  b'^  >  0,  an  hyperbola ;  i£tf^<0, 
for  B«  —  4AC  «  -  iA'^B**. 

(1290  If  a'*  =  R**  =  B^  andyx  =  9(y.  the  equation  is 

y«  +  «*  =  r'*. 
In  this  case  the  curve  is  a  circle,  once  all  points  are  a  ^ven 
cfistanoe  r'  from  the  angau 

(180.)  To  express  the  equation  of  the  circle  in  its  most 
general  fixrm,  the  origin  and  inclination  of  the  axis  should 
not  be  limited.  A  circle  bong  defined  to  be  a  curve,  every 
point  of  whidi  is  equidistant  fhmr  a  fixed  point  yxy  its 
equation  must  be  (44) 

(y  -y)*  +  (*  —  *')•  +  2(y  -y)  (x^af)  QM.yx  =  r'S 
ory*  +  2co6.yj?  .yx  +  «•  —  2(y'  +  of  Qo%.yx)y  — 
9{se/+s^co8^x)x  +  ^  +  J?^  +  Zj^x'  cos.yx  —  r'^  =  0. 
Hence  the  general  equation  represents  a  drde^  if  a  =  c 
and  the  axes  of  co-ordinates  are  assumed  at  anang^e^  whose 

cosme  IS  3--« 

(181.)  To  express  the  equation. 

Ay*  +  ex*  +  &r  =  0. 
In  terms  of  the  conjugate  diameters,  if  ^=0,  the  value  of 
X  being  JSa', 

2a'  =  -  —   •  •  a'  =  -  ^  • 
i£x  ss  a'i  the  value  of  ^  will  be  b',  *.* 

«'«  =  ^. 

4ac* 

A  A**  ' 

hence  —  =  —  --^,  and  the  equation  becomes 

a'Y  +  b"**  —  2A'B'*ar  =  0. 
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SECTION  X. 

(>fihe  equations  of  tangents^  normalSf  siAtangmtSy  a/nd 

subnormals. 

Previous  to  an  investigation  of  the  properties  of  those 
curves  already  defined,  it  will  be  necessary  to  determine  the 
equations  of  certain  lines  related  to  the  curve,  and  on  which 
those  properties  depend. 

,  PROP.  XXXVIII. 

(132.)  To  express  the  equation  of  a  line  parsing  throu^  a 
given  point  and  Umchvng  a  curve  of  the  second  degree. 

Let  the  value  of  ^  in 
the  equation  a{y  —  y)  + 
b{x  —  di/)  =  0  of  a  right 
line  (pm)  passing  through 
the  point  (p)  ^af  be  sub- 
stituted in  the  general 
equation  of  the  second 
degree,  and  the  result 
solved  for  x^  gives  an 
equation  of  the  form 


m±a  A/R^^g*-  ^Ptf6  -K  ^b^ 

in  which  r^  and  r'^  represent  the  quantities  under  the 
radicals  in  (80)  (&)  and  (c),  j/af  being  substituted  for  yx, 
and 

—  P  =  (b«^  4Ac)ya:'+(BD  -  2AE)y+(BE  -  9<:j})ai 

—  (de  — 2bf); 
the  values  of  m  and  n  bemg  of  no  importance  to  the  present 
inquiry. 

In  like  manner  the  value  of  x  in  the  equation  of  the  line 
PM  bmg  substituted  in  the  general  equation,  and  the  result 
solved,  for  y  gives 
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y  = ^ — • 

The  line  is  a  tangent  when  the  points  m  and  m'  unite  as  in 
pw,.tlierefore  they  must  have  the  same  co-ordinates;  hence, 

r'W  —  2pa6  4-  R*6*  =  0, 
which  gives 

b  p±2Vm? 
a"""  R«  ' 
a     p4-2^M? 

6  R^ 

and  therefore  —  = 


«         P  +  2-/MF' 

Where  m  represents  the  formula  (84),  and 

P*  =  Ay*  +  Bajy  -f  go;'*  +  py  -f  b^  +  f  ; 
hence>  the  equation  sought  is 

»*(y  -  y)  +  (P  ±  2  a/mfO  (j?  —  a?')  =  0. 
Since  the  radical  is  susceptible  of  two  signs,  there  may  be 
two  right  lines  from  the  same  point  touching  the  curve ; . 
their  equations  may  separately  be  represented  thus, 
R«(y  -  y)  +  (p  +  2  vW){x--af)  =  0, 

v}\x  -  j7')  +  (p  +  2  VMFOcy  -y)  =  0. 

(133.)  If  the  point  j/sf  be  on  the  curve  f'  !=  0,  and 

p      r'*_  r'     2ca:^4-By+E  ^ 
"r«— 'p"'"T""2Ay+Rr'-fD'' 
therefore  the  equation  of  a  tangent  to  a  point  t/af  on  the 
curve  is 

(^Ay+B^+D)  (y--y)-f  (2caj'+By-f  e)  (or- a/)  =  0. 

Hence,  and  by  (92),  it  follows  that  the  ordinates  to  a  dia- 
meter are  parallel  to  tangents  through  its  Vertices,  and  that^ 
therefore,  these  tangents  afe  parallel  to  each  other.  It  also 
follows,  that  the  tangents  through  the  vertices  of  a  diameter 
are  parallel  to  its  conjugate* 

(134.)  Def.  A  right  line  passing  through  the  point  of  coi^ 
tact,  and  perpendicular  to  the  tangent,  is  called  a  normal. 


lb.   '" 


,«^v.1— '''l.^,,^ 
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situated  with  respect  to  the  normal  and  the  parallel  pp^  is 
called  a  subnormal,  and  its  value  is  found  in  the  same 
manner  from  (135), 

* ^  X^Ay+BJ^'+D)  -(2ac'  +  By +k)  coB.yx'' 

^  (2Ay  4- bo/ +d)  —(2caf  +  By  -h e)  COS. yar 

^"^  ""      '(2c^+By+E)-(2Ay+Ba?'+D)  cos.y^* 


SECTION  XI. 
Of  the  general  properties  of  lines  of  the  second  degree. 

PBOP.  XLII. 

(138.)  If  several  pairs  of  intersecting  right  lines  parallel 
to  two  right  lines  given  in  position  meet  a  cv/roe  of  the 
second  degree^  the  rectangles  under  their  segments  inter- 
cepted between  the  several  points  of  intersection  and  the 
corresponding  points  qfoccurse  zoith  the  curve,  mU  be  in 
a  constant  ratio. 


Let  the  axis  of  co-or- 
dinates be  those  Unes  which 
meet  the  curve,  the  points 
where  they  intersect  it  are 
found  by  supposing  suc- 
ces^vely  y  s  0  and  a;  =  0 
in  the  general  equation, 
and  are  therefore  deter- 
mined  by  the  roots  of 

cj?«  +  Ei:  -H  F  =  0,  (2) 

Ay«  +  ny  +  F  =  0,  (3). 

F  F'        ■       . 

Hence,  ap  x  ap^  =  H — ,and  a/?  x  Ay=  +  --,  therefore 

C  A 
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m 


APX  AP' 


A 
C 


The  values  of  a  and  c  are  not  affected  by  a  trana- 
farmatiQin  of  ori^  without  a  change  of  direction,  and  there- 
for^ laqce  the  axes  of  co-ordinates  are  supposed  parallel  to 

right  lines  given  in  position,  —  is  constant. 

c 

(139.)  Cor.  1.  If  the  roots  of  (2)  or~(3)  or  both  are 
equal,  the  lines  ax  or  at  or  both  will  be  tangents,  and  the 
rectangle  under  die  roots  is  the  square  of  the  tangent; 
hence  the  proposition  (1S8)  is  extended  to  the  squares  of 
tangents  intersecting  secants  or  intersecting  each  other. 

(140.)  Car.  2.  If  Aor  c  =  0 
in  (2)  or  (3),  the  equation  in 
which  tliis  takes  place  has  but 
one  root,  and  the  secant  in- 
tersects the  curve  in  but  one 
point 

(141.)  Cor.  3.  If  c  =  0, 
the  right  line  Ax  intersects  the 
curve  but  once,  in  this  case 

Ap  X  Apl  CC  AP. 

(142.)  Cor.  4.  If 
A  =  0,  in  like  manner 
Ap  meets  the  curve 
but  once,  and 

AP  X  AF^  oc   4f?. 

(143.)  Cor.  B.  If 
A  =  Oandc  =  0,each 
of  the  lines  ax  and  ay 
meets  the  curve  bu( 
once,  and  ap  x  Ap. 

(144».)  Cor.  6.  If 
when  A  =  0,  orcsO,  abe  finite,  die  curve  nust  he  an 

F  2 
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hyperbola,  and  ay  or 
AX  is  parallel  to  an 
asymptot.  Hence,  in  an 
hyperbola,  if  ap  be  pa^ 
rallel  to  an  asymptot, 
and  Ajyj^  be  a  secant 

^     parallel  to  a  line  ^ven 

in  position, 

Ap  X  Ajjf  y>  AP. 

(145.)  Car.  7.  But  if  a  =  0  or  c  =  0,  and  also  b  =  0, 
the  curve  must  be  a  parabola,  and  ay  or  ax  a  diameter. 
Hence  a  similar  inference  follows  with  respect  to  the  dia* 
meter  of  a  parabola,  as  the  parallel  to  the  asymptot  of  an 
hyperbola  scil.,  if  ax  be  the  diameter,  Ap  x  Ap'  x  ap. 

(146.)  Car.  8.  If  a  =  0  and  c  =  0,  the  curve  is  an 
hyperbola,  and  .the  lines  ax  and  ay  are  parallel  to  the  asym- 
ptots.     Hence,  in  this  case  ap  x  Ap. 

(147.)  Cor.  9.  By  (141)  and  (144),  it  appears  that  a 
parallel  to  the  asymptot  of  an  hyperbola  and  a  diameter  of 
a  parabola  intersect  the  curve  but  once. 

(148.)  Cor.  10.  In  central  curves  the  rectangles  under 
the  segments  of  secants  are  as  the  squares  of  the  diameters 
to  which  they  are  parallel. 

(149.)  Cor.  11.  In  central  curves  the  squares  of  the 
ordinates  are  as  the  rectangles  under  the  segments  of  the 
diameter  to  which  they  are  applied. 

(150.)  Cor.  12.  In  a  parabola  the  squares  of  the  or- 
dinates to  any  diameter  are  as  the  intercepts  between  them 
and  the  vertex  of  the  diameter  to  which  they  are  applied. 

(161.)  Cor.  13.  In  a  circle  the  rectangle  under  the  seg- 
ments of  secants  and  the  squares  of  tangents  drawn  through 
the  same  point  are  equal. 

(15S.)  Cor.  14.  In  central  curves  intersecting  tangents 
anr6  as  the  ptt*allel  didm^ters. 
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(153.)  Cor.  IB.    If  AP,  AP'  (fig.  to  Art.  167)  be  tangents, 
and  DCE  be  parallel  to  ap,  then  dc  :  df  :  de.     For 
DC  X  DE :  DP« : :  ap'*  :  ap*  : :  jdf*  :  dp*. 

PBOP.  XLIII, 

(164.)  To  express  the  equation  of  a  line  joining' (he  points 
of  contact  of  two  tangents  drawn Jrom  a  given  point. 

In  the  equation  found  in  (138),  let  yx  be  considered  con- 
stant, and  the  co-ordinates  t/x^  of  the  point  of  contact 
variable,  and  their  denominations  consequently  changed,  the 
equation  becomes 

(2Ay + B^ + d)^ + (Scj/ + By + E)a: + ny +Ky + 2f = 0, 
by  considering  that  the  point  yx  must  fulfil  the  conditions 
tf  the  genera]  equation  of  the  curve, 

PBOP.  XLIV. 

(166.)  T^e  line  joining  the  points  of  contact  is  an  ordincUe 
to  the  diameter  passing  through  the  point  of  intersection 
of  the  tai}gents. 

For  the  equation  found  in  (166)  is  that  of  a  line  parallel 
to  the  line  whose  equation  is  found  in  (9^)^  as  that  of  the 
ordinates  of  a  diameter  through  j/xf. 

PROP.  XLV* 

/ 

% 

(15&)  The  locus  ofihs  intersection  of  iaiigents  through  the 
extremities  6fa  chord  paraiBel  to  a  line  given  in  position 
is  the  diameter  to  ^ich  that  chord  is  an  ordinate. 

For  tangents  through  the  extremities  of  any  ordinate  in^ 
torsect  on  the  diameter  to  which  it  is  an  ordinate. 

PBOP.   XL VI. 

(167.)  Every  secant  drawn  from  the  point  of  intersection,  of 
two  tamgents^  and  meeting  the  curve  in  two  points,  is  cut 
Jiarmonical^  by  tJte  curve  and  the  Une  joining  the  points 
^contact. 

Suppose  the  intersection  a  of  the  tai^nts,  the  origin,  and 
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the  secant  (acc'),  the  axis  of 
x;  hence, 

^c  X  AC'  =  H , 

and  AC  +  Ac'  = 

c 

In  the  equation:  (154)  of 

the  line  joining  the  points  of 

contact,  lety=0,  which  gives 

2f     -      ^  2acxac' 

AB  =  —  — ,  therefore  ab  =  — TT'r^^  ^^    nence,  ac,  ab, 

Ac'  are  in  harmonical  progression. 

(158.)  Cor.  If  ACB  intersect  the  curve  in  but  one  point  c, 
AB  will  be  bisected  at  c,  since  in  that  case  Ad  is  infinite,  and 
therefore  the  ratio  of  ac  to  ab  is  1 :  2.  This  takes  place 
when  AC  is  the  diameter  of  a  parabola  or  parallel  to  the 
asymptote  of  an  hyperbola. 

PBOP.  XL VII. 

(1590  To  find,  (he  locus  of  the  intersection  of  tangenU 
through  the  extremities  of  a  chord  passing  through  a 
given  point. 

In  the  equation  found  in  (154),  let  the  variables  i/x  be 
changed  into  constant  co-ordinates  (i/x')  of  the  given  point, 
and  let  the  co-ordinates  t/x^  of  the  point  of  intersection  of 
the  tangents  be  changed  into  variables  yx,  and  the  equation 
becomes 

(2Ay+Bj:'-|-D)y+(2cj:'-|-By+E)a?+Dy+EV-f2F=0. 
Hence,  the  locus  sought  is  a  right  line  parallel  to  the  or- 
dinates  of  the  diameter  passing  through  the  given  pointy 
and  intersects  that  diameter  when  the  tangents  through  the 
extremities  of  the  ordinate  through  j/af  intersect  it. 

(160.)  Cor,    Hence,  if  the  ^ven  point  be  upon  the  axis 
the  locus  will  be  a  right  line  perpendicular  to  the  axis. 
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PROP.  XLVIII. 

(161.)  The  lines  jmning  the  points  of  contact  f^  every  pair 
of  tangents  drawn  from  points  in  any  right  line  intersect 

.    each  oilier  at  the  same  point. 

» 

For  if  the  diameter  be  drawn  whose  ordinates  are  parallel 
to  this  right  line,  and  from  their  point  of  int^seclion  two 
tangents  be  drawn,  the  point  at  which  the  line  joining  thte 
points  of  contact  of  these  tangents  intersect  the  diameter,  is 
that  through  which  the  line  joining  the  points  of  contact  of 
every  such  system  of  tangents  pass, 

(16S.)  Def  Any  diameter  being  axis  of  x,  and  a  tangent 
through  its  vertex  axis  of  ^,  the  equation  is 

Ay*  +  ex*  +  Ea?  =  0. 

£ 

The  line  representing is  called  the  parameter  of  the 

diameter,  whidi  coincides  with -the  axis  of  ;r. 

To  express  the  equation  of  the  curve  in  terms  of  the 
parameter  p  we  have 

E       2b'* 

by  which  substitution  the  equation  becomes 

It  appears  that  ihepctrameter  of  any  diameter  of  an  ellipse 
or  hyperbola  is  a  third  proportional  to  the  diameter  itself^  and 
the  diameter  conjugate  to  it. 

(163.)  Def  The  parameter  of  the  axis  \s  called  the 
principal  parameter* 

(164.)  Dg^  A  point  of  the  axis^  whose  ordinate  is  equal 
to  half  the  prifunpal  parameter^  is  called  ^ejbais. 

FBOP.  XLIX. 

To  find  the  distance  qfffiejbcusjrom  the  vertex. 
Let  the  equation  be 

Ay*  +  Cf*  +  EX  =  0. 
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In  this,   —  ^  being  substituted  for  ^,  the  result  is 

4Aca;*  +  4!AEd?  4-  e*  =  0, 
the  roots  of  which  are 


'=-i{'V^} 


The  value  of  x  expressed  as  a  function  cH  the  semioxel 


a'b'  is 


X  =  a'(1  +y^l  —  ~)  =  a'  +  Va'*-b'«. 

If  the  curve  be  an  ellipse,  a'*  an^  b'*  have  the  same  sign, 
and  therefore  the  value  of  x  is  real  only  where  a'  >  b'. 
Hence,  there  are  wofod  on  the  lesser  axis  of  an  ellipse,  and 
there  are  two  on  the  greater  axis,  equally  distant  from  the 
centre,  and  the  square  of  their  distance  (e)  from  the  centre 
is  equal  to  the  difference  of  the  squares  of  the  setniaxes ;  u  e. 

c*  =  a'*  —  b'«. 

If  a'  =;  b',  the  distance  between  the  fbci  vanishes,  and 
they  both  coincide  with  the  centre,  which  takes  place  when 
the  ellipse  is  a  circle. 

The  quantity  —j  is  called  the  eccentricity  of  the  ellipse, 

and  therefore  a  circle  is  an  ellipse  whose  eccentricity  =  0. 

If  the  curve  be  an  hyperbola,  a'^  and  b'^  have  different 
signs.  In  this  case,  if  a'^  >  0  and  b'^  <  0,  the  value  of  :c  is 
real,  tod  e  =  \/a'*  +  b'*;  but  if  a'*  <  0  and  b'«  >  0,  the 
value  6{  X  is  impossible.  Hence,  in  an  hyperbola  there  are 
no  Jbd  on  the  one  axis,  but  two  on  the'  other  equally  distant 
from  the  centre ;  and  the  square  of  their  distance  from  the 
centre  is  equal  to  the  sum  of  the  squares  of  the  semi^p 
axes  \  L  e. 

If  the  curve  be  a  parabola^  c  =;  0 ;  therefore  one  value  of 

E 

X  becomes  infinite,  and  the  other  is  —  -j-  =:  ^p,  where  p  ex- 

^A 

presses  the  the  principal  parameter. 

Hence,  in  a  ^ara&o/a  there  is  but  onejbcus  on  the  axis  at 
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a  distance  from  the  vertex  equal  to  a  fourth  of  the  principal 
parameter. 

The  axis  passing  through  the  foci  of  an  ellipse  or  Aj^per- 
hola  is  the  transverse  aais,  and  the  other  the  cwyugQte 
axis.  N 

(166.)  Def.  The  right  line,  which  is  the  locus  of  the  in- 
tersections of  tangents  drawn  through  the  extremities  of  any 
chord  pasang  through  the  focus,  is  called  the  directrix. 

PROP.  L. 

(166.)  To  determine  tJie  position  of  the  directrix. 

« 

The  equation  related  to  an  axis  and  a  tangent  through  its 
vertex  being 

Ay*  +  cvr*  +  Eo:  =  0; 
and  the  co-ordinates  of  the  foci  being 

the  equation  of  the  directrix  must  be  (159) 

but  if  c  =  0,  the  equation  of  the  locus  is 

P 
a:  —  a:'  =  0,  or  or  —  -^  =  0. 

4 

If  the  curve  be  the  ellipse  or  hyperbola^  the  equation  of 

the  directrix  expressed  as  a  function  of  the  axesy  is 

A« 

jr  =  A  H . 

—  c 

.A* 

Hence  the  distance  of  the  directrix  from  the  centre  is  -^. 

c 

An  ellipse  or  hyperbolu  has  therefore  two  directrices 
equally  £stant  from  the  centre,  and  perpendicular  to  the 
transverse  axis,  and  a  parabola  but  one,  which  is  also  per- 
pendicular to  the  axis. 
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SECTION  XII. 

* 

77*^  properties  of  the  ellipse  and  hyperbola. 

PROP.  LI. 

(167.)  An  ellipse  or  hj/perbola  being  expressed  by  an  egua- 
tion  related  to  its  a^ces  as  axes  qfco-crdinates,  to  express 
the  lengths  of  arty  semidiameter^  and  its  semiconjugatef  in 
terms  of  the  co-ordinates  of  its  vertex. 

Let  i/af  be  the  vertex  of  the 
given  semidiameter  cd  =  a'. 

jA     but  by  equation  of  curve 
aV«  +  bV»  =  A«B*; 
hence, 

a'«  =  ^ =  B«  +  ^X^\  . 


Where  c  =  a/  a*  —  B^and  ^  =— ,  the  distance  of  the  focus 

from  the  centre. 

The  equation  of  cd  being  ya^  —  i/x  =  0,  that  of  or  its 
conjugate  must  be,  (93)^ 

AVy  +  B»^j?  =  0. 
By  this  equation,  and  that  of  the  curve,  the  co-ordinates  of 
their  intersection  are, 

^         A  B 

Therefore,  if  cf  =  b', 

A*    ^    B«  A^         ' 

or  b?  =  a2  -  e*^*. 
In  the  ellipse  a  >  eof^  and  in  the  hyperibohc  a  <  ^ ; 
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faeooey  in  ellipse  a'*  and  b'^  are  both  positive;  but  in  the 
hyperbola  Bf'  is  negative,  *.*  sf  is  impossible,  *•*  in  each  sys- 
tem of  conjugate  diameters  of  an  hjrperbola,  one  is  a  trans- 
verse diameter^and  the  other  a  second  diameter. 

JfBOF.   LII« 

(168.)  tn  an  ellipse^  tJie  sum  of  the  squares  of  any  system 
qfcanfttgate  diameters  is  equal  to  the  sum  of  the  squares 
of  the  axes;  and,  in  an  hyperbola,  the  difference  of  the 
squares^  is  equal  to  the  difference  of  the  squares  of  ihe 
axes. 
For,  by  adding  the  values  of  a'^  and  b",  in  (167),  the 

result  for  ellipse  is, 

a'«  +  b'»  =  a«  +  B«. 

And,  flBce  in  hyperbola  b'^  and  b^  are  both  negative, 

a'«  -  b'*  =  A«  -  B«. 

(169.)  C(yr.  Hence,  if  the  axes  of  an  hjrperbola  be  equal, 
every  system  of  conjugate  diameters  will  be  equal :  such  a 
curve  is  called  an  equHaterai  hyperbola. 

i'ROP*   LIU. 

(170.)  Tojind  the  relation  between  the  angles,  at  which  any 
two  conjugate  diameters  are  inclined  to  the  transverse 
axis. 

By  (167)  the  equa- 
tions of  CD  and  cf  are, 
yar'  -  yo?  =  0, 

henoe,  E" 

y         ,                             B»a:^ 
tang.  ncA  =t  ^,  and  tang,  tca  bt 


tang.  ncA  x  tang,  tca  = j . 
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In  the  eUvpsCj  therefore,  fhe  product  of  the  tangents  is 
negative,  and  therefore  they  must  always  have  different 
signs, '.'  the  angles  must  have  different  affections.  Hence 
if  CD  lies  in  the  angle  boa,  cf  must  lie  in  the  angle  bce  ; 
and  if  cd  lie  in  bce,  cf  must  lie  in  bca. 

In  the  hyperbola  the  same  product  is  positive,  sance  b^^  is 
negative,  and  therefore  cd  and  cf  lie  both  in  the  same 
angle. 

(171.)  Cor.  1.  In  an  ellipse^  if  a  second  system  of  con- 
jugate diameters  were  at  right  angles,  it  would  be  a  circle ; 
for  in  this  case  tang,  dca*  tang,  fca  4-1  =  0,  therefore 
B*  =  a*,  therefore  the  curve  would  be  a  circle. 

(172.)  Cor,  2.  In  an  hyperbola^  if  b^  ==  a*,  tang.  dca. 
tang,  fca  =  1,  hence  in  an  equilateral  hyperbola^  the  con- 
jugate diameters  make  complemental  angles  with  the  trans- 
verse axis.  ^ 

PROP.  LIV. 

(173.)  To  express  the  polar  equation  of  an  ellipse^  or  hyper-^ 
boUi^  the  centre  being  the  pole,  and  the  angle  being 
measv/redjrom  the  transverse  axis. 
By  (167)  a'2  =  b*  -h  e^x\  for  a'  substitute  «,  and  for  x 

B* 

z  cos.  w,  and  the  equation  will  become  z*  =  = r—, 

'  ^  1—^*  COS.*  00 

which  is  the  equation  required. 

PROP.  LV. 

(174.)  Diameters  which  make  equal  angles  with  the  trans^ 

verse  axis  are  equal. 
For  z  in  the  last  Prop,  is  a  function  of  cos.^  oi,  and  if  two 
diameters  make  equal  angles,  the  angles  which  they  form, 
when  measured  in  the  same  direction,  are  supplemental :  the 
squares  of  their  cosines  are  equal. 
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PROP.  LVI. 

(175.)  To  find  the  greatest  and  least  diameters. 
The  value  of  z  in  the  polar  equation  is  a  maximum,  when 
^cos.  w  is  a  maximum.  In  theellipse^  <  1,  *.*  ^cos.  a;  <  1, 
*.*  1  —  ^  cos.  a;  is  a  minimum,  when  cos.  m  a  maximum,  i.  e, 
when  ctf  =  0.  Also  jb:  is  a  minimum,  when  cos.  co  a  mini- 
s' 
mum,  t.  e.  when  co  =  -^.     Hence,  in  an  ellipse,  the  greatest 

diameter  is  the  transverse  axis,  and  the  least  the  conjugate 
axis. 

In   the  hyperbola^  z  will  be  infinite  when  cos.^  to  = 

1  A« 

— =  -T r.     Between  this  value  of  cos.  a>,  and  cos.  ai  =  0, 

A*-fB2  '  ' 

the  values  of  z  are  impossible,  and  between  it  and  unity 
they  are  continually  diminishing. 

Hence,  if  a  line  be  drawn  through  the  centre,  represented 
by  the  equation  y  —  tang,  w .  a?  =  0,  or  Ay  —  bj?  =  0,  all 
the  diameters  between  this  line  and  the  transverse  axis  meet 
the  curve,  and  all  between  it  and  the  conjugate  are  second 
diameters.  Hence  the  least  transverse  diameter  of  an  hy- 
perbola is  the  transverse  axis. 

(176.)  Cor.  1.  The  line  represented  by  the  equation. 

Ay  —  bo:  =  0, 
is  an  asymptote  (105)  for  similar  reasons :  the  other  is. 

Ay  +  B.r  =  0. 

PROP.  LVII. 

(177.)  The  ctsymptats  of  an  hyperbola  make  equal  angles 
xvith  the  trcmsverse  aiiSf  and  are  the  diagonals  of  a  rect^ 
angle^Jbrmed  by  lines  drawn  through  the  vertices  of  each 
parallel  to  the  other. 
For  the  tangents  of  the  angles  which  they  make  with  the 
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transverse    axis    measured 
in  the  same  direction,  are 

H •  and  —  — ^  which  are 

A  A ' 

therefore  supplemental,  and 

therefore  the  angles   hca, 

h'ck  are  equal,  •/  ch,  ch' 

are  die  asymptots. 


paop.  Lviii. 


(178.)  To  find  whether  any  and  what  syHem  <^  confugate 

diameters  in  on  ellipse  are  equal. 
In  order  to  be  equal  they  must,  by  (174),  make  equtd 
angles    with    the   axis^  *.'  tang,  dca  =  tang,  fca,    but 


tang.  DCA  .  tang,  fca  = 


B 


B 


^,  ,  •/  tang.  DCA  =  — ,  and 


B 


tang.  FCA  = ,  •.•  the  equation  of  the  equri  conjugate 

A 

diameters  are, 

A^  —  BJ?  =  0,    Ay  +  BX  =  0. 

(179.)  Cor,  1.  The  equal  conjugate  diameters  ane  the 
diagonals  of  the  rectangle,  formed  by  tangents  throu^  the 
extremities  of  the  axes,  and  are  in  that  respect  analogous  to 
the  asymptots  of  an  hyperbola. 

(180.)  Cor.  %  If  an  ellipse  and  hyperbola  have  the  same 
axes,  the  equal  conjugate  diameters  of  the  ellipse  are  the 
asymptots  of  the  hyperbola. 

(181.)  C(yr.  8.   The  equation  of  die  ellipse,  referred  to 
eqnal  cong^ugate  diameters  as  asces  of  co-ordinates,  is 
y*  +  x'  =7  a'^,  being  analogous  to  that  of  tile  circle. 

(18S«)  Cor.  4.  The  co-ordinates  of  die  vertices  of  equal 
conjugate  diameters  are  found  from  the  equations 

Aj/  -  BO?  =:  0,  and  A^  +  IS^^X^  ss  A«B«. 
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They  are,  therefore, 

B  A 

(183.)  Cor.  5.  If  A'be  one  of  the  equal  conjugate  diameters, 

,,  _A«  +  B« 

""  -  ~W~' 

(184.)  Cor.  6.  The  value  of  x  in  the  cor.  4.  being  inde- 
pendent of  B,  and  that  of  y  independent  of  a,  shows,  that  if 
one  axis  of  an  ellipse  is  ^ven  the  locus  of  the  extremities  of 
equal  conjugate  diameters  are  parallel  lines. 

PROP.  LIX. 

(186.)  Tofnd  when  the  rectangle^  tmder  a  system  qfcofi- 
jugate  diameters^  is  a  mcuvinrnm  and  minimum. 

By  (167),  a'«  =  b*  +  ^«^«,  b'«  =  a«  —^x\  •.•  a'«b'2  = 
(a*  -  e^x^  (B*  +  d^x^). 

For  the  ellipse^  the ,  factors  of  this  product  have  the 
same  sign,  •.•  their  sum  is  constant,  •.•  the  product  is  a  maxi- 
mum when  they  are  equal ;  hence,  the  meyor  limit  is  the 
equal  conjugate  diameters.    ; 

It  is  evident,  also,  the  product  is  a  minimum  when  they 
are  most  unequal,  i.  e.  when  ar  is  a  maximum,  *.•  a:  =  a  ; 
hence  the  minor  limit  is  the  axes. 

For  the  hyperbola^  the  factors  have  different  signs,  there- 
fore their  difference  is  given,  consequently  there  is  no  mofor 
Umit.  The  minor  limit  is  found  by  taking  x  a  minimum, 
f .  e.  X  =  Af  *•*  the  minor  limit  is  the  axes. 

PROP.  LX. 

(186.)  To  find  the  limits  oftfie  sum  and  difference  of  a 
'  system  of  conjugate  diameters. 
Let  s^  =  a'2  +  b'2  -h  2a'b',  and  d«  =  a'^  +  b'^  —  2a'b'. 
In  an  ellipse,  a^^  -f=-  b'*  is  a  given  magnitude,  •.•  s  is  a 


80  ALGEBRAIC    GEOMETUY. 

t 

maximum  or  miniimum  at  the  same  time  with  a'b'  ;  hence, 
the  major  limit  is  the  equal  conjugate  diameters,  and  th^ 
minor  the  axes. 

For  the  same  reason  the  major  limit  of  d  is  the  difference 
of  the  axes,  and  it  has  no  minor  limit. 

In  the  hyperbola,  a'*  —  b'*  is  constant,  and  •.•  ance  a'  in- 
creases without  limit,  b'  must  also  increase  without  limit,  and 
*.*  s  must  increase  without  limit. 

Also,  since  sD  =  a'*  —  b'*,  and  s  increases  without  limit, 
D  must  diminish  without  limit. 

Also  s  is  a  minimum  where  a'  and  b'  are  so ;  i.  e.  where 
they  are  the  axes.  It  is  evident  that  n  is  at  the  same  time 
a  maximum. 

PROP.    LXI. 

(187.)  A  si/stem  of  corifuffate  diameters  being  axes  qfco-^ 
ordinates,  to  Jind  the  equation  of  a  ta/ngent  throu^^a 
given  pomt^ 

The  given  point  being  j/af,  the  equation  sought  by  sub' 
stituting  for  A^  +  b^j;'*,  its  value  a'^b'^  is, 

Aiyy  +  B'Va:  =  aV«. 

PROP.  LXII. 

(188.)  To  express  the  subtangent  and  subnormal  of  an 
ellipse  and  hyperbola  related  to  a  system  of  cmjugaie 
diameters  as  axes  of  co-ordinates, 

« 

Let  s  =  subtangent,  s  =  the  subnormal,  and  Q  =  the 
angle  under  the  conjugate  diameters. 

n    ^u   r        1     •    /iM\         a'V*        aV^cos-A— b'^i^o;' 
By  the  formula,  m  (136),  s  =  -;^,  *=-;^t ,—. — ^^— 

^  '        ^         '»  b'V  A'y  -  B^V  cos.  fl- 

For  the  ellipse  a V*  ^  b'2(a'«  -  ^^)  •.•  s  =  ^  ~  ^.    And 

SET 
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if  a',  b',  be  the  axes  of  the  curve  *  = j^ .  For  the 

A** 

hyperbola  a'V*  =  B'«(ar'«  —  a»),  '.•  s  =  «*  -  ^;  and  if 


a',  b'  be  the  axes  of  the  curve  s  = 


b'V 


(180.)    Car.  1.    Since  in  ellipse 

a'« 
CH  =  «'  +  s  =  —7,  and  in  hyperbola 

a'» 
CH  =  a:'  —  8  =  -J.     It  follows  that, 

in  an  ellipse  or  hjrperbola,  if  a  tangent 
and  ordinate  be  drawn  from  any  pdnt 
D  to  meet  the  same  diameter,   the 
semicUameter  is  a  mean 
propordonal     between 
the  parts  of  the  dia- 
meter  intercepted  be- 
tween  them    and    the 
centre. 

(190.)  Cor.  2.  The 
value  of  8,  being  independent  of  b',  is  the.  same  for  any  num- 
ber of  ellipses  or  hyperbolas  described  on  2a'  as  diameter, 
and  having  the  conjugate  diameters  coinddent  with  cf. 

pbop.  lxiii. 
(191.)  To  eofpress  the  magnitude  of  the  normal  related  to 
the  axesy  as  axes  of  co-ordinates. 
If  «  be  the  subnormal,  and  yo/  the  point  on  the  curve,  n 
being  the  normal,  n*  =  *•  +  y * ;  but  by  the  last  Prop. 


**  = 


bV« 


♦  > 


N«  = 


A  V*  -h  B  V* 


A'  '  A' 

But    AH/^  =  A«b2  —  B«^'S  •/  Ay«  -h  B^X^  =  B«(A*  —  C*j/«). 


B' 


N^  =  -i-lA'  -  eaf% 


a 


8a 
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FEOP^  LXIV. 

(192.)  Any  semidiameter  is  a  mean  proportional  between  {he 
pa/risqftTie  tangent  which  is  parallel  to  ity  intercepted  he^ 
tween  the  poi/nt  ofcontactt  and  amy  system  qf  conjugate 
diameters. 

Let  the  semidiameter  cd 
through  the  point  of  con- 
tact, and  its  conjugate  of 
be  the  axes  of  oo-ordinateSf 
and  let  cn'^and  cs'be  any 
other  system  of  conjugate 
diameters. 

The  pcnnt  ri  being  adj/^  the 
equation  of  cd'  is 

yuf  —  t/x  ss  0, 
and  that  of  CF^is 

In  each  of  these^let  a'  be  sub- 
stituted for  Xj  imd  the  cor- 
responding values  of  y  are, 

aV       ,      .  li^af 

DT  =  "^-,  and  nr  =  —  ^-rr. 
X  aV 

Hence,  dt  x  dt'  =  —  b''«. 

The  fflgn  being  negative  for  the  ellipse,  and  podtive  for  the 

hyperbola,  shows  that  they  are  at  different  sides  of  cd  in  the 

one^  and  on  the  same  in  the  other. 


PROP.  LXV. 


(19S.)  TheirianglesJbrmedhyordinatestoanydMmeterci} 
Jrom  the  extremities  of  a  system  qfconjugaite  diameters^ 
and  the  intercepts  between  {hem  and  the  centre  are  equal. 
For  if  the  point  d'  be  ij/af,  the  co-ordinates  yx  of  the  point 
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J^ are  by  (167),  y  =  ^,a:  =  ^ 


B 


t  • 


Since  the  angles  ya:',  and  yw  are  supplemental,  ih&r  sines 

are  equal,  therefore  the  area  of  the  one  triangle  is 

f/jcr  Sin  f/fti? 

'^ Q  '^  ,  and  of  the  other  is 


2 


yx  sin.  yx  _  ylai     ii^    sin,yx  ^  %fa!  sin.  yx 


PROP.  LXVl. 

(194.)  Ifon  the  axes  of  an  ellipse  as  diameters  circles  be  de- 
scribedj  that  on  the  transverse  axis  wUl  be  entirely  outside 
the  eHipsey  touching  it  at  the  extremities  of  this  axis;  thai 
on  the  conjugate  wUl  be  entirely  within  the  ellipse^  toucih" 
ing  at  the  extremities  qfits  confugate  axis. 

Let  A  be  the  semi- 
transverse  axis,  and  b  the 
semiconjugate ;  let  y  be 
the  ordinate  of  the  large 
circle  on  a, 

Y*  =  A*  — a:*; 
but  in  the  ellipse 

B*  B*Y* 

and  since  a*  >  b*,  y  >  y,  therefore  every  part  of  the  drcle 

must  be  outside  the  ellipse. 

In  like  manner,  let  x  be  the  orcUnate  of  the  diameter  2b 

of  the  other  circle. 

X*  =  b«  —  y ; 

A*  A* 

but  in  the  ellipse  ar*  =  —  (b*— y*)  =s  —  x*.      And    since 

B  B 

B  <  A,  X  <  a?,  therefore  every  part  of  the  circle  lies  within 
the  ellipse. 

It  is  obvious  that  they  touch  as  stated  above. 

o2 


■ 
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(195.)  Cor.  — = — ,  all  ordinates  to  the  diameter  ae  of 
the  curcle  are  cut  in  the  same  ratio  by  the  ellipse. 

PROP.  LXVII. 

(196.)  If  a  circle  be  orthographicaUy  projected  on  a  plane, 
to  which  it  is  inclined  at  a/n  angle  (0),  Us  prqfection  tviO 
be  an  ellipse  • 

The  projection  of  the  diameter  of  the  circle,  which  is 
parallel  to  the  plane,  is  a  line  on  the  plane  equal  and  parallel 
to  it.  Ordinates  being  supposed  to  be  drawn  to  this  diameter 
of  the  circle,  their  projections  will  be  perpendicular  to  the 
projection  of  the  diameter,  and  have  to  the  ordinates  them- 
selves the  ratio  of  the  cosine  of  angle  of  projection  to  radius, 
which  being  a  constant  ratio,  the  locus  of  their  extremities 
must  be  an  ellipse,  by  (195.) 

PROP.  LXVIII. 

(197.)  The  angles  in  tlie  semiellipse,  whose  base  is  the  trans^ 
verse  ajcis,  are  obtuse;  those  in  the  semieUipse,  whose  base 
is  its  conjugate,  are  acute. 

The  proof  is  obvious  from  (194),  and  the  angle  in  the 
semicircle  being  right. 

PROP.  LXIX. 

(198.)  To  find  the  limits  of  the  angle  inscribed  in  a  semi" 

ellipse  on  either  axis. 

Let  any  point  on  the  ellipse  he^af,  the  equation  of  two 
lines  passing  through  the  extremities  of  the  axis  and  that 
point  are, 

y(^-A)  -y(a?-A)  =  0,      .?/(a/  +  A)  -y(^+A)  =  0. 
By  the  formula,  in  (31), 


ALGKBRAIC    GEOMETRY.  8fi 


But  by  the  equation  of  curve 

a/*  =x  _  (B*-y«),  •/  tang.  W  =  - 


If  A  >  B  this  18  negative,  therefore  the  angle  being  ob- 
tuse, is  a  maximum  when  its  tangent  is  a  minimum,  which 
is  when  ^  =  b,  sinoe  ab*  is  invariable.  But  if  a  <  b,  the 
angle  being  acute  must  be  a  minimum  in  the  suae  ease. 

Hence  in  a  semiellipse,  whose  base  is  a  transverse  axis, 
the  greatest  angle  which  can  be  inscribed  is  that  whose 
vertex  is  at  the  extremity  cS  the  coigugate  axis.  And  in  a 
semiellipse,  whose  base  is  the  conjugate  axis,  the  least  angle 
which  can  be  inscribed  is  that  whose  vertex  is  -at  the  ex- 
tremity of  the  transverse  axis. 

fbop.  lxx. 

(199.)  If  two  right  lines  he  drawn  from  the  extremities  of  a 
diameter  of  an  ellipse  or  hyperbola  to  any  point  on  tJie 
curve,  the  diameters  parallel  to  these  are  coryugate. 

In  ardet  that  the  two  lines  through  the  centre, 

y  --  aa  ^  0,y  —  alx  =  0, 

b* 
should  be  conjugate  diameters,  the  conditions  aa^  =  — •  —7 

A 

must  be  fulfilled.    But  if  the  two  right  lines  connect  a  point 
in  the  curve  with  the  extremities  of  a.  diameter,^  their  equa- 
tions related  to  that  diameter,  and  its  conjugate  are, 
y(J  -  A)  -y(jr  -  a)  =  0,  y(a^  +  a)  ^  j/{x  +  a)  =  0, 

and,  in  this  case,  ad  =  "jr"**  ^^^  ^^  ^^  equation  of  the 

b*  y'*  .  b*  b* 

curve y*  =  —(a*  -  af^)^  \'  — — :  = r-,  •.•  ad  = r; 

^         A*^  ''      or*— A*  A*'  A* 

hence  lines  parallel  to  these  must  be  conjugate  diameters. 

(200.)  Cor.  1.  Hence  is  obvious  a  geometrical  method  of 

drawing  a  diameter  conjugate  to  a  given  one. 
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Let  CD  be  the  given  dia^ 
meter,  and  ae  any  other; 
from  E  draw  a  line  el  paral- 
lel to  CD,  join  AL,  and 
through  c  draw  a  diameter, 
CF,  parallel  to  al;  cf  is  the 
semidiameter  conjugate  to  cd. 

(201.)  Cor.  2.  To  find  a  system  of  conjugate  diameters, 
which  shall  contain  a  given  angle. 

On  the  transverse  axis  describe  a  s^;ment  of  a  drcle,  which 
shall  contain  the  given  angle,  and  join  the  extremities  of  the 
axis  with  the  point  where  this  segment  intersects  the  ellipse, 
diameters  parallel  to  these  lines  will  be  conjugate,  and  con* 
tain  the  given  angle. 

(902.)  Cor.  3.  The  equal  conjugate  diameters  are  parallel 
to  the  lines  jcnning  the  extremities  of  the  axes. 

(208.)  Cor.  4.  The  property  expressed  in  the  proposition 
furnishes  a  geometrical  method  of  drawing  a  tangent  at  a 
given  point.  Find,  as  in  Cor.  1,  the  diameter  conjugate  to 
that  through  the  point,  and  a  line  through  the  pmnt  parallel 
to  this  is  the  tangent. 


PROP.  LXXI. 

(204.)  To  find  the  most  obliqtte  cofyugate  diameters. 

Let   a  perpendicular   p   be 
drawn  from  the  extremity  d  of 

any  diameter  A'on  its  conjugate, 

p 
sin.  dcf(9) =~p.  Bi^t  the  equa- 

tion  of  CF  bdng 
A*yy  +  B  V^  =  0. 

By  formula  (50),  P  = ^  ^   ■.  Butby  theequa- 
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tion  of  die  curve, 

Ay«  =  A«B«  -  B«J^,  •••  Ay«  +  B V«  =  B«(A*  -^  C«J^)  = 

a*b«(a«  -  ^a:'«),  ••• 

AB 


p=  — 


But,  by  (167), 

b'2  =  a«  —  ^x'S  •••  sin.  9  =  -7-7. 

a'b' 

Hence  the  ane  t  is  a  minimum,  when  aV  is  a  maximum,  j.  e. 

when  a'  =  b',  hence  the  most  oblique  conjugate  diameters 

are  those  which  are  equaL 

(205.)  Cot.  Since  a  tangent  through  the  vertex  of  any 

diameter  is  parallel  to  its  conjugate,  the  value  of  the  sine  of 

the  angle  under  any  diameter  and  the  tangent  through  its 

vertex  is,  -7-7. 
ab' 

prop.  lxxii. 

(206.)  The  rectwugle  under  the  normal  to  amy  pointy  and 
the  transverse  axis  is  eqtuH  to  tlie  rectangle  under  Hie 
conjugaie  axisj  and  the  semi^iameter  conjugaJte  to  tJiat 
passing  through  the  point. 


B 


For,  by  (191),  N  =  —  ^K^^e^x\  and  by  (167), 


b'  =  ^A«  -  e«a;*  •••  2an  =  2bb'. 

PROP.  LXXIII. 

(S07.)  To  find  the  magnitude  of  a  parallelogram Jbrmed  by, 
tangents  through  the  vertices  of  a  system  of  conjugate 
diameters. 

Since  the  sides  of  the  parallelogram  are  parallel  respec* 
tively  to  the  conjugate  diameters  2a',  Sb',  they  must  be  equal 
to  them,  and  inclined  at  the  same  angle  9.  Hence  the  area 
of  the  parallelogram  is  4a'b'  sin.  0,  which,  by  (204),  is  equal 
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4ab«  Hence,  all  parallelograms  formed  by  tangents  through 
the  vertices  of  a  system  of  conjugate  diameters  are  equal 
the  rectangle  tinder  the  axes. 

PROP.  LXXIV. 

(208.)  To  find  the  distance  of  any  point  in  an  ellipse  or 

hyperbola  from  (lie focus. 

The  axes  of  the 
curve  being  assumed 
as  axes  of  co-or- 
dinates, the  equa- 
tion is, 

Let  D  be  the  distance  sought^  d*  =  ^*  +  (a:  —  c)^, 

•/  A«D*  =  A«^«  +  A*(.r  —  C)*  =  A^B*  -  B^o:*  +  A.\x  —  c)» ; 

in  which  substituting  c^  its  value, 
and  taking  the  square  root  of  the 
result,  AD  =  ±  (a*  —  ex), 

Q 

•.•D=  ±  (a ar)= +(a— ear), 

wher^  e  expresses  the  eccentricity. 

For  the  same  value  of  a?,  there  are,  therefore,  two  equal 
values  of  J),  which  is  what  should  be  expected;  j/*  was 
eliminated,  which  has  two  equal  roots  +y,  and  the  two 
values  of  d  correspond  to  these.  The  two  values  of  d  are 
represented  in  the  figures  by  fp  and  fp'. 

If  c  be  taken  negatively,  the  distance  xf  will  be.  that  of 
the  point  from  the  focus  f'  on  the  negative  side  of  the 
centre.     Hence, 

d'  =  ±  (a  +  — x)  =  +  (a  +  ex). 

A 

In  an  ellipse  D  and  d'  must  have  the  same  sign,  for  c  and  x 


being  both  less  than  A,  — x  must  be  less  than  it  also. 
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Bat  in  abyperbola,  ranee  c  and  x  are  both  greater  than 
A,  —  must  also  be  greater  than  a  ;  *.*  in  an  hyperbola  n  and 

J3I  have  difPerent  signs.    By  the  solution  of  the  equation. 

Ay  +  B«a:«  =  A«B«; 
and  from  the  consideration  that  b*  >  0  in  the  ellipse,  and 
B^  <  0  in  the  hyperbola,  it  is  obvious  that  any  value  of 
4?  >  A  in  the  ellipse,  and  <  a  in  the  hyperbola,  would 
render  y  impossible. 

PROP.  LXXV. 

(SO9.)  In  an  ellipse  the  sum  of  ihe  distances  of  any  point 
from  thejbdf  and  in  an  hyperbola  the  difference  of  those 
distances,  are  respectively  equal  to  tJie  transverse  aais. 

For  adding  the  values  of  n  and  i^  in  the  last  Prop. 

D  ±  d'  =  2a, 
d'  being  positive  for  the  ellipse,  and  negative  for  the  hy- 
perbola. 

(210.)  Cor.  1.  Hence,  an  elUpse  is  the  locus  of  the  vertex 
of  a  triangle,  of  which  the  base  apd  sum  of  the  sides  are 
given;  and  an  hyperbola  is  the  locus,  when  the  base  and 
difference  of  the  sides  is  given. 

PROP.  LXXVI. 

(211.)  To  describe  an  ellipse  and  hyperbola  mechanically, 

V.  Let  the  extremities  of  a  cord  be  fixed  to  two  points,  a 
pencil  looped  in  the  cord,  moved  so  as  continually  to  keep 
the  cord  stretched,  will  describe  an  ellipse  of  which  the 
points  are  the  fod,  and  the  length  of  the  cord  the  transverse 
axis. 

9P.  Let  one  extremity  a  of  a  straight  ruler  be  fixed)  so 
that  the  ruler  can  move  round  it ;  in  the  same  plane,  to 
another  point  b  let  the  extremity  of  a  cord  be  fixed.    The 


9» 
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C  «1«  being  t«»nied  so 
as  to  pass  through  the 
point  B|  let  the  oord 
pass  through  a  riug 
attached  to  the  ruler 
at  p,  and  capable  of 
sliding  upon  it,  and 
be  fastened  to  it  at  any  distimt  point  c.  The  ruler  being 
moved  in  the  same  plane  round  the  point  a^  a  pendl  at- 
tached to  the  shding  ring  at  the  pcnnt  p  will  describe  an 
hyperbola. 

PROP.  LXXVII. 

(21S.)  To  eoppress  the  polar  e^puftion,  thejbcui  being  the 
pote^and  tJie  transverse  axis  the  axisjrom  which  (he 
anglea  anre  measwred. 

For  the  value  of  d  found  in  (SOS),  let  %  be  substituted, 
and  j:  cos.  w  +  c  for  or ;  the  result  after  reduction  is 

A(l-^) 


%  5= 


1  +^  COS.  ftl  * 


B^  B^  V         • 

<»r  9nce(l  -  ^)  =  -^,  •••  a(1  -  e*)=  —  -  4 ;  ••* 


%  = 


P 


2(l+^cos.»y 

If  the  angle  cu  be  measured  from  any  right  line  making  with 
the  transverse  axis  an  angle  ^, 

A{1-^)  p 


z  ^ 


2{l+^cos.(9-tt;)}      2{l+tfcos.(p-ft;)}* 


PEOP.  LXXVIII. 

(S1&)  7^  rectangle  under  ihe  distances  ^ai^  point  Jrom 
ihejbd  is  equal  to  the  squao'e  of  the  semidScmeter  con- 
Jugate  ioffia^passinff'fftrot^  the  pohvt. 
For  from  (808)  ni/  =  a«  -  fix%  and  by  (167), 
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PROF.  LXXIX. 

(SI4.)  To  find  the  length  of  a  perpendicular  if  from  {he 
JbctbS  on  a  tangent  through  any  point  (j/xf)» 

The  equation  of  a  tangent  being 

the  value  of  p'  is  found  by  (60), 

A«— ea:' 

p'  =  —  B*  , 

•  (Ay«+BV«)* ' 

But  by  the  equation  of  the  curve,  it  appears  that 
aV*  +  bV*  =  p*a«(a*  -  ^af*).    Hence, 

If  c  be  taken  negatively,  the  length  of  the  perpendicular 
F*  from  the  other  focus  on  the  tangent  is, 

PROF.  LXXX. 

i^XS*)  The  rectcmgle  under  ihe  perpendiculars  Jrom  the 
Jbci  on  a  taoigent  through  any  point  is  equal  to&e  square 
qffhe  semioonfugate  axis. 

For  by  the  last  Prop. 

.     p'p"  =  b8. 

PROP.  LXXXI. 

(216.)  The perpendictdarsJromthe^fiKi  on  a  tangent  through 
any  point  are  o^  the  distances  of  that  point  Jrom  the 
Jbcus. 

For,  firom  (214), 

P"  ""  A  +  «C'""    D*' 


9i 
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FROP.  LXXXII. 


(217.)  The  lines  connecting  any  point  with  the  Jbd  are 

equally  inclined  to  the  tangent. 

For  the  angles  at  which  d  and  d'  are  inclined  to  the 
tangent  being  9  and  V, 


sin.  9  =  —  and  sin.  9  ^  --r\ 


but  by  last  Prop. 


D 


=  -7,  •.•  —  =  —7,  *.•  sin.  9  ==  sin.  9. 


D 


pfpf/ 


(218.)  Cor.  !•    Sin.*  9  =  -7 ;  but  by  (216),  pV  =  b% 


DD' 


and  dd'  =  b'*  by  (218) ; 


•.'  sin.  9  = 


B 


B 


/• 


(2190  Cor,  2.    The  normal  bisects  the  angle  under  the 
focal  Stances. 

(220.)  Cor.  8.  The 
property  expressed  in  the 
Prop,  points  out  a  geo- 
metrical method  of  draw- 
ing a  tangent  to  a  point 
on  the  curve. 

For  let  lines  df,  df', 
be  drawn  from  the  point  to  the  foci,  and  if  the  curve  be  an 

ellipse  df'  produced,  the  line 
which  bisects  the  angle  tJ)f\&  a 
tangent.  If  the  curve  be  an 
hyperbola,  the  line  which  bi- 
sects fdf'  is  the  tangent. 
(221.)  Cbr.  4.  Ifoneof  the 
foci  be  a  point  from  which  rays  emerge,  which^  obey  the 
same  law  of  reflection  as  those  of  light,  and  that  the  curve 
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be  a  reflecting  substance,  the  reflected  rays*  if  the  curve  be 
an  ellipse,  will  converge  to  the  other  fix;u8;  and  if  it  be  an 
hyperbola,  they  will  diverge  from  it.  It  is  from  this  pro- 
perty that  the^foci  have  recaved  their  name. 

PROP.  LXXXIII. 

(222.)  A  line  being  drawn  from  thejbcus  to  the  point  of 
contact  of  a  tangent^  and  a  line  from  the  centre  parallel 
to  if,  to  find  the  length  of  the  latter  intercepted  between 
the  centre  and  the  tangent. 

Let  the  line  sought  be  z^  and  the  angle  it  makes  with  the 
tangent  =  t,  and  the  perpendicular  firom  centre  on  the 
tangent  =  p. 

Hence,  «  =  -r-j,  but  p  =  -;;p  by  (203),  and  by  (218), 

B 

sm.  i  =  — 7,  •.'  2  =  A. 

B' 

Hence,  the  locus  of  the  intersection  of  this  line  with  the 
tangent  is  the  periphery  of  a  circle  described  on  the  trans- 
verse axis  as  diameter. 

PROP.  LXXXIV. 

(223.)  To  find  Ae  hcu8  of  the  intersection  (fa  tangent  and 
a  r^hi  line  perpendicular  to  it  passing  through  the 

fi)CUS* 

The  equation  of  the  tangent  is 

A^y  -h  B^afx  =  a'b'. 
The  equation  of  the  perpendicular  is 

A^x  —  B^afy  =  Acy'. 
Eliminating  t/af,  observing  the  condition, 

Ay*  +  B»ir^«  =  a«bS 
and  arranging  the  terms  according  to  the  dimensions  of  y^ 
we  have 


94  ALGEBAAIC   OBOl^ETRY. 

which  resolved,  gives 

— 2a7« +2ca? +B^  ±  (2ca? + B«— 2a«) 

t  = a > 

whidi  ^ves  the  two  equations, 

y*  +  (j:  -  cf  =  0, 

y«  +  ar2  =  A«. 
The  first  IS  satisfied  only  by  ^  =  0,  a:  =  r,  which  are  the  co^ 
ordinates  of  the   one  extremity  of  the  perpendicular ;  the 
latter  is  the  equation  of  the  circle  described  on  the  transverse 
axis  as  diameter,  which  is  therefore  the  locus  sought 

PROP,  LXXXV. 

(224.)  In  an  ellipse  or  hyperbola  the  semitransverse  ax%B  is 
a  mea/n  proportional  between  the  distances  qfthejbcus  and 
dUredrixJrom  the  centre. 

A* 

For  the  distance  of  the  directrix  from  the  centre  is  —  by 

c 

(166.) 

(225.)  Cor.  I.  Hence,  in  an  ellipse  the  vertex  lies  be- 
tween the  centre  and  directrix;  but  in  the  hyperbola,  the 
directrix  lies  between  the  centre  and  the  vertex ;  for 

A* 

c  >  A,  •••  A  >  — . 

c 

(2S6.)  Cor.  %    The  perpendicular  distance  of  any  point 

j/af  in  the  curve  fix>m  the  directrix  is 

—  JT  -^  • 

c  c 

PROP.  LXXXVI. 

(227.)  The  distance^  any  point  in  an  eUipse  or  hjfperiola 
Jrom  thejbcus  has  a  constant  ratio  to  tJie  perpendictdar 
distance  qf  the  same  pomtjrom  the  directrix. 

For  by  (908)  n  =  — — -,  and  by  the  last  Prop.,  the 
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distance  from  directrix  is  — '■ ,  the  ratio  of  which  c  :  a, 

c  ' 

is  independent  of  the  co-ordinates  of  the  point. 

This  is  a  ratio  of  minor  inequality  for  the  ellipfle,  and  of 

major  inequality  for  the  hyperbola* 

P&OP.  LXXXVII* 

(828.)  A  line  being  drawnjrom  thejixms  to  any  point  in 
the  curvCf  to  find  {he  locus  of  the  intersection  of  a  perpen- 
dicidar  to  ihia  line  drawn  through  the  Jbcus  uifft,  the 
tangentm 

The  equation  of  the  line  drawn  from  the  focus  to  the 
point  jfa/  being     ^ 

{of  —  c)y  -  ^x  +yc  =  0. 
Th^  equation  of  perpendicular  to  it  is 

y'y  +  (y  -  c)x  +  c(c  —  d^)  =  0. 
If  y  be  eliminated  by  means  of  this  equation^  and  that  of 
the  tangent  through  t/x^  the  result  after  reduction  is 

J7=  • 

C 

Hence  the  locus  sought  is  the  directrix. 

PROP.  Lxxxvni. 

(229.)  The  asymptot  of  the  hyperbola  is  the  limit  of  the 
position  of  the  tangent^  the  distance  of  the  point  of  contact 
Jrom  the  centre  being  indefinitely  increased. 

Let  the  point  of  contact  be  i/a^ :  the  equation  of  the 
tangent  solved  for  y,  and  the  value  of  t/  being  substituted 
in  it,  gives 

^  BXf  AB  —  B 

If  =s  4*  ' — ■>  .,' '  ■■>  .OP  "^  — ■  ■■■  ;:^== jX  4- 


AB 


Vaf-K* 
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As  on'  is  indefinitely  increased,  the  value  of  y  approaches 
St  as  a  linut;  but^  =  +  — 'is  the  equation  of  the 

A  A 

asjnnptots. 

(S80.)  Cor.  1.  Hence,  it  appears  that  the  asjrmptots  are 
the  diagonals  of  a  parallelogram  formed  by  tangents  through 
the  vertices  of  every  system  of  conjugate  diameters. 

(231.)  Cor.  %  If  a  line  be  drawn  connecting  the  ex- 
tremities of  any  pair  of  conjugate  diameters,  it  will  be 
bisected  by  one  asymptot,  and  parallel  to  the  other :  for 
these  extremities  are  the  points  of  bisection  of  the  sides  of 
the  parallelograms,  of  which  the  asymptots  are  the  diagonals. 


PROP.  LXXXIX. 

(282.)  To  find  the  eqtuxtion  of  ike  asymptots  related  to  any 

system  of  conjugate  diameters. 

The  equation  of  the  tangent  related  to  any  system  of 
conjugate  diameters  a'b'  is 

A'yy  +  B  Va?  =  a'«b'S 

of 

The  limit  of  this  when  of  is  indefinitely  increased  is  the 
equation  of  the  asymptots,  A^y  ±  lix  =  0,  which  is  the  same 
form  as  when  related  to  the  axes. 


or  ^y^     -  -^  +  b'^  = 


PROP.  XC. 

(S33.)  The  intercept  of  a  tcmgent  to  an  hyperbola  between 
the  two  asymptots  is  equal  to  the  diameter  to  which  it  is 
parallel^  and  is  bisected  at  the  point  of  contact. 

The  diameter  through  the  point  of  contact  and  its  con- 
jugate b^g  axes  of  coordinates,  the  equation  of  the  asym- 
ptots is 

iJy  +  b'jt  =  0. 
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If  in  this  a?  =  a',    y  =  +  b',  hence  the  proposition  is 
manifest. 


PROP.  XCI. 

(^4.)  If  amy  r^gp&#  Ime  intersect  an  hfperbola^  and  be  pro- 
duced to  meet  both  asymptotSy  the  two  intercepts  between 
the  curve  and  asymptots  a/re  equal. 

The  diameter  parallel  to  the  right  line  and  that  to  which 
it  is  an  ordinate  being  taken  as  axes  of  co-ordinates,  the 
equation  of  the  hyperbola  is 

A'y  -  B'«ar«  =  -  a'«b'*  ;    . 
the  equation  of  asymptots, 

A!y  +  j/x  =  0. 
From  the  form  of  these  equations,  it  is  evident  that  the 
axis  of  0?  bisects  the  part  of  the  line  intercepted  between  the 
twoasymptots,  as  the  two  values  of  ^  are  equal  with  opposite 
agns.  It  also  bisects  the  part  intercepted  within  the  curve ; 
and  hence  it  follows  that  the  two  intercepts  between  the  curve 
and  the  asymptots  are  equal. 

PROP.  XCII. 

(235.)  A  right  Ime  being  intercepted  between  the  a^mptots, 
the  rectangle  under  the  segments  of  it  made  by  the  curve 
is  equal  to  the  square  qf  the  parallel  semidiameter. 

The  axes  of  co-ordinates  being  as  in  the  last  Proposition, 
the  segments  are 

b'    .        b'     


a'  a'  ' 


b'  .        b' 


W^  +    -T^a'*-AS 
A  A 

being  the  sum  and  difference  of  the  values  of  ^  for  the  curve 
and  asjrmptot,  which,  when  multiplied,  give  b^*. 
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PBOF.  XCIII. 

(2S6.)  Tof^nd  (he  intercept  of  a  parallel  to  an  osympkA 
between  the  ok/rte  aind  the  directrix. 

Let  the  pcntit  where  the  paralldi  meetd  the  curve  be  ^J\ 
the  perpendiculiar  distance  of  the  point  ftom  the  directrbL  b 

by  (2S6), ;  and  the  €ahe  of  the  angle  at  which  the 


iMffalld 


y 


>  <lie  asymptot  is  inclined  to  the  dirtetiiic  is  -^ 
Hence,  the  intercept  <^  the  parallel  required  is 

and  therefhre  the  distance  of  any  point  in  the  curve  from 
the  focus  (208),  is  equal  to  a  parallel  to  the  asymptot  drawn 
from  the  same  point  to  the  directrix. 

PKOP.  xciv. 

(2SY.)  tTie  asymptote  of  an  equilateral  l^perhola  intersect 

at  righit  ctfigiee. 

For  thdr  equation  is  ^  +  or  ns  0,  *•*  each  is  inclined  to 
the  transverse  axis  at  half  a  right  angle,  and  therefore  they 
make  with  each  other  a  right  angle. 

PROP.  xcv. 

(SS8.)  Ifjrom  amy  point  in  an  hyperholaj  parallels  to  each 

a^fmptot  be  drawn  to  meet  the  other,  the  paraMehgram 

tmder  these  is  of  a  constant  magnitude,  and  equal  to  a 

JbuHh  part  qf^  the  parallelogram  Jbrmed  by  Un^  joining 

(he  extremities  cfihe  axes. 

The  equation  of  hyperbola  rdated  io  iia  aayiptots  is 

F 
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The  line  jcnning  the  Tertkes  of  the  luces  is  equal  to  c;  and 
aoce  it  is  parallel  to  one  asymptot,  and  bisected  by  the  other, 
when^=-|c,  x=i  of  other  diagond  of  rectangle  under  axes, 

•/  x=^c ;  hence  — — =  "T»  **'  ^^  ^  "T*  "^^^  ^  ^® paral- 
lelogram under  jfo?  k  equiangular  with  that  whose  ade  i8C» 
they  are  equal. 

PROP.  xcvi. 

(S39«)  T%6  subiangerU  of  an  hyperbola  rekUed  to  its  asymp^ 
tots,  as  axes  of  co-ordinates,  is  equal  to  the  intercept  of 
the  asymptot  between  the  ordinate  of  the  point  and  the 
centre. 

Since  the  point  of  the  tangent  intercepted  between  the 
asymptotsr  is  Insected  at  the  point  of  contact,  the  ordinate 
parallel  to  each  asymptot  from  the  point  of  contact,  must 
bisect  the  parts  of  the  other  intercepted  between  the  tangent 
and  the  centre. 


SECTION  XIII. 
Of  the  parabola. 

PROP.  XCVII, 

(240.)  A  parabola  is  the  limit  of  an  ellipse  or  hyperbola,  the 
parameter  of  which  beifig  given,  tJie  transverse  axis  is 
increased  without  limit. 
For  the  equation  of  an  ellipse  or  hyperbola,  the  origin 

bein^  at  the  vertex,  is  (ISl ), 

the  parameter  b^g  p, 


^^B* 

2""^^ 


h3 
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making  this  subsdtutioi],  and  dividing  by  a'^  the  eqiiJEitidn 
becomes 

If  A  be  supposed  to  be  increased  without  limit,  p  remaining 
unvaried,  the  second  term  disappears,  and  the  equation  be- 
comes 

which  is  that  of  a  parabola. 

PROP.  XCVIII. 

(S41.)  Tojind  the  equations  of  a  tangent  and  normal  qfa 

parabola. 
The  equation  of  the  parabola  related  to  a  diameter  and  a 
tangent,  through  its  vertex  as  axes  of  co-ordinates,  is 

y-p'j:  =  0, 
j/  being  the  parameter  of  that  diameter  (162).     The  equa* 
tion  of  the  tangent  is,  therefore,  (133), 

or  since  y  —  ^af  =  0, 

Syj^  -/?(-»  +  aO  =  0.  ^ 
The  equation  of  the  normal  is  therefore 
(//+  %/coB.yx)  (y  —  y)  +  (2y  +  j/  cos.yx)  (j:  -  a?')  =  0 ; 
and  if  the  axis  of  a:  be  that  of  the  curve,  it  becomes 

i'(y-y)  +  2y(^-^=o. 

PROP.  XCIX. 

(S4S.)  To  find  the  subtangent  and  subnonnal  rf  {he 

parabola. 
The  subtangent  being  s,  and  subnonnal  j,^their  values 
by  the  formulae  (136),  (137),  become 

s  =  ar', 

Sy'+y  COS.  yx* 
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If  the  axis  of  x  be  that  of  the  curve,  the  value  of  the  sub- 
nomial  becomes 

Hence,  in  a  parabola  the  subtangent  is  bisected  by  the  curve, 
and  the  subnormal  relative  to  the  axis  is  constant,  and  equal 
to  half  the  prindpal  parameter. 


PROP.    0. 

(243.)  To^hd>&e  distance  of  a  point  in  a  parabola  from 

thefocus. 
liet  the  sought  distance  be  s,  and  jfxf  the  point.     The 

co-ordinates  of  the  focus  bdng  ^  =  0,  a;  =  -^,  *•* 


P 

V  «  =  ar  +  -J-. 


PROP.  CI. 

(244.)  To  find  the  polar  equation  tf  a  parabcioj  ihejbcus 

being  ffie  pole, 
liet  f  be  the  angle  which  the  axis  of  the  parabola  makes 

with  the  fixed  axis  from  which  the  values  of  »  are  measured. 

p 
Ifjfx  be  any  point  on  thecurve,  by  (248)  z=^x  +  —•;  but 

P 
(j?  ^  -^)  =  z  COS.  (»  —  f ).    Hence, 

P 


2  = 


2{1  — cos.(w-rt}' 
or,    ance  4  an.*  ^  (ea  -  ^  =^  ^{1  —  cos.  («  -i  f)}. 
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Z  = 


4  sin.*  {:(»  —  ?»)  ' 
and  if  the  angle  to  be  measured  from  the  axis  ^  =  0,  there- 
fore the  polar  equation  is 

4  an.*  4«' 
If  ft;  be  measured  on  the  negative  side  of  the  focus,  these 
equations  become 


;?  =  ; 


E 


z  = 


2(1  +  cos,  a;)' 
P 


4  COS.*  i^ctf" 
(S45.)  Cor.  Hence  the  equation 

P 


z  = 


3(l+ccos.«)' 

includes  all  three  spedes  of  lin^  of  the  second  d^ee.  It 
represents  an  eUipse  if  ^  <  1,  a  parabola  ite  =  1,  and  an 
hyperbola  if  e  >  1. 

PROP.  cii. 

(246.)  A  right  line  being  drwtxm  ilirou^h  theJbcuB  of  afy 
Jim  tfihe  second  degree,  and  terminated  in  ike  curve^  to 
find  the  relation  between  the  parte  intercepted  between  the 
Jbcus  and  the  curve. 
By  the  pdar  equation  the  intercepts  z,  tI  are, 

P         . 


z  = 


2(1  +  ^  COS.  ft;)' 


2{l+^cos.  («•  +  «;)}     2(1-^  COS.  ft;)* 
Hence  follow,  by  multiplication  and  addition, 

^. p* 

4(l-e*cos.»' 

^  +  ^  =  —-—-———-■ ; 
1— e*  OOB.^W 
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and  therefore        4txs/  =  />(z  +  ^ 

Hiat  ia,  the  rectangle  under  the  sum  of  the  augments  and  the 
principal  panuneter»  is  equal  to  four  times  the  rectangle 
under  the  segments. 

(S470  Cor.  1.  The  rectangle  under  the  s^ments  varies 
as  the  whole  intercept 

(248.)  Cor.  S.  Half  the  prindpal  parameter  is  an  harmom- 
cal  mean  between  the  segments. 

PROP.  cm. 

(249.)  7^  distance  of  ar^  p$if^  in  a  jparaffolajram  ihe 
Jbcua  is  equal  to  the  perpendictUar  distance  of  the  same 
point Jrom  the  directrix. 
By  (166),  the  perpendicular  distance  of  the  directrix  fiom 

a  tangent  through  the  vertex  is  •—-,  therefore  the  perpen- 
dicular distance  of  a  point  in  the  curve  from  the  <Urectrix  is 
ff  +  -^ ;  but  this  by  (S48)  is  the  distance  of  the  same  point 
from  the  focus. 


PROP.  CIV. 

(250.)  To  describe  a  parabola  mechanically. 

j^t  f  be  the  focus,  and  v     c 

the  vertex  of  the  proposed 

parabola.    Take  bv  =&  fv, 

and  BC  perpendicular  to  ab 

will  be  the  directrix.    Let 

a  square  abc  be  applied  to 

Ifce  Jfig^  «9Wlf  i:^er  the 

l»^illl4lfe?#»»tfWf   The 

extremity  of  a  cord  being       B  V  B  A 

$Mta^  tP  W9  #4iPt  W^\  W  ^e  44^  ^  <>f  th^  square, 
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and  being  passed  round  a  sliding  pin  at  v,  let  it  be  fixed  to 
the  point  f.  If  the  square  thus  adjusted  be  moved  in  the 
direction  bc  parallel  to  itself,  the  point  m  will  describe  a 
parabola,  since  b'm  always  equals  mf. 

PROP.  cv. 

(S51.)  To  find  the  length  qfa  perpendicular Jrom  the  focus 

on  a  tangent. 
The  equation  of  the  tangent  being 

%/y-p(^  +  ar)  =  0; 
and  the  co-ordinates  of  the  focus. 


The  perpendicular  required  is 


PROP.  CVI. 


(S5S.)  The  perpendicular  on  the  tangent  through  am/ point, 
is  a  mean  proportional  between  the  distances  of  thai  point 
and  the  vertex  from  ihe focus. 

For,  by  (248),  the  distance  from  the  focus  is  a?  -f  ~,  and 

'P 
the  distance  of  the  vertex  from  the  focus  is  -—-,    therefore, 

by  (^1),  the  perpendicular  is  a  mean  proportional  between 
these. 


PROP,  evil, 

(S53.)  Tofind  the  locus  of  the  point  of  intersectiwi  ofihe 
perpendiadaa-from  (hejbcus  qfa  parabola^  with  ^etan- 
gent. 
The  equations  of  the  tangent  and  the  perpendicular  are, 
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2py  +  4y'a:  —  py  =  0. 
Eliminating  'if  a?  by  means  of  these  equations,  and  the  equa- 
tion of  the  parabola,  the  result,  after  reduction,  is 

^{16/+  (l^-4^r}  =0, 

which  gives 

a?  =  0, 
16y»  +  (p  -  4«p)«  =  0. 
The  locus  of  the  first  is  the  axis  of  y,  and  the  latter  can 
only  be  fulfilled  by  the  conditions, 

y  =  0,  j;  =  -|-, 

which  are  the  co-ordinates  of  the  focus. 

Thus,  one  of  the  results  gives  the  co-ordinates  of  the  point 
from  which  the  perpendicular  is  let  fall,  and  the  other  shows 
that  the  locus  of  the  extremity  which  meets  the  tangent,  is 
the  tangent  to  the  curve  which  passes  through  the  vertex. 


PROP,  cvixi. 

(264.)  The  part  of  the  axis  of  a  parabola  intercepted  between 
a  tangent  and  ffiejbcus,  is  eqttal  to  (lie  distance  of  ffie  point 
of  contact Jirom  (hefxus. 
For,  by  (248),  the  dis- 
tance FP  from  the  focus 

oad  since  the  s^Umgent 

is  bisected  by  the  vertex 

(242),  the  intercept  of  the  axis  between  the  tangent  and 

vertex  is  Xy  and  therefore  the  intercept  between  the  tangent 

and  focus  is  or  +  -t">  •  '•*  rp  =  fs. 

4 
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FROP*  €IX. 

(S55.)  J  tangent  to  cmy  point  of  a  parabola  being  draxcn,  a 

diameter^  and  a  line  ffirough  the  Jbais  Jrom  ffie  same 

point,  are  equally  inclined  to  the  tangent. 

For,  by  the  last  proposition^  the  line  pf,  from  the  focus, 
being  equal  to  the  intercept  fs  of  the  axis  between  the  focus 
and  tangent,  the  tangent  must  be  equally  inclined  to  pf  and 
the  axis;  but,  since  all  diameters  of  a  parabola  are  parallel 
to  the  axis  (98),  the  diameter  pd  and  pf  are  also  equally  in- 
clined to  the  tangent 

(256.)  Cor.  If  any  rays,  which  obey  the  law  of  equality 
of  incidence  and  reflection^  move  in  right  lines  parallel  to 
the  axis  of  a  reflecting  surface,  generated  by  the  revolution 
of  a  parabola  round  its  axis,  the  reflected  rays  will  aU  con- 
verge to  the  focus ;  or  if  they  diverge  from  a  ludd  point  placed 
at  the  focus,  they  will  be  reflected  parallel. 

PROP.  ex. 

(257.)  TTie  distance  of  amy  pcimi  in  a  pa^abclajnm  the 

Jocy^,  is  ^^vi  to  a  perpendkufaiy  to  ihe  loxia  poffsin^ 

^rqug^  j%  sqt^ejpomtf  incepted  bctjpem  <A^  OfVf  Q^ 

(he  focal  tangent. 

In  the  general  equation  of  a  tangent  thnNJsgli  ^nj  point 

y^?',  substitute  -^  for  or',  and  -^^  (br  y,  and  the  equation 

becomes 

p 

that  of  the  foeal  tangent;  but  this  vi^D^  of  ^  M  ^  ^>Sfi9/^  9^ 
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PBOP.  CXI. 

(258.)  To  find  the  relation  between  ihe  principal  parameter^ 
and  tlie  parameter  of  a  diameter  parsing  ihrough  amy 
^'cen  point. 
The  equation  of  the  parabola  related  to  the  axis,  and  a 

tangent  through  the  vertex,  as  axes  of  co-ordinates,  is 

p  being  the  principal  parameter.  Let  the  co-ordinates  of 
the  point  through  which  the  diameter  passes  be  j/af.  The 
axes  of  co-ordinates  being  removed  to  this  diameter  as  axis 
(fxy  and  a  tangent  through  its  vertex  as  asds  of  y.  The 
transformed  equation,  by  the  formulae  (74),  becomes 
i^mk.*ta:  +  {^^n.tx  — jpcos.  to)y  —pa?  +y*— p«'s=0. 

Since  the  sin.  x^x  =  0,  and  cos.  a/o^,  =  1,  the  new  axis  of 
a  being  parallel  to  the  former,  and  Expressing  by  tx  the 
angle  under  the  tangent  and  diameter,  which  is  the  same 
withyo?  in  the  formula. 

Also,  dnce  the  ipomij/af  is  on  the  curve, 

jf^^paf^O. 

And  since  tang,  tx  =  -^,  (241),  %• 

9/}/  an.  tx  ^  p  COS.  tx  =  0. 
Hence  the  transformed  equation  becc»nes 

y*  =  (p  +  4a?')a?=|/a?, 

P 
observing  that  sin.*  tx  =     .  ^.. 

Hence  the  parameter  jf  of  the  diameter,  through  the  point 
^afy  b  equal  to  four  times  the  distance  of  the  point  fiom  the 
focus,  anee  the  distance  from  the  focus  hsx  +  .^. 

(259.)  Cor.   Sin.«  tx  =  ^.    Hence  tl^e  paramet^  of 

diameters  of  a  parabola  are  inversely  as  the  sines  df  the 
ai^ks  at  which  the^e  diameters  are  iQclined  to  thfdr  or- 
dinates. 
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SECTION  XIV. 

Problems  relative  to  lines  of  the  second  degree^  iUiistrative 
of  the  application  of  ifie  preceding  principles. 

PROP.  CXII. 

(S60.)  Given  the  base  (ab),  ami  vertical  angle  qfa  triangle^ 

to  find  the  locus  of  a  vertex. 

Y  The   base    (ab)    being 

^  assumed    as    axes   of  x^ 

\j 

and  a  perpendicular  (ay) 
through  its  extremity  (a)^ 
a3  axis  of  y^  let  the  oo- 
[g — -^  .  ordinates  -of  c  be  yx^  let 
ab  =  6,  and  acb  =  9,  •.' 

tang.A=^,tang.B=^, 

_      tang.  A-f  tang,  b  yb 

V  tang,  c  -  -  J  _  tang. Atang.B    y«  +sfi  -  bx 

Hence  the  equation  sought  is, 

y»  +  x^ — cot.  j  .  6 .  J/  —  6a;  =  0, 

which  (130)  is  the  equation  of  a  circle,  the  co^rdmates  of 
whose  centre  are,  ^ 

y  =  4-cot.8.6,  J?'  =  i6.      ^ 

If  J  =: . — ^  cot.  fl  =  0,  '."y  =  0,  which  shows  that  in  this 

case.the  centreis  at  the  point  of  bisection  of  the  base. 

Cot.  6  is  positive  or  negative,  according  as  c  is  acute  or 
obtuse;  '.•  the  centre  is  above  the  base  in  the  former  case, 
and  below  it  in  the  latter.    From  these  results  may  be  in- 
ferred, 
• .  1st,  That  all  angles  in  the  same  segment  of  a  cirde  are 

equal. 
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2d,  That  the  angle  contained  in  a  semicirde  is  right 
3d,  That  the  an^e  contained  in  a  segment,  greater  than 

a  semicircle,  is  acute. 
4th,  That  the  angle  contained  in  a  segment,  less  than  a 

semicircle,  is  obtuse. 

PEOP.  CXIII. 

(261.)  Given  the  base  (ab)  ^a  tricmgie,  and  the  raiio  of 
the  Adesy  tojind  the  locus  of  the  vertex  (c)^ 
The   axis  of  co-or- 
dinates bdng  placed  as 
before,  let  ac  =  a,  and 
CB  =  e ;  and  let 
fl  =  wc,  •••  a*  =  nV, 
but 

a^:sz^  •{-  xS 


A  B 

c«  =  y8  +  (6  — .  x)\ 


The  equation  of  the  locus  sought  is,  '.* 


2w« 


.bx  — 


n«i« 


=  0, 


y*+^*-*-l.n«™       l^n« 
which  is  the  equation  of  a  circle,  the  co-ordinates  of  whose 
centre  are 

y  =  o.    ^  =  ^^. 

The  points  where  the  circle  intersects  the  base  are  found  by 
supposing^  =  0,  which  ^ves 

nb 


x  = 


n+V 


which  values  show  that  the  circle  cuts  the  base  internally 
and  externally  in  the  given  ratio,  and  the  part  intercepted 
between  these  points  is  the  diameter  of  the  circle. 


PROP.  cxiv. 


(26^.)  Given  the  base  (ab)  tfa  triangle,  and  the  sum  of  the 
squares  of  the  sides^  tojind  the  loctts  of  the  vertex. 
Let  the  point  of  bisection  (d)  of  the  base  be  taken  as 


m 
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origin,  the  base  as  axis  of  if,  and  the 
perpendicular  through  b  as  axis  of 
y.  Let  AD  =  &,  and  let  the  given 
sum  of  the  squares  of  the  sides  be  s^ 

BC«  =s  y«  +  («  —  ft)S 

nehich  is  the  equation  of  a  circle,  whose  centre  is  at  the 
ori^^  and  whose  radius  is  a/^s*  —  b\ 

PROP.  cxv. 

(263.)  Given  the  base  and  vertical  angle  of  a  triangle^  to 
fini  the  locus  of  (he  intersection  ^the  perpendiculars  Jhm 
the  angles  on  the  opposite  sides^ 

The  axis  of  co-ordinates  bdng 
placed  as  in  Prop,  cxii.,  and  the  sig- 
nifications of  the  symbols  being  re- 
tained, the  co-ordinates  of  the  inter- 
section of  the  perpendiculars  ace 

(b—x)x 

» 

and  from  these  the  Values  of  ^  and  x  being  found,  and 
substituted  in  the  equation  for  the  locus  a£  the  vertex  found 
in  (52),  the  result  is, 

Y*  +  x«  +  cot.  9 .  Ay  -  Ax  =  0. 
This  is  the  equation  of  a  circle ;  and  since  it  differs  from  the 
equation  in  (260),  which  gives  the  locus  of  the  vertex,  only 
by  tiie  »gn  of  cot.  0,  the  locus  sought  is  a  segment  of  a 
circle,  containing  an  angle  supplemental  to  0. 

I*tLGP.  cxvi. 

(964)  Given  (he  base  (ab),  aaid  vertical  angle  {^\toJmd(he 
locus  qfihe  intersection  qfthe  bisectors  qfffie  sid^. 
By  (S4)  the  co-ordinates  of  the  intersection  of  the  hi- 
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substituting  the  values  cf(t/and  ±  in 
these  eqttatiiOBS  in  that  of  the  loc^ 
of  the  vertex  in  {960),  the  result  is 
Y«+x«-5.cot.  86Y-.ix+|A«=0, 
whidi  is  th^  equation  of  a  cirele,  the  eo-ordinates  of  whose 
coitreare 

.      b      ,     cot.  0 .  b 

To  find  the  points  where  tlnB  drde  meets  the  base,  let 
T  =s  0  in  die  above  cqaation,  and  the  oorre^ncBng  values 
of  «  are, 

wU^  shows  that  the  circle  intersects  the  bas^  at  the  points 
oftrisection. 

Let  f  be  the  angle  contained  in  the  segment  of  the  circle, 
whos^  chord  is  the  base. 

Tang.  9  =  y  =  3  tang.  9. 

Henoe  this  s^gffiettt  eotftains  an  aiigl#j  whose  tangent  is  one 
third  of  the  tangent  of  6. 

PEOP.   CXVII. 

(S65.)  Oiven  &te  base  and  verReal  angle  of  a  triangle  tojind 
tJhe  Jocus  of  the  certire  qffJie  inscribed  circle. 
The  lines  bisecting  the  base  angles  intersect  at  the  centre 
of  the  inscribed  drcle  {B9)f  '•*  the  sum  of  the  angles  ndiich 

they  form  with  the  base  is  -^  ,  9  being  the  vertical  angle, 
and  *.*  the  angle  formed  hy  the  two  bisectors  id  —^9  this 
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being  a  ^ren  angle,  the  locus  sought  is  the  segment  of  the 
drde  which  contains  it. 

PSOP.  CXVIII. 

(266.)  To  express  the  circle  hy  a  polar  equation. 
The  general  equation  of  the  circle  related  to  rectangular 
co-ordinates,  is 

Let  the  distance  of  any  point  in  the  circle  from  the  pole 
be  Zy  and  the  angle  it  makes  with  the  axis  of  x  be  ^,  and  the 
distance  of  the  centre  be  2:',  and  the  angle  it  makes  with  the 
axis  of  Wy  ^.  By  substituting  z  sin.  fj  J  sin.  ^,  z  cos.  ^, 
ii  COS.  9^,  for  ffy  y,  Xj  of,  respectively,  and  observing  the  con- 
ditions, 

on.*  f  +  COS.*  ?  =  I9  cos..^  COS.  ^  +  sin.  f  sin.  <[/  = 

COS.  dp  -  fi, 
the  equation  becomes 

:»«  +  V*  -  2z:JcoB.  (f  -  ^)  =  r\ 
If  the  pole  be  on  the  curve  s/  =:  r,  and  the  equation  becomes 

jzr  -  3r  COS.  (p  -  ^)  =  0, 
and  if,  at  the  same  time,  the  axis  from  which  <p  is  measured 
passes  through  the  c^ntre^  (jf  =  0,  and  the  equation  is 

2;  —  2r  COS.  p  =  0. 

PBOP.  cxix. 

(267.)  A  right  line  being  drawn  from,  a  given  point ''(r)  to 
a  given  circle^  to  find  the  locus  of  the  point  at  which  it  is 
divided  in  a  given  ratio, 

.Let  the  intercept  between  the  given  point,  and  the  point 
whose  locus  is  sought,  be  s/^^  and  let  nz"  =  z.  By  this  sub- 
stitution in  the  polar  equation  of  the  circle,  we  find 

2'*  a'  r^ 

»"«+—r-2»^— COS.  (?-?')  =  —. 
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Hence  the  Iocum  sought  is  a  eirck,  whose  centre  is  found  by 
dividing  the  line  connecting  the  given  point  with  the  centre 
of  the  given  circle  in  the  given  ratio^  and  whose  radius  is  to 
that  of  the  ^ven  circle  as  1:  n.  • 

•  >  ■ 

PROP.    CXX. 

(S68.)  To  find  tJie  locus  of  a  pointy  from  which  lines  being 
drawn  to  several  g%x>en  poiniSj  the  sum  of  their  squares 
shall  be  of  a  given  magnitude. 
Let  the  given  points  be  ^af,  V^'j  y^  ....  y*^ j?^»^.  and 

the  point  whose  locus  is  sought  yx.     The  squares  of  the 

lines  respectively  are 

(y  -  y)*  +  (*  -  ^')s 


which  being  added,  and  their  sum  expressed  by  s',  and  the 
result  divided  by  n,  give 

^  n  ^  n 

j/2 + .r'«  +y' *  4-  jr^^^""-sg 
^  n  ' 

which  is  the  equation  of  a  circle,  whose  centre  is  the  Centre 
of  Gravity  of  the  figure  formed  by  lines  joining  the  given 
points  (70). 

PROP.  CXX  I. 

(269.)  To  find  Hie  locus  qfapoint,Jrom  which  lines  being 

drawn  at  given  angles  to  the  sides  of  a  given  rectilinear 

figure^  the  sum  qflJuAr  squares  sltaU  have  a  given  mag- 

nitude. 

The  equations  of  the  sides  of  the  figure  being  respectively 


Vy  +  B^if  +  c  =5  0, 


A^"^y + B^*^a? + c^>  5=  0. 
Let  the  angles  tbe  Upes  ipoke  with  Ul«  ^dei6  b?  f^  f'y  •  •  •  -i 
the  squares  of  the  lioes  aire  resp^ctivdy, 

(Ay  +  m?  -f  c)<^ 

(a2  +  B«)  «in.5  (p' 

(a"  +  b'«)«  sin.2  9'* 


(A^''^y+B^''>a?+c^*0« 

(A^'»>'«+B<»>«)8in.2^^»^' 
which  being  added  together,  and  t|;ieir  §;um  equated  with  a 
constant  quantity,  give  a  (^omplete  equation  of  the  second 
degree^  which  is  that  of  the  locus  sought. 

PBOP.  CXXII. 

(270.)  To  find  the  locvs  of  a  point  ^om  which  two  right 
lines  being  drawn  at  given  angles  to  two  given  right 
lines,  the  rectangle  under  them  shall  have  a  given  mag" 
vitude. 

Let  the  equations  of  the  two  lines  be 

Ay  +  Bj?  +  c  =  0, 
A'y  +  b'o:  +  c'  =  0. 
The  lines  making  given  angles  with  these  from  the  point 
yr,  are 

Ay  -f  B^  +  e 

«  '■  ~* > 

VA*-|-it»sm.  ^ 

a^+b'jt+c' 
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The^  beii^  multiplied)  tiid  their  product  equated  with  a 
constant  magnitude^  the  result  is  a  complete  equation  of  the 
Beoond  degree^  which  is  that  of  the  locus  sought. 

PROP.  CXXIII. 

(271.)  Given  the  base  tfa  tria/ngle,  and  the  difference  he- 
tween  the  base  angleSy  to  find  the  locus  oftlie  vertex. 

The  middle  point  d  of  the 
base  being  assumed  as  origin/ 
and  the  base  as  axis  of  <r,  let 
the  co-ordinates  of  the  vertex 
be  1/Xy  and  ad  =  6,  and  the 
difference  of  the  angles  =  6. 

^'         1  +  tong.  A  tang,  s    y^-^x*  +  6*' 
Hence  the  equation  of  the  sought  locus  is 

y  -  2  cot.  dyx  -  a;*  +  6*  =  0. 
This  is  manifestly  the  equation  of  an  hyperbola,  since 
B«  —  4ac  =  4(cot.*  fl  +  1)  =  4  cosec.*  9  >  0 ;  its  centre 
is  the  origin.  The  position  of  the  diameter  conjugate 
to  AB  may  be  determined  by  the  equation  found  in  (167), 
which  becomes  in  this  case 

y  =  —  tang.  Q  .  ar, 
'.*  the  diameter  conjugate  to  ab  is  inclined  to  it  at  an  angle 
=  fl. 

The  axis  of  y  being  transformed  from  its  present  position 
to  coincidence  with  the  conjugate  diameter  through  the 
pobt  D,  by  substituting  y .  sin.  9  for  y,  and  a?  —  y  dos.  9  fbr 
Xy  which  are  what  the  formulae  (74)  become  in  this  case,  the 
transformed  equation  is 

y  -  X*  =  -  i«, 
which  shows  that  the  hyperbola  is  equilateral,  and  that  its 
semiaxis  squared  is  b*  sin.  0  (169). 
(272.)  Cor.  1.  Hence  it  follows,  that  in  an  equilateral 

l2 
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hyperbola,  if  lines  be  drawn  from  the  vertices  of  any  dia- 
meter to  any  point  in  the  curve,  the  difference  of  the. angles 
which  they  form  with  the  diameter  is  equal  to  the  angle 
under  that  diameter  and  its  conjugate. 

(273.)  Cor.  %  If  the  difference  of  the  angles  be  a  right 
angle,  the  base  is  the  transverse  axis,  and  vice  versd. 

PROP,  cxxiv, 

(274.)  Given  the  base  of  a  triangle^  and  the  product  of  the 
tangents  of  the  base  angles^  to  find  the  locus  of  (he  vertex. 
The  axes  of  co-ordinates  being  placed  as  in  the  last.  Pro- 
position, let  the  product  of  the  tangents  be  m,  *.* 

jf ,+  wix*  —  mb^  =  0, 
which  is  the  equation  of  the  locus  sought.     This  locus  is 
therefore  an  ellipse  if  m  >  0,  and  an  hyperbola  of  m  <  0, 
the  base  being  the  transverse  axis. 

PROP.  cxxv. 

(275.)  Given  the  base  of  a  triangle^  and  the  sum  of  the 
toflfigents  qftJie  base  amgleSy  to  find  the  locus  of  the  vertex. 
The  axes  of  co-ordinates  being  placed  as  before,  let  the 
given  sum  be  m^  •.• 

hence  the  equation  of  the  locus  is 

mx^  +  9by  -  mb""  =  0. 
This  equation  being  put  under  the  form 

26,  mb  ^ 

shows  that  if  the  origin  be  removed  to  a  point  in  the  axis 

mb 
of  y,  whose  distance  from  the  present  origin  is  — q— >  the 

equation  becomes 
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Hence  the  locas  sought  is  a  parabola,  whose  axis  is  a  per- 
pendicular through  the  middle  point  of  the  base,  and  whose 
yertex  is  at  a  perpendicular  distance  from  the  base  equal  to 

-g-,  and  whose  principal  parameter  is . 


PEOP.  cxxvi. 


(1276.)  Gvoen  the  base  of  a  triangle,  and  the  difference  of 
theiangents  of  the  angles  at  the  base,  to  find  the  locus  of 
the  vertex. 

The  axes  of  co-ordinates  being  placed  as  before,  let  the 
given  difference  be  m,  ••• 

the  equation  sought  is  *.' 

9yx  -f  nut^  —  m6«  =  0. 
This  is  the  equation  of  an  hyperbola  (124),  the  axis  of  ^ 
being  an  asymptote,  and  the  ori^n  at  the  centre  (119) ;  the 
base  of  the  triangle  is  therefore  a  diameter,  the  equation  of 
the  diameter  conjugate  to  which  is 

y  +  mx  =  0. 
Hence  the  tangent  of  the  angle  (d),  at  which  this  conjugate 
diameter  is  inclined  to  the  base,  is  equal  to  the  difference  of 
the  tangents  of  the  angles  at  the  base. 

The  axis  of  y  being  transformed  to  coincidence  with  the 
conjugate  diameter  by  substituting  y  sin.  d  for  y,  and 
^  +^  CO&  6  for  X,  and  —  tan.  9  for  m,  the  equation  becomes 

cos.2  6  .  y*  -  j:^  +  4«  =  0. 
Hence,  the  square  of  tlie  semi-second  diameter  conjugate  to 
the  base  is  —  i*  sec.*  9. 
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(877.)  Tojind  the  locus  of  a  point  {t),Jhom  which  perpeiu 
diculars  draxvn  to  the  sides  of  a  given  angle  (xay),  sftoB 
contain  a  qtuidrilateral  qfa  given  area. 


The  sides  of  the  ^ven  angle 
(9)  being  assumed  as  axes  of 
co-ordinates,  and  the  co-or« 
diaates  of  the  point  y  being  ^j?, 
the  area  of  pma  is 


ly  sin.  9(x  +  y  cos.  9), 
and  that  of  vmA  is 

\x  sin.  ft[y+  a?  cos.  ?)• 
Let  the  magnitude  of  the  quadrilateral  be  m*,  the  equation 
of  the  locus  sought  is 

y2  -I-  2  sec.  J  .  3^x  +  a:*  —  2m\sec.  9  cosec.  9  =  0. 
Since   b«  -  4ac  =  4<sec.2  fi  -  1)  =  4taDL*  fl  >  0,  the 
locus  is  an  hyperbola,  of  which  the  vertex  of  the  wo^  i$ 
the  centre  (119). 

pjaop.  cxxviii. 

(278.)  Tofiitd  the  locm  of  the  centre  gf  a  circle  touching,  ^ 
giv€^  right  line f  cmd  passing  throu^  a  given  point. 

The  locus  must  be  a  parabola,  of  which  the  ^ven  point  is 
the  focus,  and  the  given  line  the  directrix,  as  is  evident 
from  (249). 
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PROP.  CXXJX. 

(179.)  TikJhA  &he  locus  of  the  centre  of  a  circle  touching  u 
given  right  line  and  a  given  drck. 

Let  p  be  the  centre 
whose  locus  is  souglil, 
and  c  the  centre  of  the 
given  drcle ;  pd  =  pw. 
Let  PiTi  be  produced, 
so  that  mm^=CD,  and 
through  w!  parallel  to 
ttie  given  line  let  an- 
other  right    line    be 


drawn, 


vrrl  =  PC ; 


the  locus  is  a  parabola  whose  focus 


is  c,  and  whose  directrix  is  mlo. 

PROP.  cxxx. 

(280.)  To  find  ihe  hcue  of  the  centre  of  a  circle  which 

touehee  two  given  circles. 

This  is  equivalent  to  being  given  the  base  and  difference 
of  the  sides  of  a  triangle  to  find  the  locus  of  the  vertex. 
The  locus  is  therefore  an  hyperbola  whose  foci  are  the 
centres  of  the  two  given  circles,  and  whose  transverse  axis  is 
the  difference  of  thm  radii. 


PROP,  cxxxi. 


(281.)  't^ofifdd  the  locus  of  the  intersection  qftangenU  to  a 
given  parabola  which  intersect  at  a  given  angle- 

Let  the  jf^nts  of  ddntoct  be  y^,  y^',  the  poiHit  of  in- 
ttraectiori  yx,  the  given  angle  0,  and  the  eq^itflibif  of  the 
g^veii  parabola  jf  ^  px.  Tbe  equations  of  the  tangents 
Atfooi^  die  giv^ro  pokits  Are 
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%'y  -  i^^  -  y*  =  0    (1), 

2y'y-p^-/*-0    (2). 

The  tangents  of  the  angles  which  these  make  with  the  axis 

of  the  parabola  being  ^  and  5-^, 

„.,!&(^)  ,„. 

Subtracting  (2)  from  (1),  and  dividing  the  result  by  (y^^y), 
we^find  2^  —  y  =  y.  Substituting  this  value  in  (3),  and 
multiplying  by  the  denominator^ 

Stan.  5  •  y^  —  4Ry— 4tan.  S  .y^  +  tan.  fi  . jo«  +  4/>y  =  0. 
Multiplying  (1)  by  4tan.  d,  and  subtracting  it  from  thiss 
the  result  divided  by  p  is 

4tan»  5.0?  +  tan.  5.p-|-4y— 4y  =  0; 
and  hence, 

t/  =  y  —  ^tan.  S  ,  p  —  tan.  fl  .  ;r, 

which  substituted  in  (1)  gives 

j^«-  tan.*  5  .  x'^  —  ^(r  +  4tan.«  6)  ^  -  ^^tan.*  0  .^«  =  0, 
which  is  the  equation  of  the  locus  sought.   This  must  be  an 
hyperbola,  since  (b«  —  4ac)  =  4tan.*  9  >  0. 
The  co-ordinates  of  the  centre  are 

y  =  0,  a:  =  -  Ip  (cot*  .5+4); 
the  origin  being  removed  to  this  point,  the  equation  becomes 

y^  -  tan.«  6x^  =  —  -^cosec.«  9, 

which  shows  that  the  squares  of  the  semiaxes  are 

pS      cos.^  6 
A*  =  -^  .    .'..,,  B*  =  —  ip«  cosec*  5. 

In  this  investigation  the  tan.*  d  includes  .+tan.  d  and 
—tan.  t,  i.  ^.  tan.  $  and  tan.  (v  —  £),  which  shows  that^the 
process  includes  the  locus  of  the  intersection  of  tangents, 
which  contain  an  angle  supplemental  to  5.  Of  the  opposite 
branches  of  the  hyperbola,  one  is  the  locus  c^  the  intersection 
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of  tangents  containing  the  angle  6,  and  the  other  of  tangents 
contiuning  its  supplement. 

If 
If  fl  =  — ,  the  equation  after  division  by  tan.*  &,  becomes 

^  +  f  =  0, 

which  is  the  equation  of  the  directrix  of  the  given  parabola. 
Hence,  if  tangents  to  a  parabola  intersect  at  right  angles, 
the  locus  of  their  intersection  is  the  directrix* 


PROP.    CXXXII. 

(282.)  Tojind  the  hais  of  the  intersection  of  tangents  to  an 
ellipse  or  hyperbola^  which  shail  be  inclined  to  the  trans-- 
verse  axis  at  angles,  the  product  of  whose  tangents 
is  given. 

Let  the  equations  of  two  right  lines  meeting  the  curve  be 

y  +  oo:  +  6  =  0     (1), 
y  +a'x  +  V=:0    (2) ; 

the  equation  of  the  curve  being  a^*  +  b*j:*  =  a*b*. 
Eliminating  y  by  this^  and  each  of  the  equations  of  the  right 
lines^  and  finding  the  value  of  x  in  the  resulting  equation, 
and  equating  the  radical  in  each  with  0,  we  find 

A«o2  +  B*  -  6*  =  0, 
AS'fl'*  +  B«  -  6'«  =  0. 

The  values  of  b  and  ^  in  (1)  and  (2)  being  substituted,  and 
the  equations  arranged  by  the  dimensions  of  a  and  a', 

A*— or*  a*  — J7* 

The  values  of  a  and  a'  being  the  roots  of  either  of  these 
equations,  let  ac/  =  f»,  *.* 
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HenoCi  the  equation  of  the  locus  sought  is 

1/^  —  ma^  +  mA*  —  b*  =3:  0 ; 
the  locus  is  therefore  an  ellipse  or  hyperbola,  according  as 

wi  <  0  or  >  0. 
Let  the  semiaxes  of  this  curve  be  a',  b'^ 

,.       I»A*— B*  .  .  - 

a'*  = ,        b'«  =-^  mA*  +  B^; 

hence  a'*  :  b'^  : :  1  :  m. 

If  the  curve  be  an  hyperbola^  and  m  <  0,  the  locus  is 

impossible  wbenfnA*<  b*,  oriiK—, which  shows  that  in 

this  curve  the  product  of  the  tangents  of  the  angles^  which 
two  tangents  make  with  the  axis,  cannot  be  less  than  the 
product  of  the  tangents  of  the  angles,  which  the  asymptotes 
make  with  it  (176). 

PROP.  CXXXIII. 

(283.)  Tojind  the  hcus  (^  the  intersection  qftwo  tangents 
to  an  ellipse  which  intersect  at  a  right  angle. 

In  the  last  Proposition,  if  m  3=  —  1,  the  tangpnts  will 
intersect  perpendiddarly,  the  equatikHi  of  the  locus  is 
therefore 

y2  +  a;2  =  A«  +  bS 
which  is  the  equation  of  a  circle  concentrical  with  the  ellipse, 
and  whose  radius  equals  the  line  joining  the  extremities  of 
the  axes. 

PROf .  cxxxiv. 

(284.)  Tojind  (ke  locvs  of  the  interseetion  of  two  tangents 
to  an  hyperbola^  which  intersect  at  a  right  angle. 

In  this  case,  in  (282),  m  =  ~  1  and  b»  <  0,  •.•  th^  cqua* 
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tion  of  the  locus  is 

y2  +  x«  =  A*  —  bS 

which  is  the  equation  of  a  circle  concentrical  with  the  hyp^- 

bola,  and  whose  radius  equals  v^a*  —  b*.  This  equation  is 
imfiQsaible  if  b  >  a,  which  shows  that,  in  an  bypctbola  of 
this  kind,  two  tangents  cannot  intersect  at  a  right  angle. 

PKOP.  ex XXV. 

(285.)  To  find  the  locus  qfihe  intersectiofi  of  two  tangents 
to  an  ellipse  or  hyperbola^  which  maJce  angles  with  the 
transverse  axis^  wTiiek,  meastired  in  tfye  same  direction^ 
are  together  equal  to  a  right  angle. 

In  this  case,  in  (282),  77»=:  1,  \'  the  equation  of  the  locus 
is  ^a  —  j:*  =  —  (a*  T  b«), 

which  is  the  equation  of  an  equilateral  hjrperbola,  whose 
axis  is  the  distance  between  the  foci  of  the  given  ellipse  or 
hyperbola. 

PEOP.  cxxxvi. 

(S86.)  To  find  the  locus  of  the  intersection  oftamigents  to  am 
eSipse,  zffhich  are  parallel  to  confugaie  diameiers. 

In  this  case,  m  = ^  (170),  •.'  the  equation  of  the 

locus  sought  is 

Ay  +  B^x'  =  2a'^b% 

which  is  the  equadon  of  an.  ellipse,  whose  semiaxes  are 

V2 .  A,  V2 .  b,  and  which  is  therefore  similar  to  the  given 
dlipse. 

This  is  obviously  equivalent  to  finding  the  locus  of  the 
vertices  of  the  angles  of  parallelograms  circumscribed  round 
systeitis  of  conjugate  diajaieters. 
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PROP.    CXXXVIl. 


(287.)  Tofiiii  the  locus  of  the  ifitersection  of  tangents  to  an 
Tiyperholay  which  are  parallel  to  caiyiigate  diameters, 

b' 
•    In  this  pase,  f7»  =  — -  (170),  *.*  the  equation  of  the  locus 

A 

is  A*^  —  B*a:-  =  0, 

which  is  resolved  into  Ay  -f-  ^x  =  0  and  Ay  —  Br  =  0, 

which  are  the  equations  of  the  asymptotes,  which  are  the  locus 

sought 

PROP.    CXXXYUI. 

(288.)  To  find  the  locus  of  the  intersectioti  of  tangents  to  an 
ellipse,  which  make  angles  with  the  transverse  axis,  thejmh 

B» 

duct  of  whose  tangents  is  — -. 


B^ 


In  (282)^  if  m=—9  the  equation  of  the  locus  is 

Ay  —  B»x«  =  0, 

which  is  resolved,  as  before,  into  Ay  +■  ba*  =0,  a^  —  bj?  =  0, 
wjiich  are  the  diagonals  of  the  rectangle  formed  by  tangents 
through  the  vertices  of  the  axes,  and  which  are  therefore  the 
locus  sought. 

PROP,  cxxxix. 

{989')  To  find  the  locus  of  the  intersection  of  two  tangents  to 
a  parabola,  which  are  inclined  to  its  axis  at  angles^  the 
product  of  whose  tangents  is  constant 

Let  the  equations  of  two  right  lines  meeting  the  para- 
bola be 

y  —  ax  —  b  =0    (1), 

y^c/x-  bf=zO     (2). 
By  these  and  the  equation  of  the  curve  finding  values  for 
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Xj  and  equadng  the  radical  in  each  with  0,  we  find 

4a6  =  p,     4ia!V  =  p ; 
eliminatiDg  b  and  V  by  means  of  these  and  (1),  (2),  the 
results  are 

a'  -  a   .   ^  +  Z  =  0, 

a:       4tx 
the  values  oo'  being  the  roots  of  either  of  these  equations, 
and  the  given  product  being  expressed  by  m,  we  have 

w  =  +  7-,  or  4imx  —  p  r=  0, 

which  is  the  equation  of  a  right  line  perpendicular  to  the 
axis,  and  meeting  it  at  a  point  whose  distance  from  the 

P 
vertex  is  +  -f-* 

If  the  tangents  intersect  at  right  angles,  m  as  —  1,  and 
the  locus  is  the  directrix. 

PROP.    CXL. 

(290.)  Two  lines  being  drawn  from  thejbci  of  an  ellipse  to 
any  point  in  the  cisrve,  to  find  the  locus  of  the  centre  of  the 
circle  which  touches  tJiese  and  the  transverse  a^jcis, 

1.  Let  the  circle  touch  the 
three  lines  as  in  the  figure.  Let 
the  co-ordinates  of  the  point  (p) 
on  the  ellipse  be  t/a^,  'and  those 
of  the  centre  (c)  yx.  The  area 
of  the  triangle  fpf'  =  7/c,  where  c  is  the  distance  of  the 
focus  from  the  centre.  Also  the  area  of  the  same  triangle 
=^(A -f  e),  since  a  -f  c  is  the  semiperimeter  of  the  triangle; 

•Iso,  since  the  line  fc  bisects  the  angle  pff'. 
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,         sin.  rrr' 

tan.  cff'  =  = ; ; 

1  +009.  FFF 

but  foxu  pff'  =  — ,  and  cos.  ff^  =  — • — \  and  aho 

z  z 

y  y 

tan.  cff'  =  — =^--,  hence  — ^—  = 


€?— j:  e — X      z  +  c—a^ 

Now  by  (208)  «  =  a ,  which  being  substituted,  the 

A. 

values  of  y^  resulting  from  tlus  and  the  first  equation  are 

c 
Substituting  these  values  m  the  equation  Ay*-+'k*aF'*32  a*b*' 
the  result  after  reduction  is 

(a  +  c)y  +  B«a:*  =  B2e«, 
this  is  the  equation  of  the  sought  locus,  which  is  therefore 
an  ellipse  whose  axes  coincide  with  those  of  the  giveii  ellipse^ 
Let  the  semiaxes  be  a',  b',  *.* 

a'  =  c, 

BC 

b'  = 


A-f-C 


%  Let  the  circle  touch  the  three 
^ines  as  in  this  figure.  In  this 
case,  if  fp  =  «,  f*?  =  a',  we  have 

but  by  (208),  js/  —  z'  =  ,  hence  V  =  (^  +  ^^5  ^ 

tan.  CFF  =  tan.  4(1^  —  pff%  •/  tan.  cfp  =  — .\ 

but  also  tan.  CFP  =  -^,  hence —^  =  — ^- — ^^ 

x—e  x-'C      z — c+or 

Eliminating  1/  by  this  and  the  former  equation,  the  result 

after  reduction  is 

I, 
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l«f 


which  shows  that  the  locus  m 

tfaia 

case  is  the  tangent  to  the 

elli{we  pasaiiig  through  the  vertex. 

■ 

8,  Should  tbe  cirdo  touch 

the  three  Uues'  as  in  this 

p^ 

figure,  retaining  the  same 

^^"'^^O^'Tn 

Bymbds, 

/!_i«^^^^— "^T'vl 

FPF'=y(A-<?)«yc  (1). 

i^^  1       ^vV/ 

Also»  ^ce 

^ 

'vr— -^ —  \ 

tan.  i(t  —  pff')  = 

/ 

N^-"|l 

.sin*  pff' 

\ 

c         A 

1— cos  pff'  ~" 

\               /  * 

Ay 

V    ^ 

(A-c)   (A+o:')' 
And,  since  fc  bisects  the  angle  below  the  base, 

tan.  4(«'  —  pff')  =  — ^  ;  hence, 


y    _ 


AJ/ 


c  —  j:      (a— c)  (a  +  of)' 
By  this  and  the  equation  (1)  we  find 


^=r   - 


C 
A^ 


Substituting  these  in  the  equation  of  the  ellipse,  the  result 
after  reduction  is 

(a  —  c)«y  +  B^j?*  =  bV, 
which  is  the  equation  of  an  ellipse,  whose  semiaxes  a',  b, 
are 

Br 


a'  =  c. 


sl  = 


A—C 


1S8 


AtGEBBAIC    GBOMfiTBV. 


PROP.  CXL1. 


(291  •)  Lines  being  drawn  connecting  any  point  in  an  hy^ 
perbolu  with  tJieJbdy  to  find  the  locus  of  the  centre  of  a 
circle^  which  shall  Umch  these  lines  and  the  a^xis. 


1.  Let  the  circle 
touch,  as  in  this 
figure.  The  same 
symbols  being  used 
as  in  the  last  Pro- 
position, 


fpf'  =  ^(2f  4-  a  +  c)  =  yr, 


tang,  off'  = 


.V 


c—x 


but  off'  =  i:  PFF',  ••• 


tang.  OFF 


>/  — .  -. 


Sm.  PFF 


,; 


1  -f-  cos.  pff'     z^x'+c 


car 


Hence,  since  z  = a. 

A 


^      ^ 


Ay 


C  —  O!  ~"(C — a)  (a  +  x')' 

The  co-ordinates  t/x^  being  eliminated  by  this  and  the  first 

equation,  we  find 

ar  —  A  =:  0, 

which  ifi  the  equation  of  the  tangent  through  the  vertex  of 

the  hyperbola,  and  which  is  therefore  the  locus  of  the  centre 

in  this  case. 

2.      If   the    drcle 

touch,  as  in  this  figure, 

FPF'=^{e+A)=:yc. 

The  tang,  off'  having 
a  similar  value  as 
above,  a  similar  equa- 
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tioD  follows^  which  give» 

y(c+A)  A^ 

•^  c      '  c 

Making  these  substHutioos  in  the  equation 

Ay*  —  B«a:*  =  —  a^bS 

the  result  after  reduction  is 

(c  +  A)y  -  B«x*  =  -  bV, 

which  is  the  equation  of  an  hyperbola,  whose  semiaxes  are  co- 
incident with  those  of  the  given  hyperbola,  and  whose  values 
are 

Bc        — ^ 

a'  =  4?,  b'  =  — ; — a/— !• 

A  +  e 

3.  Let  the  circle  touch,  as 
in  this  figure, 

fpf'  =iy{z + A— c)  =ye, 
Also^  -^sstang.Kfl*— pff'), 

C  —  X 

but 

„  sin.  pff'  y 

tang.  -i{ir-PFFO  =^izr^:^=:^+^^c 

Elimhiating  «  by  «  = a,  and  the  values  ofj/,*' being 

eliminated  as  before,  we  find 

a:  +  A  =  0, 
which  shows  thai  the  locus  is  the  tangent  through  the  vertex 
of  the  opposite  hyperbola. 

PROP.  CXLII. 

(2^.)  Tofnd  the  hcus  of  the  vertex  of  a  parabola^  having 
a  given  point  a^focus^  and  touching  a  given  right  line. 
Let  F  be  the  given  focus,  and  li/  the  given  right  line, 

K 
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of  co-ordinates, 


V  the  vertex,  and  f  f  tL  perpetk* 
dicular  from  the  focus  on  the  right 
line  =  a» 

By  Ptop.  (on),  FL  X  FvajA*. 
Let    VY  S3  X,    and    the    angle 

PFV  =  w,  '/ 

2  =  a  COS.  ctf. 
If  FP  and  pl'  be  taken  as  axes 


and  cos«  tj  ^ 


2=  v'y^+Ca-ar)*, 


hence  the  equation  of  the  locus  soqght  is 

y*  +  a?'  —  or  =  0, 
which  is  the  equation  of  a  circle  pasdng  through  the  points 
F  and  p,  and  whose  diameter  is  fp. 


PROP.  CXLIII. 

(298.)  To  find  the  locus  qfihejbcus  of  a  parabola,  wkkb 
has  a  given  vertex,  and  which  touches  a  given  right  line. 

Let  V  be  the  vertex,  f  the  focus,  ap  the 
given  line,  and  va  a  perpendicular  to  it. 
This  perpendicular  being  taken  as  axes  of 
X,  and  a  parallel  to  ap  through  v  as  axis  of 
y,  let  the  coordinates  of  f  be  yx.  By 
(252),  Fv  .  fp  =i  FB«,  but  FY*  =  ^  +  a?*, 
FB  =  a  +  ^9  Av  being  expressed  by  a,  and 

FV 
X 

after  reduction, 

ly*  —  aa?  as  0. 
The  locus  is  therefore  a  parabola,  whose  vertex  is  the  point 
V,  whose  axis  coincides  with  av^  and  whose  parameter  iSAV. 


FP  =  FB  .  — •     Hence  the  equation  of  the  locus  of  ]?  is, 
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PROP.  CXLiy« 


(294.)  Given  a  diameter  of  a  parabola^  ihe  point  where  the 
curve  intersects  itj  and  its  parameter^  to  find  tlie  locus  of 
ihejbcus. 

The  distance  of  the  vertex  of  any  diameter  of  a  parabola 
from  the  focus  is  a  fourth  part  of  the  parameter  of  that  dia^ 
meter.  This  being  given,  the  locus  sought  is  a  cirdci  of 
which  the  point,  where  the  curv«  meets  its  diameter,  is  the 
centre,  and  a  fourth  part  of  the  parameter  the  radius. 

PROP.  CXLV. 

(S95.)  Given  tlie  point  where  a  parabola  intersects  a  gwen 

diameter^  and  also  tJie  parameter  of  thai  diameter^  to  find 

the  loeus  qfth^  vertex  of  the  curve. 

Let  the  given  diameter  and  a  perpendicular  through  its 

vertex  be  assumed  as  axes  of  co-ordinates.     The  equation 

of  the  parabola  related  to  a  diameter,  imd  a  tangent  through 

its  vertex  as  axes  of  co-ordinates  beings*  —  pj:  =  0,  if  the 

angle  under  the  tangent  and  diameter  be  9,  and  the  axis  of 

y  changed  to  a  perpendicular  to  the  diameter,  the  equation 

becomes 

^2  +  \p  sin.  29  .  y  —  sin.*  9  .  pj?  =  0. 
The  co-ordinates  y  V  of  the  vertex  are 

y  =—  ]jp  sin.  29,  J?''  =  —  ip  COS.*  9. 
Eliminating  from  these  equations  the  angle  tf,  we  find 

which  is  the  equation  of  an  ellipse,  whose  transverse  axis  co- 
iDcides  with  the  given  diameter,  and  is  equal  to  ^,   and 

whose  conjugate  axis  equals  -—-. 


k2 


13S  ALGEBRAIC   GEOMETRY: 

PEOP.    CXLVI. 

(296.)  Given  the  diameter  of  a  parabola,  and  a  tangent 
through  its  vertex,  to  find  the  locus  of  the  vertex. 
The  axes  of  co-ordinates  being  placed  as  before,  let/?  be 
eliminated  by  the  values  of  the  co-ordinates  of  the  vertex* 
The  result 

j^  —  2  tang.  6 .  X  =iOy 
shows  that  the  locus  is  a  right  line. 


PKOP.  CXLVII. 

(S97.)  On  the  same  conditions  to  find  the  locus  qfthefixm. 
The  axes  of  co-ordinates  remaining  the  same,  the  co- 
ordinates j/af  of  the  focus  are 

y  ==  —  |p  an.  29,  a?'  =  —  ^p  cos.  96. 
Eliminating  p  from  these,  the  result  is 

y  —  tang.  2fl  .  a?'  =  0, 
which  shows  that  the  locus  sought  is  a  right  line. 

PEOP.  CXLVIII. 

(298.)  A  right  line  of  a  given  lengOi  is  terminated  in  the 
sides  of  a  given  angle,  to  find  the  locus  cfa  point  which 
divides  it  in  a  given  ratio. 

Let  the  sides  of  the  given  angle 
BAG  s=  8  be  taken  as  axes  of  co- 
ordinates, and  the  co-ordinates  of 

1    •  ,  BP     »» 

p  bemg  yx,  and  — = — , 
^-^  cp     n 

(m-|-n)y 
n 

im  +  n)x 

AC  =  . 

m 
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But  AB*  +  Ac^  —  Sab  .  ac  .  cos.  S  =  bc^     Hence,  after 
reduction 

ju2y2  —  2mn  COS.  «  .  yar  +  n V  =  fit«n% 

which  is  the  equation  of  an  ellipse,  »nce 

B*  —  4ac  =  4w*n*(cos.*  9  -  1)  =  —  4mV  sin.*  J  <  0. 

If  9  =:  —y  the  equation  becomes 

which  is  the  equation  of  an  ellipse,  whose  axes  are  equal  to 
the  segments  of  the  given  line,  and  coincide  with  the  sides  of 
the  given  angle. 
If  m  =  n  the  locus  is  a  circle  in  this  case. 

PROP.  CXLIX. 

(299.)  A  right  line  parses  iharough  a  given  pointy  cmd  is 
ierminated  in  the  sides  of  a  given  angle^  to  find  Ae  locus 
(fihe  point  which  divides  it  in  agioen  ratio. 
Let  the  sides  of  the  given  angle 
BAG  be  taken  as  axes  of  co-or- 
dinates, and  let  the  co-ordinates 
of  the  ^ven  point  d  be  t/af,  those 
of  the  point  p  be  ya?,  the  equa- 
tion  of  BC  is 

In  this,  if  y  and  x  be  succesuvely  supposed  s  0,  we  find 

A^+Bsf  a/  +  bo/ 

AC  =  -^— »  AB  =  -^ . 

B  A 

Let  the  ratio  of  the  segments  bp,  pc  be  m  :  n, 

y         n  X         fn 

AB""m+n'     Ac""«»  +  n 
Dividing  the  first  by  the  second,  and  substitutkig .  for 

AC.  ,        A 

—  Its  value  — , 

AB  E 


184i 
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Ay__5. 


B 


nx 


Bx     m  B      mjf 

hence  the  ^uation  of  the  1qcu9  sought  U 

(m  +  n)^  -^  «M^^  —  ny*  ss  0. 
Thu^  13  the  equation  of  an  hyperbola,  the  ^es  of  co-prdinates 
being  parallel  to  the  asymptotes  (123). 
The  co-ordinates  of  the  ccaitre 


show  that  if  the  co-ordinates  of  the  given  point  be  divided 
each  in  the  given  ratio,  parallels  to  the  ades  of  the  given 
angle  drawn  through  the  points  where  they  are  divided 
thus,  are  the  asjnmptotes. 


PBOP#  CI*. 

(SOO.)  Q^o&fk  %%  poiition  a  rigid  Um  (ab),  an4  nkfioif^  (p) 
outsids  itf  a  right  line  0^^)  h  draTm  inier^^ing  ihegwn 
right  line;  /ram  the  ea^remify  m  ^whieh^  aperpewlSefdar 
to  the  given  right  line  intercepis  en  qfagivcm  nwgnHude 
(a),  tojind  the  locus  qfthe  ffomt  m. 

By  the  canditiQiis  pf  the 
question,  if  va  be  peip^h 
dioubr  to  ab, 

md__^pa 
CD  ""ac* 
Now,  if  p  be  the  ocigiii  of  roctr 
angular  co-ordinates,  parallel 
and  perpendicular  to  ab,  this 
coodition  is  ejqpressed  1^ 
b 


.  a       J/— a 


^^  „     ^j 


;Rrhere  h  s;  pa.    Hence  the  equation  of  tti^  Vxhis  is 

yx  -^  ay  —  fta:  =  0. 
The  curve  is  therefore  an  equilateral  hyperbola. 
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To  find  the  centre,  Bubsdtute  in  the  fbrmulffi  (^)  the 
values  of  the  temu  in  this  case,  and  we  find 

t/''  =  b,  «"  =  o. 
Hence  if  ae  =  a,  e  is  the  centre,  and  eb  and  eb'  are  the 
asymptotes. 


(301.)  From  a  given  point  a  a  right  Ime  At  w  drawn,  in- 
tertecting  two  right  lines  sc  and  CD  given  in  potition,  and 
apart  ap  is  assumed  oa  this  linejrom  Ae  given  paint  a, 
aiaxn/s  equal  to  ^  part  sw  iatterapted  heimm  the  gioen 
right  linet  bc  and  cd,  itit  required  iojbtd  the  loeui  <^ 
tkepmnt  p. 
Let  the  otigin  of 
GO-ordiDatea     be    as- 
sumed at  A,  and  lines 
parallel  and  perpen- 
dicular to  CD  be  as- 
sumed as  axes  of  co- 
onUnates.  LetAOsy, 
and  the  equation  of  bc 
and  AT  be  respectiTely 
A^  +  B»+C>l=0,(l), 
A'y  -I-  rf«  «=  0,  («). 
Elinunating  jf  fix)m  these  equations,  we  find  the  value  of  g 
6x  the  pcnnt  E, 


Y            1 

It 

yy<  \/ 

^ 

■'A 

/" 

D 

'  ba'  — b'a 
but  hy  the  conditions  of  the  question,  if  j/^c  bc  the  i 
dinates  of  r,  ^  =  ho  ;  benoe 
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X  =^  a^  -\- 


ca' 


ba'  —  b'a' 


b' 


By  this  and  (S)  —7  being  eliminated,  the  equation  of  the 

locus  sought  is 

Kjfx  H-  Bar*  — Aofy  —  (bo/  +  c)x  =  0, 
or  ance  At/  ^-^  (bx^  4-  c),  where  t/  =  gc, 

A^x  H-  BO?*  —  AX^y  +  A^x  =  0 ; 

and  since =  cot.  p,  where  p  is  the  angle  bcd, 

yx  —  cot  (f  •  a:*  — a!y  +  y^?  =  0. 

The  locus  sought  is  therefore  an  hyperbola. 
The  co-ordinates  of  the  centre  are 

a:  =  a?',  ^  =  2  <;ot  <p  .  a!  ^^j/. 
The  ori^n  of  coordinates  being  removed  to  this  point,  the 
equation  becomes 

yx  —  cot.  <p  .a^  —  a:'(cot.  <p  .  af  —  j/)  =^  0, 

Hence  (121)  the  line  ca  is  an  asymptote,  and  the  other 
asymptote  is  a  right  line,  related  (105)  to  the  latter  system  of 
co-ordinates  by  the  equation 

y  =  cot  9  .  x. 

Hence  if  Ag^  =  ao,  and  gi  be  drawn  parallel  to  bc,  and 
GK  =  10,  the  point  k  is  the  centre  of  the  hyperbola,  and  a 
line  through  k  parallel  to  bc  is  one  a3yinptote,  and  cg  the 
other. 


PEOP.   CLII. 


(302.)  If  throiigh  the  vertices  of  two  similar  lines  qf  H^ 
second  degree^  whose  axes  coincide^  two  right  lines  be 
drawn  intersecting  theniy  they  zvill  be  cut  prqportionaUy 
by  tJtose  curves* 

Let  the  equations  of  the  two  curves  be 
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Snce  »=--=:  — r-,  these  curves  are  ramilar.     Let  the 

^  A*  A* 

equation  of  a  right  line  intersecting  them  be  y  =  ax^  which, 
bdng  substituted  in  each  of  the  equations,  gives 

a^  —  q 
and  dividing  the  one  by  the  other, 

X       p 

Hence  the  intercepts  of  the  intersecting  right  line  between 
the  ori^n  and  the  points  where  it  meets  the  curves  are  pro^ 
portional  to  the  principal  parameters,  and  therefore  the  ratio 
is  independent  of  the  inclination  of  the  secant  to  the  axis. 

Cor»  This  question  applied  to  the  circle  will  furnish 
solutions  for  the  following  problems : 

1^  To  describe  a  circle  passing  through  two  given  points 
and  touching  a  given  circk. 

2^,  To  describe  a  circk  passing  through agwenpoint  and 
touching  two  given  circks. 

3^.  To  describe  a  drck  touching  three  given  circles.  See 
Puissant  Propositions  de  Geometric^  pp.  119»  190. — JS&' 
creations  Maihematiques  of  Ozanam,  torn.  i.  p.  STT.^-^ 
No.  6,  Correspondence  swr  VEccle  Pdytechniqne. 
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PAOP.  CJLIII. 

(303.)  Let  two  similar  ellipses  or  hifperbolas  Juive  a  common 
centre  and  coincident  axea^  and  through  the  vertex  qfff^ 
smaller  let  a  tangent  be  drawn  intersecting  the  other; 
any  two  chords  of  the  greater  passing  through  the  point 
where  this  tangent  meets  ity  and  equoUy  inclined  to  this 
tangent f  are  together  equal  to  two  chords  of  the  smaller 
ellipse  parallel  to  them^  and  passing  through  (he  vertex^ 

Let  the  equation  of  the  smaller  be 

the  origin  bding  at  the  vertex;  this  changed  into  a  polar 
^uation^  gives 

(a*  sin,*  w  +  B*  COS.*  ci;)r  -  8b*a  cos.  w  =;  0 ; 
or  if  e  be  the  eccentricity, 

(1  —  6*006.*  a>)r-^/?cos.w  =  0; 

and  hence 

pcos.  dtf 
""  1— e*cos.*«>* 

Let  the  equation  of  the  greats  curve,  the  origin  being  at 
the  centre,  be 

If  the  origin  be  removed  to  the  point  where  the  tangent 
intersects  it,  and  whose  co-<Nrdinate8  are  therefore 

b'      . 
a?  =— A,  and  y  =; -y- ^a'« -  A*, 

the  equation  will  be 

ifijf  +  B'*a?«  H-  2a^bWa!^  —  a*  .j^  —  2B'*Aa?  =  0. 
Since  the  ellipses  are  similar,  their  eccentridties  are  equal, 
and  therefore  this  equation  becomes,  by  dividing  by  a'*,  and 

b'* 
observing  that  — ^  =  1  —  6«,  and  2(1  —  e^)A  =  p, 


y  -f.  (1  -  c«)a:«  -f  2  y/l  -  e^  Va«  -  a«  .  y  -  /)ar=  0. 
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This  changed  into  a  polar  equation,  and  solved  for  r', 

gives 

©COS.  a;-2 Vl-e^  Va'«— A« sin.  w 

1  — C*  COS.*  to 

The  two  values  of  r',  which  make  equal  angles  with  the  axis 
of  y,  differ  only  in  the  sign  of  sin.  w,  and  therefore  repre- 
senting them  by  r'  and  r", 

1— e«cos.*w 

hence  r'  -f-  ^  =  *^* 

Cor.  This  proposition  will  apply  also  to  two  parabolas 
if  they  be  equal. 

This  proposition  b  given  by  Clairaut  in  his  Theorie  de 
la  TertCy  and  is  the  principle  by  which  he  proceeds  in  his 
investigation  of  the  figure  of  the  planets,  when  they  are 
supposed  to  be  homogeneous. 

PROP.  CLIV. 

(304.)  TTiree  unequal  circles  being  given^  if  to  every  two  of 
them  common  tangents  be  dratsm^  the  ihree  points  of  in- 
tersection of  the  tangents  to  each  pair  of  circles  wiU  Ue^  in 
the  same  straight  line. 

Let  c,  c',  c",  be  the  centres  of  the  circles,  p,  p',  p"  the 
three  points  of  intersection  of  the  tangents,  r,  r',  r^,  the 
three  radii,  and  let  the  lines  p'p''  and  p'c  be  taken  as  axes 
of  co-ordinates.  Let  p'c"  =  y,  and  let  the  co-ordinates  of 
the  centre  d  be  t/a^.  The  ratio  if  :  t/  may  be  considered 
as  compounded  of  y  :  p'c^  or  r"  :  r,  and  of  p'c  :  y,  or 
r  :  r',  therefore  if :  i/  ::  r"  :  r' ;  but  c"?  :  c'p  : :  r"  :  r'. 
Hence  p  is  on  the  axis  of  x. 
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PROP.  CLV. 

(305.)  Two  circles  being  given  in  magnitude  and  pcmtuyii, 
let  a  tangent  to  one  of  them  intersect  the  others  to  find  the 
locm  of  the  intersection  of  tangents  to  the  second  passing 
through  the  points  where  the  tangent  to  the  first  meets  it* 
Let  the  centres  be  c,  c',  the  radii  r,  b^,  p  the  point  of 
contact  of  the  tangent  to  the  first,  and  p  the  point  whose 
locus  is  sought.    Let  cc'  be  the  axis  of  x,  and  a  perpen- 
dicular to  it  through  c,  the  axis  of  ^ :  let  the  co-ordinates  of 
p  be  y.r'  and  c'p  =  r,  cc'=^',  and  the  angle  pc'x  =  w. 
Since  the  equation  of  the  tangent  through  p  is 

^  +  ara;'  =  R* ; 
and  c'p  is  perpendicular  to  the  tangent,  therefore  the  portion 
of  c'p  between  c'  and  the  tangent,  (6),  is 

d/j:^— b2 

T"' 

r'« 
but  r  =  -T-  9  and  a?'  =  r  cos.  w,  therefore 


b'« 


r  = 


R — ar"  COS.  »' 

This  is  the  polar  equation  of  a  line  of  the  second  degree,  the 
pole  being  the  focus,  and  the  values  of  oi  measured  from 
the  axis.  The  parameter  and  eccentricity  are  given  by  the 
equations, 

2b'2 

-^ 

""    R  * 

The  locus  is  therejPore  SLparabola^  ellipse^  or  hyperbola^  ac- 
cording as  a:"  =  B,  a:"  <  R,  or  a;"  >  R. 

If  the  locus  be  an  ellipse  or  hyperbola,  the  axes  are 
determined  by  the  equations, 

A    ""      R  ' 
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Hence  it  follows  that 


A«— B«        y« 

A* 

~    B«' 

B«  = 

a!* 

ji*-^'«' 

A  = 

rr'« 

R^-a/'^' 

the  ratio  of  the  axes  are  therefore  Ve*  —  a/'*  :  e*. 

The  locus  will  be  a  circle  if  or"  =  0,  soil,  if  the  two  circles 
are  concentrical. 

If  the  centre  of  the  second  circle  be  within  the  first,  the 
locus  is  the  ellipse;  if  it  be  on  its  circumference,  it  is  the 
parabola;  and  if  it  be  outside  it,  it  is  the  hyperbola. 

PEOP.  CLVI. 

(806.)  To  find  {he  equation  of  a  line  of  the  second  degree^ 
tofuching  the  three  sides  of  a  given  triarig/e. 

Let  the  »des  of  the  given  triangle  be  represented  by  the 
equations 

tfy  +  6ar  +  c  =  0 
a!ff  •\'  Vx  -{•  d 

Let^  be  eliminated  by  each  of  these  equations  and  the 
g^eral  equation  of  the  second  degree,  and  the  results  ar- 
ranged by  the  dimensions  of  x,  are 
{a6« — ^ab  H-  ca*)a^+ (2a6c —boc— naft + Ka«)x 

+  AC*— DflC  +  Fa*  =  0 

(a J^  -  BciV  +  cc/^)x^  +  (2AVd  -  boV  -  naW + Ea'«)a?       i  .  v 

(A4ff«-Ba^iy +caf*)a^+(2A6V-  BrfV'-Da"y  +  E(^^)x 
+Ac''«~DaV4-Faf'*=0 
That  the  three  ^des  of  the  triangle  may  be.  tangents, 
the  roots  of  each  of  these  equations  must  be  real  and  equal, 
which  furnishes  the  conditions : 


142  ALGEBRAIC    680METRT. 

(b«— 4ac)c«4-(d«-  4AF)ft*+(E«  -  4cF)a«  - 
2(bd  —  2AE)ftc— 2(be— 2cd)oc-2(de— 2BF)aJ=0, 

(b«  -  4Acy * + (d«  -  4AF)fr'« + (e*  -  4cF)a'»  -  ^ 

2(bd  -  2AE)yc'-  2(BE  -2cD)aV-.2(DE  -  2BF)aW= 0,  '^^^ 

(b«  -  4ac)c^*  -f  (D*— 4af)  J** + (e«— 4cF)a^2— 
2(bd— 2ae)6^(/'— 2(be— 2cd)oV— 2(de— 2BF)a''6^ =0v 

These  three  equaticms  are  sufficient  to  eliminate  three  of  the 
coefficients  of  the  general  equation,  and  the  remaining  ones 
continue  indeterminate. 

If  the  two  sides  of  the  triangle  represented  by  the  second 
and  third  equations  in  (a)  be  taken  as  axes  of  co-ordinates, 
these  equations  must  become  respectively  ^  ^  0  and  «r  =  0, 
and  therefore  V  =  0,  c'  =  0,  a"  =  0,  c"  =  0,  and  hence  the 
conditions  (c)  become  in  this  case 

(b2  -  4ac)c2  -  2(bd  -  2ae)6c  —  2(be  -  2cD)ac 
—  2(de  —  2BF)a6  =  0, 

E*  —  4cF  =  0, 
D^  —  4af  =  0. 

The  co-ordinates  of  the  points  where  the  curve  touches 
the  axes  of  co-ordinates,  are  in  this  case 

D  -  E 

J/  =  —  o    and  ^  =  —  --. 
•^  2a  2c 


PROP.  CLVII. 

(807.)  To  find  the  eqttation  of  the  hcus  ^  the  centre  of  a 
line  of  tJte  secofid  degree,  which  touches  the  sides  ^^ 
given  angle  in  two  given  points. 

Let  the  sides  of  the  given  angle  be  assumed  as>  axes  of 
CO  ordinates,  and  let  the  distances  of  the  points  of  contact 
from  the  mgin  be  respectively  t/  and  ^.  If  the  equiftioti  of 
the  curve  be 

Ay«  +  BXy  +  CX2  +  Dy  -f.  BAT  +  F  2r  0. 
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The  conditions  of  the  question  give  die  eqoationn, 

D«  -  4af  a  0, 
E«  —  4cp  =  0, 

y-       — 
y 2a' 

"^  «c- 

The  co-ordinates  of  the  centre  are 

_      BP— 2ah 

^""  ■"  r2-4ac' 

_         BE  — 2CD 

^  B«— 4ac  • 

The  quantities  c,  d,  e,  f,  being  eliminated  trom  these  bj 
means  of  the  fcnrmer  equations^  the  results  are 

^""2AyH-B«'* 

'^^gAy+Bo:'' 

The  equation  therefore  of  the  locus  sought  is  found  by 
eliminating  b  and  a  from  these,  which  is  done  by  dividing 
the  one  by  the  other,  and  gives 

yai  —  xy  =  0. 
The  locus  is  therefore  a  right  line  passing  through  the 
vertex  of  the  given  angli^  and  bisecting  the  line  joining  the 
pobts  of  contact.     Sbice 

JS      —  *AO  — .         ^2  .  ^^  , 

the  curve  is  an  ellipse  or  hyperbola,  according  as  y  <  2y, 
or  >  2y,  and  it  is  a  parabola  if  the  centre  be  at  an  infinite 
distance.  The  species  of  the  curve  therefore  depends  on 
the  side  of  the  line  joining  the  points  of  contact  at  which  the 
centre  is  assumed ;  if  it  be  at  the  same  side  with  the  vertex 
of  the  ^ven  angle  it  is  an  hyperbola,  and  if  at  a  difierent 
side  an  ellipse. 
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If  y  =  a)^  the  locus  is  the  bisector  of  the  ^ven  angle, 
which  is  the  common  mus  of  all  the  cutves. 


PROP.  CLVm. 

(808.)  To  f n^m&e  an  ^0^«e  or  %5(p^&o2a  f n  a  ^rtang*^  «o  o^ 
to  touch  its  hose  aJt  the  point  of  bisection,  and  also  to  touch 
one  of  the  sides  in  a  given  points 

By  the  last  Proposition,  the  centre  must  be  upon  the  line 
through  the  point  of  bisection  of  the  base,  and  the  vertex  of 
the  opposite  angle.  And  the  line  joining  the  points  of  con^ 
tact  of  the  other  two  ades  must  be  parallel  to  the  base ; 
hence  may  be  found  the  point  of  contact  with  the  other  side, 
and  the  solution  of  the  problem  is  evident;  if  the  given 
point  of  contact  with  the  side  be  in  the  production  of  the 
side,  the  curve  is  an  hyperbola,  if  otherwise,  an  ellipse. 

PROP.  CLIX. 

^309.)  Tojvnd  the  locus  of  the  centre  qf  ellipses  or  hyper- 
bolas which  touch  the  three  sides  of  a  triangle ,  and  touch 
one  in  a  given  point* 

Let  two  sides  c,  dj  of  the  triangle  be  assumed  as  axes  of 
co-ordinates,  and  the  equation  of  the  third  side  (cP)  is 

dy  "\-cx  —  cc'  =  0. 
The  condition  of  contact  with  the  axes  of  coordinates  and 
this  line  are 

E«  —  4CF  =  0, 

D«  —  4cF  =  0; 

^BD— 2ae        ^be~2cb  ,        DE— 2bf.     ^ 

cd  —  2-r — 7— c  — 2-T — -T—d  ^  o^^ 5 —  =  0. 

B*— 4ao  b*  —  4ac         -^b*  —  4ac 

Let  the  distance  of  the  point  of  contact  with  the  axis  of  x 
from  the  origin  be  od,  *.'  x  =  —  ^r;* 
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The  oo-ordinates  of  the  centre  bebg 

_        BE— 2cD 

•'''■""  B*  -.4ac' 

BD — 2aE 

"^  ""  B«  — 4ac* 
We  findy  after  elimination,  the  equation  of  the  locus  sought, 

S(€f  -  af)tf  +  Scaled  =  0j 
which  proves  the  locus  sought  to  be  a  right  line. 

Ify  =  0,  or  =  — ,  and  if  x  =  — ,  y  =  ;^.  Hence  it  ap- 
pears, that  if  a  right  line  be  drawn  connecting  the  ^ven 
point  of  contact  with  the  vertex  of  the  opposite  angle,  the 
right  line  which  is  the  locus  sought  bisects  this  line,  and  the 
fflde  of  the  triangle  on  which  the  given  point  of  contact  lies. 

PROP.  CLX. 

(310.)  To  find  ihe  locus  of  the  vertex  of  a  triangle  con- 
itructed  on  a  gvoen  base,  one  of  wlwse  baee  cmgUe-  is 
double  ihe  other. 

The  extremity  of  the  base  being  taken  as  origin,  and  the 
base  as  axis  of  a?,  let  one  base  angle  be  a,  and  the  other  Sa, 
and  the  co-ordinates  of  the  vertex  yx.    By  trigonometry, 

2tan.  A 

tan.  2a  =  = — - — r— ; 
1— tan.*  A 

but  tan.  A  =  — ,  and  tan.  2a  =  -jt^  ,  where  or'  is  the  base. 
Hence,  after  reduction,  the  equation  of  the  curve  sought  is 

which  is  the  equation  of  an  hyperbola,  whose  transverse  axis 
is  two-thirds  of  the  base. 
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PBOP.  CLXI. 


(311.)  Given  in  magnUude  and  position  the  vertical  angle 
of  a  triangle,  whose  area  is  also  given,  to  find  the  locus 
of  a  point  which  divides  ihe  opposite  side  in  a  given  ratio* 

Let  the  ndes  of  the  given  angle  be  assumed  as  axes  of 
co-ordinates.  The  co-ordinates  of  the  pointy  whose  locus  is 
sought,  being  yx,  the  equation  furnished  by  the  conditions 
of  the  question,  after  the  requisite  reduction,  is 

_    2a  m.n 

^^  ""  an.  (^  '  {m  4-  n)** 
where  f  =  the  given  angle,  a  the  given  area,  and  m :  n  the 
given  ratio. 

The  locus  is  therefore  an  hyperbola,  whose  asymptotes  are 
the  sides  of  the  given  angle. 

pmop.  cLxii. 

(S12.)  To  find  the  Uhms  of  (he  extremity  of  a  portion,  as^ 
sumed  wpon  the  sine  of  an  arc,  equed  to  the  sum  or  dif 
Jbrence  rfiis  chord  and  versed  sine. 

By  the  conditions  eiq>ressed,  the  equation  of  the  sought 
locus  is 


y  z=.  ^%rx  +  x^ 
where  r  is  the  radius ;  which,  when  disengaged  from  the 
radical,  becomes 

y^  +  %yx  +  ^«  -  %rx  =  0, 
which  is  the  equation  of  a  parabola. 

It  is  evident  that  the  axis  of  the  parabola  is  inclined  at  an 
angle  of  45^  to  the  diameter  of  the  circle. 
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PROP.  CLXIII. 


(818.)  The  ordinate  to  the  axis  of  a  line  of  the  second  cfe- 
gree  being  produced  to  until  the  part  prodiiced  equals  the 
distance  of  the  point  where  it  meets  the  curve  Jrom  the 
ficus^  to  find  the  locus  of  the  extremity  ofthe  produced  part. 


iL  ct  If 


Let  the  ordinate  pm  be  produced  until  Mm  equals  fm,  f 
being  the  focus  of  the  proposed  curve :  the  object  is  to  find 
the  locus  of  the  point  m. 

The  pokt  equation  of  a  line  of  the  second  degree  is 


r  = 


z 


2(1  —e  COS.  ojy 

which  represents  an  ellipse,  hyperbola,  or  parabda,  ac- 
ooiding  as  ^  <  1,  >  1,  or  =  1. 
Let  rm  be  drawn.    By  the  conditions  of  the  question 

vm  =  Sr  cos.  hifm  =  9r  sin,  mrv. 

l£jfx  be  the  rectangular  co-ordinates  of  the  point  m,  related 
tto  ST  and  Fx,  as  axes  of  co-ordinates, 

rm  =  Vj/*  +  ^f 


sin.  #iFp 


y 


and  since  mfp  =  90"  —  Sotfm, 


I.S 
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V  y 


'^  (1  —  »^  Sin.  WFP  COS.  mFP)    Vy^  -I- j^ft 

which  reduced  becomes 

^  —  Zei/x  +  x^  —  pj/  =  0, 

which  is  the  equation  of  an  ellipse,  hyperbola,  or  parabola, 
according  ase<l,  >1,  or=l.  The  locus  sought  is 
therefore  a  line  of  the  second  degree  of  the  same  species  as 
the  proposed. 

The  solution  of  the  equation  for  x  shows  that  the  curve 
touches  the  axis  of  or  at  f. 

If  the  equation  be  solved  for  y,  the  roots  are 

i/  =  ex  +  Ip  ±  V(e^  —  1)^*  +  pex  +  ^j»«. 

To  find  the  values  of  ^,  which  touch  the  curve,  let  the  values 
of  X,  which  render  the  radical  =  0,  be  found,  and  the  cor- 
responding values  of  y  are  those  sought.  These  values  of 
X  are 


J*  =  — 


2(1  +  ey 
P 


2(1-^)' 

and  the  corresponding  values  of  ^  are  equal  to  these  re- 
spectively. These  being  the  distances  of  the  vertices  of  the 
proposed  curve  from  the  focus,  indicate  the  following  cir- 
cumstances with  respect  to  the  position  of  the  proposed 
locus.  .      ■  \.         • 

If  a  perpendicular  to  ax,  the  transverse  axis  of  the  pro- 
posed curve,  be  drawn  through  its  vertex  a,  and  ab  =  af, 
the  locus  sought  touches  ay  and  ax  at  b  and  f.  * 

If  BF  be  drawn,  and  bisected  at  £,  a  right  line  passing 
through  A  and  £  is  the  axis  of  the  locus.  The  line  bh,  the 
focal  tangent  of  the  proposed  curve,  is  a  diameter  of  the 
locus  whose  ordinates  are  parallel  to  ay. 

The  axes  of  the  locus  are  inclined  at  an  angle  of  4f5^  to 
those  of  the  proposed  curve. 
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If  the  proposed  curve  be  a  parabola,  £  will  be  the  focus, 
and  BF  the  parameter  of  the  locus. 

If  CO  be  drawn  through  the  centre  of  the  proposed  curve 
perpendicular  to  ax^  and  intersecting  ae  in  n,  n  is  the  centre 
of  the  locus. 

If  the  proposed  curve  be  a  parabola,  whose  param^eter  is 

Py  the  parameter  of  the  locus  =  -^. 

If  the  proposed  curve  be  an  ellipse  or  hyperbola,  let  its 
semiaxes  be  a  and  b,  *.*  ad  =  a  \/2.  And  since  the  tan-* 
gents  AF  and  ab  are  at  right  angles,  ad  =  Va/^-^bl^  d  and 
V  being  the  semiaxes  of  the  locus ;  also  ad  .  de  =  d^^  and 

DE  =  CO .  V2  =  i — =-.    Hence  it  follows  that 

V2 

•.'  a(a  +  c)  =  a% 

It  will  appear  by  Sect  XVIII.  that  the  areas  of  the  two 
curves  are  equal 

PROP.  CLXIV. 

(314.)  Tojiiid,  the  hcus  of  the  point  of  bisection  of  the  nor- 
mal to  a  line  of  the  second  degree. 

Let  the  equation  of  the  line  related  to  its  axis  and  vertical 
tangent  as  axes  of  co-ordinates  be 

Ay«  +  B«J^«  -  2b*a«'  =  0. 
Let  the  co-ordinates  of  the  point  of  bisection  of  the  normal 
be  yx.    By  the  conditions  of  the  question 

^      ^  2a«     '    ' 

b2(a— a/) 
since  the  subnormal  is  equal  to . 

The  co-ordinates  jfaf  being  eliminated  by  means  of  these 
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equations^  and  the  result  arranged  according  to  the  dimen- 
sions o{y  and  or,  we  find 

(b^  -  2a«)«j/2  +  B*A2;r<  —  2B«A^a?  -  iB*(B«  —  4a2)  =  0, 
the  equation  of  the  locus,  which  is  therefore  a  line  of  the 
second  degree,  of  the  same  kind  as  the  given  one. 

If  the  given  curve  be  a  parabola,  the  equation  of  the 
locus  (since  a  is  infinite),  becomes  16y*  —  4p^  +  J>*  =  0^ 
which  is  the  equation  of  a  parabola,  whose  vertex  passes 
through  the  focus  of  the  given  one,  and  whose  parameter  is 
equal  to  a  fourth  of  the  parameter  of  the  given  parabola. 

If  the  ^ven  curve  be  an  ellipse  or  hyperbola,  let  the 
origin  of  coordinates  be  removed  to  the  centre,  and  the 
equation  of  the  locus  becomes 

(2a«  —  B«)y  +  A*B«a:«  =  iB2(2A«  -  B«)» 
Hehce  the  semiaxes  a',  b'  of  the  locus  are 


a'  =  a- 


b'  =  ^B. 


B* 


PROP.   CLXV. 

(315.)  A  right  line  (bm)  being  related  by  its  equation  to 
rectangular  co-ordinates^  if  a  right  line  be  drawn Jrom  ike 
origin  (a),  meeting  tJie  ordinate  qftfie  proposed  rigJU  tine 
at  (q),  so  that  aq  =  pm,  tojind  the  locus  of  the  point  (q). 

Let  AQ  =  r,  and 
qap  =  w  ;  let  the 
equation  of  the 
right  line  be 
y  —  aa?  —  6  =  0. 
Since  by  hypo- 
thesis r  =i  y^  and 
X  =  r  cos.  w,  the 
equation  of  the 
locus  is 
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r  = 


(1  —  aoos. «»)' 

The  locus  is  therefore  a  line  of  the'  second  degree,  whose 
panuneter  is  Si,  and  eccentricity  =  a.  It  is  obvious  also 
that  the  right  line  bm  is  the  focal  tangent 


PROP.  CLXVl. 


(816.)  If  from  the  centre  (c)  (^  an  ellipse  a  line  (cq)  be  in- 
Jkcted  on  the  ordincde  (pm)  to  the  axis,  so  that  cq  =  pm, 
to  find  the  locus  of  the  point  a. 

Let  the  equation  of  the  given  ellipse  be 

and  let  the  co-ordinates  of 
the  point  a  be  yx.  B7 
the  conditions  of  the  ques- 
tion, the  equation  of  the 
locus  is 


B 


/2 


y*  +  ^'  =  T75(A'*  -  ^% 

A 
* 

which  reduced  becomes 

Hence  the  locus  is  an  ellipse,  whose  axes  coincide  with  those 
oifthe  given  one.     Let  the  semiaxes  of  the  locus  be  a,  b. 


a'b' 


A  = 


^a'2  +  b'*' 


B  =  b'. 


Hence,  if  the  angle  bca  be  bisected  by  en,  and  de  be  drawn 
perpendicular  to  ca,  ce  =>:  a. 
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SECTION  XV. 


Q^lAr  i^ip/ication  <^  the  dtffererdial  and  iMegral  caiadn 
to  curves. 

QftangeniSt  normals,  ^c. 
(31 7>)  The  differential  soii  integnd  caladtis  is  peculiarly 
adapted  to  the  analytical  investigation  of  the  properties  pf 
curves ;  and  the  application  of  that  stnence  to  thb  purpose 
cannot  but  be  conudered  as  one  of  the  most  interesting  and 
usefulpartsof^^e^ou:  Gecmtf^.  We  shall  therefore  in  the 
present  section  proceed  to  ap|^y  die  caicidua  to  the  discovery 
of  those  properties  to  which  it  is  particularly  adapted,  and 
Lq  which  the  prindples  of  cotnmon  algebra,  used  in  the  pre- 
ceding s^tions,  are  either  inadequate  ot  incommodious. 


FSOP.  CLXVII. 

(818.)  To  determine   the  position  of  a  tangent  passing 
throng  agivenpmnt  (i/af)on  a  curve,  whose  equation 
is  Y{yx)  =  0. 
Let  the  equation  of 

the  tangent  sought  be 


where  a 


.  Let 


.a(x-j:')=0, 

an.  Ix 
~  sin.  lif' 
F  be  the  g^ven  point,  and 

pp=  ±   AX, 
then  by  Taylor's  theo- 


.      ^.  A^     dV 


^y- 

PV 

/\P 

P                                            ■ 

^ 

7^ 

A.             il 

(Py  _     Aj' 


l-il~di'     !• 


,  &c. 


■^  =  ±%^-- 


ALGEBRAIC   OKOMETRY.  l53 

In  this  series  such  a  value  may  be  assigned  to  Ao:  as  will 
render  the  first  term  greater  than  the  remainder  of  the  series, 
and  the  same  term  will  be  greater  than  the  remainder  of  the 
series  for  all  values  of  Aor  between  that  and  zero.  Hence 
if  Aa?  =  pp  render  the  first  term  greater  than  the  remamder, 

T^f.z=zpp  -  ;>y  will  have  the  same  sign  with  -^,  since 

Aor*  is  positive  whatever  be  the  rign  of  Aj:,  and  the  same 
will  be  true  for  all  points  between  p  and  p.  Hence  it  fol- 
lows, that  at  each  side  of  the  point  p  the  curve  lies  at  the 
same  side  of  the  right  line,  and  that  it  lies  above  or  below  it 

accordmg  as  ^  and  ^  have  the  same  or  different  signs.  The 
case  in  which  jfi  =  0  shall  be  considered  hereafter.    The 

curve  is  •/  convex  towards  the  axis  of  x.  if  -^  has  the 

dx^ 

same  sign  with  ^,  and  concave  if  they  have  different  signs. 
Any  other  right  line  passing  through  the  point  p  must  inter- 
sect the  curve ;  for  let  its  equation  be 

,  -  dy        ,^  Aa:      d^y      A^*     d'y         Aa?* 

In  this  series  such  a  value  may  be  assigned  to  A:r  as  will 
render  the  first  term  equal  to  the  remainder  of  the  series,  imd 
therefore  if  the  sign  of  A^  be  in  that  case  different  from  that 
of  the  remainder  of  the  series,  the  value  of  j/pP  will  vanish, 
and  the  right  line  will  meet  the  curve  at  that  point,  and  for 
every  point  between  that  and  f  the  right  line  will  lie  within 
the  curve- 
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Hence  the  equation  of  the  tangent  through  the  point 
y^/is 

(319.)  Cor.  1.  A  point  can  be  found  on  a  curve,  through 
which  a  tangent  shall  be  parallel  to  a  right  line  given  in  po- 
sition.   Let  the  equation  of  the  right  hne  be 

Ay  +  bo:  +  c  =>  0. 

The  coordinates  of  the  point  of  contact  may  be  found  by 
the  equations 

^y  _    B 

F(y^)  =  0, 

the  latter  being  the  equation  of  the  curve. 

diJ 
(320.)  Cor.  2.   If  -^  =  0,  the  tangent  is  parallel  to  the 

axis  of  x^  and  vice  versa, 

(321.)  Cor.  3.  If  -^  =  » ,  the  tangent  is  parallel  to 

the  axis  of  ^,  and  vice  versa. 

(322.)  Cor.  4.  The  equation  of  a  tangent  to  a  given  point 
on  a  line  of  the  second  degree,  may  be  found  by  differen- 
tiating the  equation 

AJ/«  +  BXy  +  car*  +  Dy  +  E^  +  F  =  0, 

which  gives 

dy  __      &CX  +  Bj/  +  E 
dx  "~      2a^  +  bo?  +  d' 

and  therefore  the  equation  of  the  tangent  is 

(2Ay+B«'  +  D)  (3^— y)  +  (2ca:'+By+E)  {x-af)  =  0, 

which  is  the  same  with  the  result  of  (133). 
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FKOP.  CLXVIII. 

(S23.)  Tojind  the  subUmgeni  to  a  given  point  on  a  curve. 

In  the  equation  of  the  tangent  let  y  =  0,  and  the  value 
of  the  sabtangent  sis  of  ^  a,*.* 

and,  in  like  manner,  the  value  of  the  subtang«it  measured 
on  the  axis  of  ^,  is 

{Si*.)  Cor.  If  the  length  of  the  tangent  be  t. 


4/' 


whidi,  when^x  » -^^  beocmies 


PROF.  CLXIX. 


(825.)  To  fini  {he  eqtuxtion  of  the  normal  and  the  sub- 

normaL 

The  equation  of  a  line  perpendicular  to  the  tangent  is, 
by  (89), 

(co6.yjr+^)  (3^  -y)  +  (^cos.j^j:  +  l)(a;  -  a^  =  0, 
which,  when  ya:=^,  becomes 

The  subnorraal,  taken  relattvely  to  each  axis  of  co-or- 
dinates, may  be  found  by  supponng  y  and  x  succesavely 
s  0  in  these  equaticms,  which  gives 
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s 


It 
which^  when  yx  =  -5-,  become 


8'=- 


dy 


FAOP.  CLXX. 

(3S6.)  To  iransjhrm  any  expressvm  involving  the  co-or- 
dinates YX  qf  any  point,  and  their  differentials,  into  one 
involving  the  polar  co-ordincttea  z,  w,  and  their  d^ 
ferentiah. 

The  angle  yx  may  in  this  case  be  taken  as  a  right  angle, 
to  avoid  the  complexity  of  the  expresaons  which  would  re- 
sult from  any  other  suppo^tion.  Any  formula  related  to 
oblique  angled  co-ordinates  may  be  transformed  first  to  rect- 
angular, and  then  to  polar  co-ordinates. 

The  angle  ^0?  being  a  right  angle,  the  point  %fa}  the  pole, 
and  the  angle  w  being  measured  from  a  line  which  makes 
with  the  axis  of  a;  an  angle  <<'', 

^  =  .2  sin.  (w  +  tt/), 

0?  =r  »  cos,  (W  +  ft/), 

dy  -=-%  COS.  (ctf  -h  ft/)dw  +  sin.  (w  -4-  iJ)dz^ 
dx  =  COS.  (ft*  +  oaf)dz  —  5:sin,  (a;  -f  u/)duf, 
^  ^  dy  ^  zduf\-  tan.(fty  +  iJ)dz 
'  ctr  "^    dz"  tan.  (a;  -f  (if/)zdw 
d^y ss, sin.(ft;  +  ciJ)d^z  +  2  cos.  (»  +  of/)dzdw''^z  an.  (t0+uf)dw^9 
d^x=^co&.(uf\-  ft/)d*j2 — 2  sin.  {cti+ct/)dzdw  -  z  cos.  (w+ft/)dw*. , 

* 

By  these  formulae  any  expression  involving  yw  and  their 
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first  and  second  differentials,  can  be  converted  into  an  ex- 
pression involving  zoj,  and  their  first  and  second  differentials ; 
and  in  like  manner,  by  pontinuing  the  process,  the  sub^tu- 
tion  necessary  for  the  differentials  of  higher  orders  may  be 
found. 


PROP.  CLXXI. 

(827.)  To  express  the  angle  under  the  radius  vector  qf  a 
cvrve^  whose  equation  is  z  =  F(a;),  a/nd  a  tangent  throfugh 
any  point  zoo. 

Let  the  angle  under  the  radius  vector  and  fixed  axis  b^ 

zx^  and  that  under  the  tangent  and  the  same  tx^  and  the 

angle  under  the  tangent  and  radius  vector  tz.     Now, 

tan.  tx  —  tan.  rx 

tan.  tzz:z — , 

1  +  tan.  tx  .  tan.  rx 

but 

tan.  5:x=— ,  tan.  fep=:-f^; 

X  ax 

hence 

ydx  —  xdy 

tan.  tz  =  — -^-T f-, 

xdx  +  yay 

Substituting  in  this  expression  for  y^  Xj  dy^  dx^  the  values 

found  in  (3S6),  the  result  is 

z^d(ii\  sin.«  {«  +  a/)  +  cos.«  (w  +  ft^)  J 
tan.  tz  =  ^1  J 

;:d»|rin.«(«  -h  tt/)  +  oos.«(w  +«/>| 

•.'tan.  fo=-j-; 

hence  also 

zdto 


sm.  tz  = 


(2«rf«i«+(fe«y 
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PSOP.  CLXXI. 

(8S8.)  Given  the  polar  equation  %  s=  F(ar)  ^a  ctin;^,  to 

express  ff^  polar  subtangeni. 

Let  the  polar  subtangent  be  p,  */  p  =  z  tan.  tz,  *.* 


p  = 


dz  * 


Of  rectification  and  quadrature. 

PEOP.  cLxxn, 

(8^.)  The  Equation  qf  a  curve  being  given,  to  find  the  length 

of  any  art  of  it, 

1.  If  the  equation  be  related  to  fixed  axes  of  co-ordinates 

yx,  let  A  be  the  arc,  and  it  is  plain  that 

I 
Ja  =  (dfy^  +  dx"^  +  9dy  dx  cos.  yor)^, 

•.'  a  =^f{dy^  +  da?*  +  9^  dx  cos.  yx)^  +  c, 
in  which  the  value  of  the  constant  c  is  determined  by  the 
co-ordinates  of  the  extremities  of  the  arc  sought. 

A  *=/(4j^  +  «fe*)^  +  C. 

2.  If  the  curve  be  expressed  by  a  pcdar  equati<m  r=F(ctf), 
let  the  values  of  dy  and  dx  (3S6)  be  substituted  in  the  pre- 
ceding equation,  and  the  result  is 

A  =/(«»rfai*  +  d^Y  -f  c, 
where  c  is  determined  by  the  values  of  z  and  w  for  the  ex- 
tremities of  the  proposed  arc. 

The  determination  of  the  length  of  an  arc  is  usually  called 
the  rectification  of  the  curve. 
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PRO?.  CLXXIII. 


(330.)  To  find  the  area  includedby  two  values  afx^  the 
curve  and  (he  eucis  ofx^  or  by  two  radii  vectored,  ifih€ 
curve  be  expressed  by  a  polar  equation. 

1.  Let  the  equation  be  t(j/x)  =  0,  and  a'  the  sought 
area, 

dA*  =  ffdx  .  sin.  yxy 
•.•  a'  :=Jydx  •  sin.^a?  4-  c ; 
and  if  the  co-ordinates  be  rectangular, 

a'  '=^fydx  -h  c ; 
where  c  is  determined  by  the  values  of  y,  which  include  the 
area. 
S.  If  the  curve  be  expressed  by  a  polar  equation^ 

dfi  =  4sin.  iz .  zdpL^ 


I 


where  Ja  =  (z^dw*  +  dz^y  (329),  and 

zdm 


sin.  tz  = ;  •, 


dii  =  ^'cfc;, 
•/  a'  =  \fz^dM  +  c, 
where  c,  as  before,  is  determined  by  the  values  of  js,  which 
include  the  proposed  area. 

The  determination  of  the  area  is  usually  called  the  qua- 
drature of  the  curve. 

Of  oscylaiing  circles  and  evolutes. 

(331.)  The  principles  on  which  the  investigation  of  a  line 
touching  a  curve  is  founded  being  generalised,  produce  some 
results  of  considerable  importance  in  the  analysis  of  curves. 
The  object  sought  in  that  case,  was  a  right  line  meeting  the 
curve  in  such  manner,  that  no  other  right  line  passing 
ihiough  the  same  point  could  pass  between  it  and  the  curve, 
but  must  pass  at  the  same  side  of  both.     Now  a  circle  may 
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be  sought  fulfilling  similar  eonditions,  soil*  so  meeting  the 

curve,  that  no  other  circle  through  the  same  point  can  pass 

between  it  and  the  curve.    Let  the  equation  of  the  curve 

and  that  of  the  sought  circle  be 

F(ya:)=:0     (1), 

Cy  -y)*  +  (J?  -  ^«  -  R"  =  0    (2), 

where  jfai  are  the  co-ordinates  of  the  centre  of  the  drcle,  and 
R  is  the  radius.  In  order  to  limit  the  circle  to  touch  the 
curve  at  the  point  yx^  it  is  necessary  that  the  first  difierential 
coefficient  in  the  two  equations  be  equal  to  each  other,-  for, 
in  that  case,  the  same  right  line  shall  touch  them  both  at  the 
point  p.  By  differentiating  the  equation  of  the  circle,  the 
result  is 

(y  —  y)dy  4-  (or  -  a})dx  =  0     (8). 

The  value  of  ~  resulting  from  equation  (1)  being  sub- 
stituted in  this,  and  ^a!  being  supposed  variable,  and  yx 
constant,  it  is  the  equation  of  the  locus  of  the  centre  of  a 
circle  touching  the  curve  at  the  point,  and  shows  that  the 
centres  of  all  such  circles  are  on  the  normal  (39)«  The 
question  then  is,  among  those  circles  to  determine  that 
between  which  and  the  curve  none  of  the  others  pass.  For 
this  purpose,  if  the  equation  (3)  be  differentiated, 

(y  -  y)d»^  +  (-2?  -  ^^3c  +  dy^  +  (ir*  =  0    (4); 
thb  and  (3)  will  determine  the  centre  of  the  sought  circle. 

Let  the  values  of  ^,    -j—,   -~^  &c,    for    the  equation 

F(y^)  =:  0  of  the  curve  vp  be  a',  a",  a"',  &c.,  and  their 
values  for  the  cirde  (pp')  determined  by  (2),  (3),  (4),  be 
b',  b",  b'",  8lc. ;  and  the  values  for  any  other  circle  i^  be 
c',  c",  c"',  &c. 

Let  pp*  =  AT,  pjp  =  A^,  py  =5  Ay,  p'y  s=  Ay';  then 
by  Taylor's  theorem. 
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^JC  A.  Jy  A.  J?^ 

A5^=A'  .  -p  +  A'jj  +  A."^^.  &C. 

Now,  since  a'  =  b'  s  d,  and  a''  =  b'',  by  the  conditions 
already  laid  down^  *•* 


1.2 


1.2.8 


Ay-  a/ =  (b"  -  c*^^  +  (b"' -  d")-^,  8lc 

The  value  of  a^  may  be  taken  so  small,  that  the  first  tenn 
of  each  of  these  series  shall  surpass  the  value  of  the  sum  of 
the  remaining  tenns,  and  therefore  the  sign  of  the  whole 
series  will  be  that  of  the  first  term  in  each;  but  since 
A*=  b",  V  a"  —  c"  =  b"  —  c",  hence  the  signs  of  Ay—  Ay", 
and  A^  —  Ay"  are  the  same,  and  therefore  the  point  p^ 
cannot  lie  between  the  points  p  and  //,  that  is  to  say,  the 
part  of  the  drcle  pp"  flowing  inunediately  from  the  point  p, 
must  lie  at  the  same  ude  of  the  curve  rp  and  the  circle  i^. 
(332.)  Dgf.  The  circle  thus  determined,  is  called  the 
08culatimg  circle  to  the  point  p. 

M 
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PROP.  CLXXIV. 

(333.)  To  express  the  co*ordinates  of  the  centre  and  the 

radius  of^  osctdaiinff  circle. 

Let  the  values  oij/af  and  r  be  determined  by  the  equa- 
tions (2),  (3),  (4) ;  whence, 

•"     •''     {fiy  dx—d^x  dt/* 
^^^      (^+^%_ 
d^xdtf—iPifdx* 


R  ss   -p 


d^dx—d^xdy' 
The  value  of  r  being  a  square  root,  is  susceptible  of  two 
signs :  which  we  should  employ  is  conventionaL  If  the  con- 
cavity of  the  curve  be  turned  towards  the  axis  of  x,  the 
radius  of  the  circle  which  passes  through  the  point  of  contact 
will  also  be  in  that  direction*  If  the  radius  thus  situate 
be  considered  positive,  the  value  of  R  given  above  must  in 
that  case  be  taken  with  a  negative  sign,  because  d^jf  wll  in 
that  case  be  negative  (3 18),^  being  supposed  positive.  We 
shall  therefore  consider  the  value  of  b  to  have  the  negative 
sign  prefixed. 

(384.)  In  the  preceding  investigation  we  have  considered 
both  dy  and  dx  as  variable,  for  the  sake  of  generality,  and 
also  because  it  preserves  more  sjrmmetry  in  the  expressions. 
If  dr,  however,  be  considered  constant,  d^x  =  0,  and  the 
expressions  therefore  become 

"       d'ydx      ' 
(Jy*+d:r»)^ 


R  =  — 


d^dx 
(335.)  The  osculating  circle  is  known  by  the  name  of  the 
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mde  rf  cmvaktre,  and  its  radius  is  called  the  radiuB  qf 
curoature.  It  received  this  name  probably  from  the  sup-. 
position  that  it  has  the  same  curvature  with  the  curve  at  the 
pmnt  of  contact ;  but  this  is  not  strictly  the  case,  as  there 
are  an  infinite  number  of  other  curves  which  may  pass 
between  it  and  the  given  curve,  and  whose  curvatures  there- 
fore approach  nearer  to  that  of  the  curve  than  the  curvature 
of  the  osadatmg  circle^  as  will  be  shown  hereafter.  The 
curvature  of  this  circle,  however,  approaches  nearer  to 
that  of  the  curve  than  the  curvature  of  any  oiJier  circle^  and 
in  this  sense  the  name  of  the  circle  of  curvature  may  not  be 
inapplicable. 

P&OP.  CLXXV. 

(836.)    A  curve   being  expressed  by  a  polar  equation^ 
z  =  F(ai),  tojind  the  radiits  qftJie  oscukUvng  circle* 

In  the  value  of  R  in  the  equati(m 

{ch^  +dx')^ 


ch/djp^cPxdy^ 
let  the  values  of  dy,  dx,  dfy^  d^x^  be  substituted,  and  the 
result  is 


R  =  — 


(»*(foi* +2{fe«  -zd'z)dM* 
(837.)  Def.  The  osculating  circle  varying  its  position 
and  magnitude  for  the  different  points  of  the  curve,  the 
hens  of  its  centre  is  a  line  whose  nature  and  properties 
depend  on,  and  are  derivable  from,  those  of  the  given  curve. 
This  locus  is  called  the  evolute  of  the  curve,  and  the  curve 
is  its  involute. 


m£ 
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PROP.  CLXXYX. 

(338.)  TTie  equaiion  qf  a  curve  if(yx)  =  0  beiiig  given, 

to  find  that  of  its  evolute. 

By  the  equations 

d^xdy—d^  dx* 

united  with  that  of  the  curve  and  its  first  and  second  dif- 
ferentials, the  quantities^,  a?,  dyj  dx,  <Py,  and  d^x,  may  be 
eliminated,  and  an  equation  will  be  thence  found  expressing 
the  relation  between  t/a',  the  co-ordinates  of  the  centre  of 
the  osculating  circle,  and  the  constants  of  the  equation 
F{yx)  =  0  of  the  curve.  This  relation  is  independent  of 
the  values  of  j^  and  x  since  they  were  eliminated,  and  there- 
fore expresses  a  relation  between  y  and  xl  common  to  all 
the  points  of  the  curve,  and  is  therefoire  the  equation  of  the 
locus  of  the  centre  of  curvature. 

(339.)  The  principle  here  used  is  one  of  the  most  ex- 
tensive power  and  utility  in  analytical  and  geometrieal 
investigations.  The  elimination  of  several  variables  by 
several  equations  always  ^ves  an  equation  or  equations 
which  express  the  relation  between  those  which  remain,  and 
which,  being  independent  of  any  particular  values  of  those 
which  have  been  eliminated,  is  common  to  all  values  of 
them.  We  cannot  advance  a  step  in  analytical  investiga- 
tions without  being  sensible  of  tlie  power  with  which  this 
invests  us. 


ALGEBRAIC   GEOMETRY.  165. 

PROP.  CLXXVII. 

(340.)  To  fiiid  ihe  equation  tjf-a  tangeni  to  the  evolute 
drawn  from  a  point  (jx)  on  the  curve. 

By  (318}  the  equation  is 

di/ 
the  object  is  therefore  to  express  ^  <^  a  function  otyx. 

Let  the  equation 

{S-!/)dy  +  {X'^af)dx^O 
he  differentiated,  ^af  being  considered  variable;  the  re- 
sult is 

(y'-j/)d^y+(X'^xl)d!^x-{'dif*+dx*^difdf/'^dxdaf=0, 

which  b^ng  subtracted  from 

(y  —  y>Py  +  (jp  —  ^*«  +  fly  +  cfc*  =  o, 

gives 

dydj/  +  dxdaf^Oj 
djf  ^       dx 
ds/"       dy* 
Hence  the  equation  of  the  tangent  sought  is 

(y  —  y)dx.^  [af  —  x)^  =  0. 
(841.)  Cbr.  Hence  (826)  the  tangent  to  the  evolute  drawn 
from  any  point  in  the  curve  coincides  with  the  normal  of 
the  curve  through  the  same  point,  and  therefore  (887),  the 
centre  of  the  osctdaiing  circle  is  the  point  of  contact ;  and 
the  length  of  the  tangent,  from  the  point  on  the  curve  to 
the  point  of  contact,  is  the  radius  of  the  osculating  circk. 

PROP.  CLXXVIII. 

(842.)  To  find  the  length  of  an  arc  of  the  evolute  to  a  given 

curve. 

If  the  equation 
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be  di£ferentiated,  considering  jfai  and  r  as  variables,  the 
^result  is 

but  since  (y  —  jfyiy  +  (a?  —  af)dx  =  0,  ••• 

""(^  —  y)^  —  (a:  —  a^dir'  =  R(fB, 
by  this  and  the  equations 

Cy  — y)flW  -  (07  —  jr'>iy  =  0, 

the  quantities  {y  —  y )  and  {pe  —  a:')  being  eliminated,  we 
find 

(rfR)»  =  rfy« + die's 

(fR  =  (ciy«  +  di'«)^ ; 

the  latter  member  of  this  equation  being  the  differential  of 
the  arc  of  the  evolute,  it  follows  that  this  arc  and  the  radius 
of  curvature  increase  by  equal  differences.  Let  vv'  be  the 
evolute  of  the  curve  mm',  and  v  the  centre  of  the  osculating 
circle  corresponding  to  the  point  m  ;  the  line  mv  therefore 
touches  the  evolute  at  the  point  v.  In  like  manner,  let 
mV  be  the  radius  of  the  osculating  circle  at  the  pomtn' 
touching  the  evolute  at  V.  By  what  has  been  proved,  the 
arc  vv'  of  the  evolute  is  equal  to  the  difference  between  the 
lines  MV  and  mV,  Hence  it  follows,  that  if  mv  be  supposed 
a  flexible  string  wrapped  upon  the  curve  vV  as  it  unwinds 
itself  &om  off  vv'  its  extremity  m  will  trace  out  the  curve 
mm'. 

(S43r)  The  analogy  between  this  manner  of  concaving 
the  involute  to  be  described,  and  the  description  of  a  circle 
is  manifest.  The  evolute  may  be  conceived  to  act  as  centre, 
and  the  radius,  instead  of  being  a  constant  length,  to  be 
variable. 

(344.)  C&r.  It  follows  also,  that  if  the  involute  be  an 
algebraic  curve,  the  evolute  is  rectifiahle.  For  any  arc  of  it 
is  equal  to  the  difference  between  the  radii  of  the  oscilldtilig 
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circles  at  the  points  of  the  invdute  oon^esponding  to  the  ex- 
tremities of  the  arc  of  the  evolute. 

Cff  asymptotes. 

(345.)  Two  lines  are  said  to  be  asjonptotes  to  each  other 
when  extending  indefinitely  they  continually  approach  each 
other,  and  approximate  closer  than  any  assignable  distance, 
and  yet  never  intersect  or  touch.  Thus,  if  two  curves  be 
represented  by  the  equations  f(^j?)  =  0  and  F'(ya/)  =  0, 
and  for  the  same  value  of  x  the  value  of  (y  —  j/)  di- 
minishes without  limit  as  at  increases,  but  that  condition 
^  -  y  =  0  can  only  be  fulfilled  by  suppo^g  x  infinite, 
the.  curves  are  Wd  to  be  asymptotes  to  each  other. 

PROP.    CLXXIX. 

(346.)  To  find  a  right  line  which  is  an  asymptote  to  a  curve, 

whose  equation  is  'P(yx)  =  0. 

This  problem  may  be  solved  by  consid^ng  the  limit  of 
the  position  of  a  tangent  when  the  point  of  contact  is  re- 
moved to  an  infinite  distance.  The  equation  of  a  tangent 
through  a  point  t/a/  is 

If  in  this  equation  y  =  0,  the  corresponding  value  of  a; 

will  be 

jffdy-'t/dx 

and  if  a?  =  0,  the  corresponding  value  of  ^  will  be 

i/dx—jfdy 

AC  — --  J  • 

ax 
If  when  of  is  increased  without  limit,  these  quantities  have 
limits,  the  curve  has  asymptotes,  and  they  will  be  determined 
by  these  limiting  values  of  ab  and  ac. 


168 


ALGEBRAIC   6EI»IBTftY. 


If  AB  have  a  limits  but  ac  ncmey  the  asymptote  is  parallel 
to  AX ;  and  if  ab  have  a  limit,  but  ac  none,  the  asymptote  is. 
parallel  to  at. 

If  neither  have  a  limit,  the  carve  has  no  asymptote ;  or  it 
may  be  concaved  to  have  asymptotes  infinitely  removed. 

If  the  limits  be  impossible,  the  curve  has  no  asymptotes. 

If  the  limit  of  ab=0,  the  axis  of  ^  is  an  asjrmptote ;  and 
if  the  limit  of  ac  =  0,  the  axis  of  x  is  an  asymptote.  If 
both  limits  =  0,  the  asymptotes  pass  through  the  origin, 
and  their  direction  may  be  found  by  the  limiting  value  of 

H^,  as  X  is  indefinitely  increased* 

SECTION  XVI. 


Of  {he  general  principles  of  contact  and  osctdation. 

(847.)  The  principles  which  have  been  already  explmned 
relative  to  the  contact  of  right  lines  and  circles  with  curves, 
and  also  those  on  which  the  osculation  of  the  circle  with  a 
curve  has  been  founded,  may  be  considerably  generalised 
by  the  powers  which  the  differential  and  integral  calculus 
gives  us. 

Let  three  curves 
(Mm,  Mm',  um^ 
having  a  conunon  point 
M,  be  represented  by  the 
equations, 

F(yx)    =  0, 

A3/^  =  0, 
f"(j/'^)  =  0. 

Let  Fp  =  urn  =  ASP, 
and  m'w=  Ay,  m!»j'=  ^y, 
and  mW  ==  a^.    Hence  by  Taylor's  theorem, 
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dy    Aj?    ^     Aa:*     <Py       ^^      ^If  .       Aa?* 
^^  ^  5r  *  T"'"d:r«  '  r72"^5?  *  OTl'^'S^  '  1.2.3.4' 

&c  (1), 
(^    A»     ^     A^     dy       Aa:»       (iy_       A^ 
^^"da/*    1  "^dr'**  1.2'^dr^»*  1.2.3"^  dr'**  1.2.3.4' 

&c  (2), 
^_<^    Ad?    d»y  ^  AJ^    dy      Aa?*      dy        Ao^ 

^  ^d^ '  T"*"&^* '  rr2"^d^^ '  TjA^d^ '  oxi' 

&c.  (3). 

d^i    di/  * 

If  in  (1)  *"^^(2)^=^  t^^se  two  curves  Mm  and  Mm' 

will  have  a  common  rectilinear  tangent  at  m  and  any  other 
curve  Mm''  not  fulfilling  the  same  condition,  must  lie  at  the 
same  side  of  the  two  curves  Mm,  miti',  so  touching  at  m,  and 
cannot  pass  between  them.  This  has  been  already  esta- 
blidied  (818). 
If  in  (1),  (2),  and  (3), 

dy^A^^d;^ 

dx'^d^'^d^ 

the  three  curves  touch  at  m  ;  but  if  also  the  condition 

d^y_d't/ 
dx^'^d^ 
the  curve  Mm'  must  pass  between  Mm  and  Mm". 
For  by  subtracting  (3)  from  (1)  and  (2), 

Such  a  value  pp  may  be  assigned  to  Ar  as  will  render  the 

first  terms  of  these  series  greater  than  the  sum  of  the  re- 

maimng  terms,  and  the  same  condition  will  hold  good  for 

all  values  of  Aa:  between  vp  and  zero ;  therefore  the  ugn  of 

the  entire  series  will  be  in  each  case  that  of  the  coe£Scient  of 

Ao:* 

« — ^  in  the  first  term,  which  coefficients  being  equal  by  the 
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condition  -5-^=5^^,  the  terms  Ay  —  Ay  and  z^  —  Ay"  will 

have  the  same  sign.  Hence  the  arc  umPj  intercepted  be- 
tween PM  and  pm^j  must  lie  at  the  same  side  of  the  curves 
Mm  and  Mm',  and  therefore  the  contact  of  these  two  must  be 
more  intimate  than  that  o(MmF  with  either  of  them. 

(848.)  From  what  has  been  said^  it  appears  that  curves 
may  have  with  each  other  different  degrees  of  contact,  and 
the  principles  on  which  the  theory  of  contacts,  in  its  most  ge- 
neral form  is  founded,  are  embraced  in  the  following  theorem. 


PROP*  CLXXX. 

(349.)  Let  three  curves  (Mm,  Mm',  Mm",)  having  a  common 
point  (m),  be  represented  by  the  equations  F(yx)  =  0, 
r'(y'x')  =  0,  F''(yV)  =  O^andlet  th£ successive  differential 
coefficients  of  these  egtrntions^Jrom  the  1st  to  the  pth^  be 
equal  each  to  each ;  and  also  let  the  successive  differen&d 
coefficients  of  (lie  first  two  equatumsyjrom  the  ^ih  to  the 
nthf  be  equal  each  to  each.  Under  these  conditions  the 
part  qftlie  curve  waoP  next  the  point  m,  must  lie  at  ^ 
same  side  qfthe  two  curves  Mm  and  urnl* 

For,  by  hypothesis,  the  terms  of  the  three  series  (1),  (2)} 
{3),  as  far  as  the^pth  term,  are  equal  each  to  each ;  therefore, 
if  (3)  be  subtracted  from  (1)  and  (S),  the  result  is 

"^    ^      t<ir''+»    d»"''+>5l.g...(p+l) 
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^J^-^=  {^^■ 


By  hypothesis^  the  sum  of  the  first  (n  —  p)  terms  of  these 
series  are  equal :  let  this  sum  be  (s),  therefore 


£fa/'«+»3l.2,..(n+3) 

^y     ^jr-s  +  l^j^^+i     ££r""+*3l.2...(n+l) 

rrf«+y    rf»+yi Ax"+« 

■*■  l  d^^'^d^^Sl.  2...(w+2) 

+  i  S^^»"dr"«+»3  1 . 2...(»+3)'  *^^' 

The  succeeding  terms  of  the  series  being  supposed  to  be 
finite,  such  a  value  (mm')  can  be  assigned  to  Ajr  as  will  ren- 
der (s)  greater  than  the  sum  of  the  remaining  terms  of  either 
of  these  series,  and  therefore  Ay  —  Ay"  and  Ay  —  Ay  will 
both  have  the  sign  of  (s),  and  Ay  and  Ay  will  be  both  greater 
or  both  less  than  Ay,  for  this  and  every  value  of  Ajt  be- 
tw^n  mm'  and  zero.  Hence  all  the  corresponding  points  of 
the  curve  M97t"  lie  above  both  Mm  and  mW,  or  below  both,  ac- 
cording as  (s)  is  negative  or  positive,  and  therefore  the  curve 
ULvriF  can  in  no  case  lie  between  Mm  and  "inni. 

(350.)  Cor.  1.  Hence,  in  general,  if  any  two  curves  have 
a  common  point  (m),  and  the  co-ordinates  of  that  point  being 
substituted  for  yx  in  the  successive  difiTerential  coefficients. 
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be^ning  from  the  first,  render  them  respectiydy  equal 
each  to  each,  no  curve  in  which  the  same  equality  takes 
place  for  a  less  number  of  Afferential  coefficients  can  pass 
between  them  at  the  point  (m),  and  every  curve  in  whidi 
the  same  equality  takes  place  for  a  greater  number  of  dif* 
ferential  coefficients,  must  pass  between  them  at  that  point. 

(351.)  Car.  2.  The  greater  the  number  of  differential  co- 
efficients of  the  equations  of  two  curves  are  equal  the  more 
intimate  the  contact 

(352.)  Def.  The  contact  involved  in  the  conditions 

is  called  contact  qf  the  first  order.  That  involved  in  the 
conditions 

y^-y^  dx^daP    dx^^dal^' 
is  called  contact  of  the  second  order.     And  in  general  the 
contact  involved  in  the  conditions 

^  ■"•^'  dx^daP   dx^"  dx^'  •  •  •  da^'^dx'^' 
is  called  contact  of  the  nth  order. 


PROP.  CLXXXI. 


(353.)  To  find  that  curve  tf  a  given  spepies  i^{^xl)  =  0, 
which  has  the  highest  order  f^  contact  with  a  given  curve 
F(xy)  =  0. 
Let  the  number  of  constants  in  the  equation  ^Qfxf)  =  0 

be  n.    The  equations  being  differentiated  n  —  1  times,  and  the 

values  of  the  constants  of  the  equation  i^fj/af)  =  0  found 

from  the  equations 
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being  substituted  in  that  equation^  will  ^ve  the  equation  of 
the  curve  sought.  For  the  number  of  constants  being  by 
hypothesb  n,  will  be  sufficient  to  fulfil  these  conditians^ 
and  therefore  the  contact  may  be  of  the  (n  —  l)th  order ; 
but  it  cannot  be  of  a  higher  order,  as  n  constants  could  not 
fulfil  more  than  n  equations. 

(354.)  Def,  Of  all  curves  of  a  given  species,  touching  a 
given  curve  at  a  given  point,  that  whose  contact  is  of  the 
highest  order,  is  called  the  oscukUing  curve  of  that  species, 
and  the  contact  is  distinguished  from  the  contact  of  other 
curves  of  the  same  kind  by  the  name  osculation.  If  the 
number  of  constants  in  the  equation  of  the  osculating  curve 
be  fi,  the  osculation  is  said  to  be  of  the  (n  —  l)th  order. 

(355.)  When  we  speak  of  different  degrees  of  contact  and 
osculation,  it  should  not  be  understood  that  the  curve,  which 
is  said  to  touch  another  in  a  greater  or  less  degree,  is  more 
or  less  coincident  with  the  curve  it  is  said  to  touch.  The 
fact  is,  there  is  only  one  point  of  actual  coincidence,  namely, 
the  point  fulfilling  the  conditions  a?  =  a/,  ^  =  y.  But  the 
portions  of  the  curve  flowing  from  this  common  point  may 
be  more  or  less  distant  from  each  other.  Thus,  as  has  been 
proved,  a  curve  of  a  given  species,  meeting  another  in  a 
given,  point,  may  be  so  idtuate  that  no  curve  of  the  same 
species  can  pass  between  them ;  but  by  this  it  is  not  at  all 
to  be  ima^ned  that  any  coincidence  takes  place  between  any 
arc  of  the  one  curve,  and  any  arc  of  the  other,  how  small 
soever  these  arcs  may  be  supposed.  Nay,  so  far  from  any 
such  coincidence  taking  place,  it  follows  from  what  has  been 
already  proved,  that  how  high  soever  the  order  of  contact  of 
two  curves  may  be,  another  curve  can  be  found,  whose  con- 
tact, bding  of  a  higher  order,  will  pass  between  them. 

(356.)  It  appears  also  that  the  higher  the  degree  of  the 
equation  of  a  curve  is,  the  higher  the  order  of  its  oscula- 
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tioD)  ance  it  contains  a  greater  number  of  constants ;  and 
that  since  the  number  of  points  necessary  to  determine  a 
curve  is  always  equal  to  the  number  of  constants  in  its  equa- 
tion, as  will  appear  by  Sect.  XXI.9  the  order  of  its  oscula- 
tion is  always  one  less  than  the  number  of  points  necessary 
to  determine  it. 

(857.)  The  osculation  of  curves  is  sometimes  explained  by 
supposing  the  osculating  curve  first  to  intersect  the  ^ven 
curve  in  n  points,  and  then  supposing  these  points  to  be 
united  in  one.  But  as  the  principles  can  be  more  clearly 
explained  without  this  supposition,  and  as  it  is  only  calcu- 
lated to  mislead  the  student,  and  produce  wrong  ideas  of 
what  are  called  contact  and  osculation,  we  have  rejected  it. 

(858.)  From  what  has  been  sai^,  it  appears  that  the  con- 
tact of  a  right  line  with  a  curve  is  both  contact  and  osculation 
of  the  first  order*    For  the  equation  of  a  right  line 

^  —  flw?  —  6  =  0, 
involves  but  two  constants,  and  therefore  the  highest  order 
of  contact  of  which  it  is  susceptible  is  the  first,  and  the  equa- 
tion of  the  osculating  right  line  is,  as  has  been  ah'eady 
found, 

(y-    f)dx  —  (x  ^  af)dy  =z  Oy 
yfa/  bdng  the  point  common  to  it  and  the  curve. 

(859*)  The  equation  of  the  circle 

(y-y)*  +  (^-^'  =  iiS 

involves  three  constants,  the  co-ordinates  of  the  centre,  and 
the  radius.  The  highest  order  of  contact  of  which  this  is 
susceptible  is  the  second,  and  therefore  the  osculation  of  a 
circle  is  of  the  second  order. 
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SECTION  XVII. 

Of  the  singular  points  qf  curves. 

(360.)  Def.  Those  points  of  a  curve  which  possess  any 
remarkable  properties,  which  the  adjacent  points  do  not 
possess,  are  called  singular  points.  The  differential  calculus 
enables  us  to  discover  these  points,  and  in  general  to  dis- 
cover the  figure  of  any  curve  whose  equation  is  given. 

(361.)  The  podtion  of  the  tangent  being  determined  by 
the  equation 

dy 

if  the  coordinates  of  p  satisfy  the  equation  -^  =  0,  the 

tangent  at  the  point  p  must  be  parallel  to  the  axis  of  a;,  for 
the  equation  of  the  tangent  becomes  in  that  case 

dy 
[962.)  In  like  manner,  ^^  ^  =  r>  the  equation  of  the 

tangent  becomes 

a?  —  a:'  =  0, 
and  is  therefore  parallel  to  the  axis  of  ^. 

(868-)  If  ^  =  0,  the  series  in  (818)  gives 

cPy        dkpi?        d^y  Ax* 

PP-PP-'^^    1.2.8     dx'     1.2.3.4 

^ds?    1.2.8.4.6'®^' 

.   A  value  vpotAx  being  taken  so  small  that  the  first  term 
shall  surpass  the  remainder  of  the  series,  the    sign  of 
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pj^  .  p]^^  resulting  from  +  A;r,  will  be  difPerent  from  that 
which  results  from  —  Ar;  and  the  same  being  true  for  all 
values  of  A^  between  pp  and  zero^  it  follows  that  the  parts 
of  the  curve  on  either  ade  of  p  lie  at  different  ades  of  the 
tangent,  and  consequently  that  as  the  curve  passes  the  point 
p,  it  changes  the  direction  of  its  curvature.  Such  a  pcnnt  is 
called  a  point  of  contrary  JUxure^  or  apomt  of  inflexion. 

(364.)  The  principle  is  however  more  general.  If  several 
succesdve  differential  coefficients  after  the  first  vanish,  when 
the  co-ordinates  of  the  point  p  are  substituted  for  the  variables 
in  their  expressions,  let  the  first  differential  coeffident,  which 

does  not  vanish,  be  j—- 
!•  If  n  be  an  even  number, 

As  the  sign  of  A^  does  not  affect  that  of  Ajt**,  such  a  value 
vp  may  be  assigned  to  Ar  as  will  pvepp^  —  pp/^  the  sign  of 

d**y 
"-j^j  both  for  +  Ax  and  —  Ar,  and  the  same  is  true  for 

every  value  between  vp  and  zero.     Hence  the  concavity  b 

turned  towards  or  from  the  axis  of  a?,  according  as  --r^  is 

<  0  or  >  0. 
2.  Iff!  be  an  odd  number, 

""S?+*  *  1.2...(w  +  l)"*"d?^»  •  1.2...(n+2V  ^^* 
By  reasoning  similar  to  that  used  before,  it  may  be  shown 
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that  the  parts  of  tfte  curve  at  either  side  of  the  point  p  he  at 
different  sides  of  the  tangent,  and  that  therefore  the  point 
p  is  a  point  qfiriflexion. 

(865.)  In  these  cases  the  curve  touches  the  tangent  with 
a  contact  of  the  (n  —  l)th  order;  for  the  first  differential 
coefficients  of  the  equations  of  the  curve  and  tangent  are 
equal ;  and  the  succeeding  differential  coefficients  of  the 
equation  of  the  tangent  being  respectively  equal  to  zero, 
must  be  equal  to  the  corresponding  differential  coeffidents  of 
the  equation  of  the  curve  for  the  point  p,  as  far  as  the 
(n  —  l)th  differential  coefficient,  therefore  the  contact  must 
be  of  the  (n  —  l)th  order. 

(366.)  It  should  be  observed,  that  when  -r-^  =  0,  the  ra- 
dius of  the  osculating  circle  becomes  infinite  (333),  which 
shows  that  at  such  a  point  no  circle  can  be  described  between 
which  and  the  curve  another  may  not  p^s. 

(867.)  If,  at  the  same  time  that  the  conditions 

rf^  -  "'  dx^  -  "^  dx*  "  "'  ••*  dx-      ""^ 

are  fulfilled,  the  condition  ^  is  also  fulfilled,  in  addition 
to  the  circumstances  already  proved,  the  tangent  through 

i 
the  point  p  will  be  parallel  to  the  axis  of  a:,  and  if  ^  =  0,  it 

'  dx 

will  be  parallel  to  the  axis  of  ^. 
(368.)    It  may  happen    that   the   co-ordinates  of  the 

point    p  may  be    such   that    ^  may  have  two  or  more 

unequal  values.  This  happens  whenever  the  value  of  a?,  for 
the  point  p,  causes  a  radical  to  vanish  in  the  value  of  ^,  and 

N 
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yet  does  not  cause  the  same  radical  to  vanish  in  ^.  When- 
ever this  takes  place,  there  are  always  as  many  tangents  to 
the  same  point  of  the  curve  as  there  are  different  values  of 

^  and  therefore  as  many  branches  of  the  curve  must  inter- 
sect at  that  point. 

dy  dHj 

(369.)  If  the  values  of  ^  be  equal,  and  -j^  have  two  or 

more  unequal  values,  the  curve  will  consist  of  as  many  dif- 
ferent branches,  which  have  a  common  tangent  at  that  pomt 

(370.)  Points  where  several  branches  of  a  curve  meet  are 
called  fmdtiple  points.  If  two  branches  m^t,  they  are 
called  double  points ;  if  three,  triple,  &c. 

(371.)  The  direction  of  the  curvature  of  the  different 
branches  may  be  found,  as  was  shown  before,  from  the  sign 
of  the  second  differential  coefficient. 

(372.)  If  two  branches  have,  at  the  same  point,  a  common 
tangent,  that  point  is  called  a  cusp.  It  is  said  to  be  a  cusp 
qf  the  first  kind  if  they  lie  at  different  sides  of  the  tangent, 
and  a  cusp  of  the  second  Jdnd  if  they  lie  at  the  same  side. 

(8730  The  principle  just  laid  down  may  be  expressed 
more  generally.  If,  for  the  values  of  ^^  corresponding  to 
the  point  p,  the  nth  differential  coefficient  have  two  or  more 
values,  the  preceding  coefficients  having  each  but  one,  th^n 
two  branches  of  the  curve  touch  at  the  point  p  with  the 
(n— l)th  order  of  contact,  and  the  qpecies  of  cusp  is  the 

first,  since  ^-^  is  the  same  for  both  branches. 

(374)  If  the  value  of  any  differential  coefficient  be  im- 
possible for  the  co-ordinates  of  the  point  p,  that  point  cam 
neither  be  preceded  nor  followed  immediately  by  anbther, 


ALGBBKAIC    GEOMBTST*  179 

and  IS  an  insulated  point  not  cotitiniioUsly  connected  with 
the  cunre  itself.  Such  are  called  conjvgate  p&ints^  They 
b^g  thus  detached  from  the  curve,  can  only  be  cdu* 
adered  algebraically  to  belong  to  it,  because  their  co-or-i 
dinates  fulfil  its  equation.  But  considered  geometrically, 
they  do  not  belong  to  the  curve. 


SECTION  XVIII. 

Of  the  rectification,  quadrature,  offid  curvature  ofRnes  of 

the  second  degree, 

PROP.    CLXXXII. 

(876.)  Of  the  rectyication  of  the  circle. 

First  method. 

If  ^  be  any  arc  of  a  circle  whose  radius  is  unity,  by  ex- 
presang  x  m  b,  series  of  powers  of  sin.  x  by  M^Claurin's 
theorem, 

sin.  X     sin.^  x     3^  sin.^  x      8^ .  5*  sin.^  x 
^  =  "T"+  TaJ  "*"  1.2.8.4.6 ■*■  1.2.8.4.5.6.7 

8^6^7^  sin-g  x 

+    1  0  ^  Q    "^^ 

X.%.0    •    •     •     a    «7 

If  x  =  80^  a=  -g-i  V  sin.  0?  :s  J, 

CI       _1_        1  1  3« 

"■  -  "  •  1  «  "*■  8  •  Xs[h'^9li  '  1.2.8.4.6 


+  128    1.2.3.4 . . .  r  *^  5 


n2 
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This  series  was  used  by  Newton  for  the  calculation  of  the 
circumference  of  the  circle,  but  does  not  converge  with 
sufficient  rapidity. 


Second  method. 

By  expressing  j?  in  a  series  of  the  powers  of  tan.  x  by  the 
same  theorem,  we  find 

^  tan.  X     tan.'  x     tan.'  x     tan.'^  x   ^ 

It 
If  j:  =  -—,  tan.  a?  =  1,  v 
4 

r  =  4[l-.f +  ^-^+^,&c.} 

Thb  series  will  also  ^ve  the  value  of  v,  but  is  inconvenient 
for  calculation,  owing  to  its  want  of  sufiiciently  rapid  con- 
vergence. 
This  may  be  remedied  thus : 

,  #^2  tan.  a  ,    ,      ^ 

let  tan.  a  =  4-,  '.•  tan.  ^  ss  = — - — — -  =  _5_,  and  therefore 

*  1  — tan.*a       ^ 

Stan.  2a  ^      „ 

tan.  4a  =  z — - — rrr-  =  "^g..     Hence, 
1  —tan.*  2a      ^^^  ' 

tan.  (4a  -  ^)  =  ^4^ 

Hence  we  find 

ft        \  \  1  1        „ 

4      239     3.(239)»  ^  6.(239)»     7c289r       ' 

but  dnce  tan.  a  =  -f , 


_  1      _1_      J_        1 

"  -  6  "  3.5»  ■•■  5.6» "  rSf  ■*■'  ^' 


therefore, 
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'^^M   ,j^ i_    _i .    > 

(.    ^1.239     3.(239)' "^  6.(239)5     j  &«•)  j 
This  series  converges  with  sufficient  rapidity  to  afford  great 
fadlity  in  calculating  the  value  of  ^. 

Let  r  be  the  radius  of  a  circle  whose  drcumference  is  c . 
since  the  circumferences  of  circles  are  as  their  radii, 

r  :  1  : :  c  :  2^; 
hence  c  =  2nr;  -.*  the  circumference  of  a  circle  is  equal  to 
the  diameter  multiplied  by  the  value  of  ir  found  by  the 
means  above  stated. 


PROP.  CLXXXIII. 

(376.)  Of  the  quadrature  of  the  circle. 

By  the  general  formula  for  the  quadrature  of  curves  in 
(330),  the  area  is 

J     2     ' 

but  r*  is  in  this  case  constant  and  integrating  between  the 
limits  ((1  =  0  and  w  =  2f,  the  whole  area  of  the  circle  is 

(3T7.)  Cor.  Since  the  semidrcumference  of  the  circle  is 
rt,  the  area  of  the  circle  is  equal  to  the  rectangle  under  the 
radius  and  semicircumference. 

PEOP.  CJLXXXIV. 

(378.)  Tojind  the  area  of  an  elivpse. 

The  equation  of  the  ellipse  related  to  its  axes  being  solved 
for  y ,  gives 


B 


yz^-j^^K^—X\ 
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If  a  circle  aca'  be  described 
on  the  axis  aa'  as  diameter, 
any  ordinate  jf  to  the  diameter 
of  this  circle  is  expressed  by 

a/ A*  —  a^y  ••• 

y  =  —  y ;  hence 


fydx:=  —-  .jydx\ 


but  the  value  oijydx  is  the  area  of  the  circle;  no  constant 
is  necessary,  as  ydx  and  j/dx  begin  together.  Hence,  if  a' 
be  the  area  of  the  ellipse^ 


JB 


A'  =  —  .  a**  =  BA*. 
a 

Hence  the  area  of  an  ellipse  is  equal  to  that  of  a  circle  de- 
scribed with  a  radius,  which  is  a  mean  proportional  between 
its  semiaxes. 

(379.)  Cor,  1.  The  circle  described  on  the  transverse 
axis  as  diameter,  the  ellipse  and  the  circle  described  on  the 
conjugate  diameter,  are  in  geometrical  progresfiion. 

(380.)  Cor.%  The  areas  of  ellipses  areas  the  rectangles 
under  their  axes. 

(381.)  Cor.  3.     If  two  ellipses  have  one  axis  common,  the 

areas  cut  off  by  a  common  ordinate  mpf'  are  as  the  other 

B  ^dx 

axes;  for  dh!  ^--jydx  and  - —  being  the  same  for  both 

A  A 

Ja'x  b,  '•*  since  the  corresponding  increments  of  the  areas  are 
in  the  ratio  of  the  axes,  the  sum  of  any  number  of  these  will 
be  in  the  same  ratio. 

(382.)  Cor,  4.  If  any  point  f  be  taken  on  th«  transverse 
axis,  the  area  fpa  is  to  the  aripii  ff^a,  (p'  being  on  the  cir- 
cumscribed circle),  as  the  conjugate  to  the  transverse  axis. 
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PEOP.  CLXXXV. 

(383.)  Tojind  tfie  area  intercepted  between  two  ordinates  to 

the  a^symptote  of  an  hyperbola. 

The  equation  of  an  hyperbola  related  to  its  asymptotes 
bring 

A*+B* 

A^  +  B*      dx 

ydx  an.  yx  =  — -j —  .  —  •  sin.  yx ; 


4,      — -s^ 

If  the  area  be  supposed  to  be^n  when  x  ^\y  the  ex- 
pression is  simplified,  and  becomes 

,       A«+B«  .  . 

A  =  — 7 — sm.  yx  .  log.  X. 

The  coefficient  (a^  +  b^)  is  the  square  of  the  line  joining  the 
extremities  of  the  axis.  If  half  this  line  be  taken  as  the  Unear 
unit,  the  expression  is  still  farther  simplified,  and  becomes 

a'  =  sin.  yx  .  log,  x ; 
aod  if  instead  of  the  neperian  Ic^iarithm,  a  logarithm  whose 
modulus  is  the  cosec.  yx  be  used,  the  expression  is 

a'  =  log.  X. 

HencC)  if  a  series  of  values  of  x  be  measured  from  the 
centre  in  geometrical  progresaon,  the  areas  intercepted  by 
ordinates  through  their  extremities  will  be  equal,  since  the 
areas  measured  from  or  =  1  must  be  in  arithmetical  pro- 
gression. 

(384.)  Cor.  1.     If  the  values  of  a:  be  taken  to  represent 

a  series  of  numbers  related  to  4^/ a*  -|~  ^^  ^  unity,  the  cor- 
responding areas  measured  from  the  ordinate  of  the  vertex 
of  the  curve  will  represent  a  system  of  logarithms  of  these 
numbers  whose  modulus  b  cosec  yx. 
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(385.)  Cor.  ^     If  the  hyperbola  be  equilateral, 

jyx  =  "5-,  •.'  cosec.  y^r  =  1 ; 

therefore,  the  logarithms  will  be  in  this  case  neperian  loga- 
rithms. It  is  for  this  reason  that  the  neperiaQ  are  sometime 
called  hyperbolic  logarithms. 

PEOP.    CLXXXVI. 

(386.)  To  find  the  area  included  by  an  arc  Gfapwrdbola^ 
a  diameter  (hraagk  one  extremity ^  and  an  ordinate  to 
that  diameter  througft  the  other. 

The  diameter  being  axis  of  x^  and  a  tangent  throqgb  its 
vertex  axis  of  ^,  the  equation  is 

2/*  =  px, 

\'  y  =   VpX'^ 

sin.  yx  .  ydijs  =  ^px  .  d^  sin.  yx^ 

js!=^  ^pf'js/x  .  dx  sin,  yx  ='\  Vp  •  x^  an.  yx  =  \yx  sin.yx. 
No  constant  is  added,  because  the  area  and  y  are  at  the 
same  time  equal  to  zero. 

Hence,  the  area  sought  is  two-thirds  of  the  parallelogrpn 
formed  by  y  and  x. 

PROP.  CLXXXVII. 

(687.)  To  find  the  radius  of  curvature  to  any  given  point 

j/x!  in  an  ellipse  or  hyperbola. 

The  equation  related  to  the  axes  being  twice  differenUated, 

dy  __      B®^:' 
d^y  B* 
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Making  these  substitutions  in  the  formula  for  the  radius  of 
curvature  found  in  (333),  we  find,  after  reduction, 

(aV^  +  bV«)^ 


R  = 


A*B* 


Iwt  aV*  4-  bV*  =  A«B«(A«  —  eV«),  and  a*  -  ^a!'^  =  b'? 
(167);  hoice 


""    AB 


(388.)  Cor.  1.  Since  the  curvature  is  a  maximum  when 
the  radius  of  curvature  is  a  minimum,  and  vice  versay  the 
curvature  of  an  ellipse  is  least  at  the  extremities  of  the 
conjugate  axis,  and  greatest  at  the  extremities  of  the 
transverse  axis.  That  of  an  hyperbola  is  greatest  at  the 
extremity  of  the  transverse  axis,  and  diminishes  without 
limit  These  follow  obviously  from  the  above  expression 
for  the  radius  of  curvature, 

j(389.)  Cor.  2,     The  maximum  and  minimum  values  of 

A^  B* 

the  radius  of  curvature  are  —  and  — . 

B  A 

PROP.  CLXXXVIII. 

(890.)  Tojind  the  radius  of  curvature  to  a  given  point  in 

a  parabola. 

The  equation  of  the  parabola  being  twice  differentiated, 

gives 

dy  _  p_ 
dx       9y 

By  substituting  these  values  in  (333),  we  find 

.-A 

R  —  ,» 

where  fl  =:  the  parameter  of  the  poipt,  and  /?=  the  principal 
parameter. 

(391.)  Cor.    Hence  the  point  of  greatest  curvature  in  a 
parabola  is  the  vertex. 


PROP.  CLXXXIX. 

{2&Z.)  To  find  the  chord  (c)  of  the  osculating  circle  xehkh 
coincides  vAth  the  diameter  ihraugh  the  point  of  contact 
in  any  line  of  the  second  degree. 

Let  the  angle  under  the  diameter  and  tangent  be  d^ 

c  =  Sr  sin.  6 ; 

but  in  the  ellipse  and  hyperbola  sin.  d  =  -yy,  •/ 

and  in  the  parabola  sin.  5  =  ^^  •.• 

c  =//. 
Hence  the  chord  of  the  osculating  circle  which  coincides 
with  the  diameter  of  a  line  of  the  second  degree  passing 
through  the  point  of  contact,  is  equal  to  the  parameter  of 
that  diameter. 

PROP.  cxc. 

(393.)  To  find  the  eqtuxtion  qfihe  evolute  of  an  ellipse  or 

ht/perboh- 

dy  d*y 

The  values  oi-^  and  -^^  derived  from  the  equation  of 

the  curve  being  substituted  in  the  general  formulas  found 
in  (333),  give 

^       ^      .y(Ay-hBV) 

,      ar(AV+B*a?«) 

and,  since  by  the  equation  of  the  curve, 

B-^2  =  a'^b«  —  Ay,  •.• 
Ay  +  fi*a?»  =  a«(b*  +  cy ) ; 
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also,  fiiaee  a^*  ^  a*b^  —  b^jtS  ••• 

Ay  +  B V  =  b*(a*  -  c^a?*). 
These  substitutions  being  made  in  the  above  equations,  the 
results,  after  reduction  solved  for  y  and  or,  give 


J/=- 


X  = 


ft        9 
4        I 
a      • 


Substituting  these  values  in  the  equation  of  the  curve,  and 


a2b« 


dividing  the  result  by  — ^,  we  find 


I        X 


«      a 


where  +  is  taken  for  the  ellipse,  and  •—  fpr  the  hyperbola. 

In  this  equation  for  the 

ellipse,  all  values  of  x  be- 

c^ 
tween  x  =:  -{ and 

A 

a:  =  —  — ,  give  real  va- 
lues of  ^,  and  all  values 
beyond  these  give  impos- 
fflble  values  of  y.     In  like  manner,  all  values  of  y  between 

c*                      c* 
^  =  H and  y  = give  real  values  of  x,  and  all 

beyond  these  impos^- 
dble  values  of  x; 
hence  the  evolute 
is  confined  within 
these  limits.  Al$o, 
it  appears  fit>m  the 
form  of  the  equa- 
tion, that  the  parts  of  the  evolute  included  between  the 
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PROP.  CLX.\ 


(S92.)  Tojindiliec}iord(c)of  th, 
coincides  with  the  diameter  fJur. 
in  any  line  of  the  second  de^nr 
Let  the  angle  under  the  diamtti 

<.:  =  2k  siii 

but  in  the  ellipBe  and  hvperbcin 


and  in  the  parabola  sin.  5 

P' 

Hence  the  chord  of  the  oscul.i 
with  the  diameter  of  a  line  <>; 
through  the  point  of  contact, 
that  diameter. 

PllOP. 

(39iJ.)  Tojind  t/ie  equaium  t> 


The  values  of  :7^  and 
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fawn.  Lines  drawn  from  the  point  p  to 
n  of  the  lines  ac  and  ac'  are  tangents  at 

AP 

=  =  —  =  tan.  ACF  =  tan.  tpc  : 

.(■  _  (,a  PC 

^t,  and  for  the  same  reason  ft'  is  also 
iro  of  the  conchoids  is  therefore  in  this 


L'  preceding  fi; 


is  infinite,   there- 


"int  V  is  the  line  pd.  This 
I  he  two  tangents,  in  the  last 
1  to  vanish,  by  its  diameter 
The  point  p  is  in  this  case 
I  figure  of  the  conchoids  in  this 
^ing  figure- 
(rdinates  of  the  pole  p  satisfy  the 
t  they  render^  impossible;  hence 


\ 
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four  angles  formed  by  the  co-ordinates  are  similar  imd  equal. 
The  figure  of  the  evolute  is  represented  above.  It  is  ob- 
vious, since,  the  axes  of  an  ellipse  must  be  both  tangents  to 
the  evolute  at  the  points  where  it  meets  them,  that  the 
points  cbdy  blly  are  cusps  of  the  first  kind.  The  transverse 
asis  of  the  hyperbola  must  be  a  tangent  at  the  poirits  aJ) 
which  are  cusps  of  the  first  kind. 

(394.)  Cor.  1.  The  arc  aft  of  the  evolute  of  the  ellipse  is  equal 

A*  B* 

to  b'6— Aa  (342) ;  but  B'ft=  — ,  Aa  =  — ,  therefore, 

B  A 


ab;=^ 


a3— B^ 


AB 

(395.)  Cor.  2.     If  a'  =  ca,  b'  =  ci,  •.• 

A  b'  a'  b'' 

if  the  substitutions  be  made  in  the  equation  of  the  evolute, 

and  the  result  multiplied  by  — j — ,  the  result  is 

c^ 

•2.       1  t       %  %        X 

which  bears  an  obvious  analogy  to  the  equation    of  the 
cujTve  itself 


PROP,   CKCI. 


(396.)  Tojind  tlie  equation  of  the  evoltUe  of  a  parabola. 

The  values  of  -^,    -7^,  derived  from  the  equation  of 

the  curve  being  substituted,  as  before,   in  .the  general 
formulas  (333),  give 

J  ___  j/(V  -^P^)  _  3f(^+P) 
y,  '-^  if  '-'  ^        —  , 

p"  P 
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Hence  we  find 

%    I 

4T 

Making  these  substitutions  in  the  equation  y^  =  px,  stnd 
transforming  the  origin  of  co-ordinates  to  the  point  ^  =  0, 
<r  =r  ^Pj  the  equation  becomes^  after  reduction, 

Hence  ^  is  only  real  for 
the  values  of  ^r'  which 
have  the  same  sign  as  p, 

and  therefore  the  curve  is        

extended    indefinitely    in 

the  same  direction  as  the 

paftibola  itself,  touching 

the  axis  of  the  parabola  at  a  point  whose  distance  from  the 

vertex  is  half  the  principal  parameter.     This  point  of  the 

evolute  is  a  cusp  of  the  first  kind.     The  form   of  the 

evolute  is  represented  in  the  figure. 

This  curve  is  called  the  semicybical  parabola. 


SECTION  XIX. 

Of  {he  properties  of  the  Logarithmic,  Choncoid,  Cissoid,  and 
other  curves,  both  algebraic  and  transcendental. 

Oftlie  logarithmic, 

(397.)  Def.     The  logarithmic  is  a  curve  expressed  by 
the  equation  y  '=^  (f  related  to  rectangular  co-ordinates. 
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PROP.    CXCII. 

(398.)  Perpendiculars  intercepting  equal  parts  on  the  axis 
qfx  are  in  geometrical  prc^ression. 

For  in  this  case  x  varies  in  arithmetical  progression,  and 
therefore  afory  must  vary  in  geometrical  progression. 

(399.)  Cor,  Hence,  if  any  series  of  numbers  be  repre- 
sented  by  the  vahies  of  x^  the  values  o{y  will  represent  their 
logarithms  related  to  the  base  a.  The  curve  has  received 
its  name  from  this  property. 

/  PROP.    CXCIII. 

(400.)  The  axis  of  x  is  an  asymptote. 

Whena:i=0,y:4=l. 
Therefore  if  aw'  be 
assumed  to  represent 
due  linear  unit,  the 
curve  intersects  at 
at  W»  LetAp3:Afn'> 
V  pm  3=  c. 

1\  If  a  >  1,  the 
values  of  ^  increase  without  limit  fdr  th^  increasing  pol^ve 
values  of  x,  and  decrease  without  limit  for  the  increasing 
negative  values  of  x.  "  Hence  on  the  negative  side  of  a  the 
curve  is  continually  approaching  ax',  and  approaches  it  with- 
out limit,  and  on  the  positive  side  of  a  it  is  continually  re- 
ceding from  ax,  and  recedes  from  it  without  limit. 

9?.  If  a  <  1,  the  value  of  y  decreases  without  limit  for 
the  increasing  positive  values  of  Xy  and  increases  without 
limit  for  the  increasing  negative  values.  Hence  it  con- 
tinually recedes  from  the  line  xx'  on  the  negative  side  of  a, 
and  continually  approaches  it,  and  approaches  it  without 
limit  on  the  positive  side  of  a. 

Hence  in  both  cases  the  line  xx'  is  an  asffftipfote. 


I 
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PROP.  CXCIV. 

(401 .)  To  find  the  equation  of  the  tangent  to  a  givefi  point 

in  the  logarithmic. 
By  taking  the  logarithms  of  the  equation  y  =  a',  we  have 
h/=  x.la^  which  being  diiFerentiated  is 

la 

m     *^ 
m  bdug  the  modulus.    If  a  be  the  base  la  ^  1,  and  the 
equation  is 

mch/  —  ydx  =  0. 
Hence  the  equation  of  a  tangent  through  a  point  ^x^  is 

PEOP.    CXCV. 

(408.)  TofindtJiestdftangent. 

udx 
By  (323)  s  =  -^ —  =  m.    Hence  the  subtangent  for  all 

points  on  the  same  curve  is  the  same^  being  the  modulus  of 
the  logarithms,  whose  base  is  a. 


PBOP.  cxcvi. 

(403.)  To  find  the  centre  ami  radius  of  the  osculating  circle. 
The  equation  y  ^  of  being  differentiated  twice,  gives 

dx      m'     dx^      m«' 
These  v^ues  being  substituted  in  (33S)  give 

^      mY      ' 


gy+m^  y' 

f/  =      ,  X  •=,  X  —  Wl p. 
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PROP.  CXCVII. 

(404.)  To  find  the  poi/nt  of  greatest  curvoitute. 
The  point  of  greatest  curvature  is  that  at  which  the  radius 
of  curvature  is  a  minimum.    To  find  this,  let  the  value  of  r, 
found  in  the  last  proposition,  be  differentiated,  and  equated 

with  zero.     The  result,  divided  by  im{m^  -h  ^*)*,  is 

%d(3/*  +  m^)  -  %{y^  -h  ire-)dy=.  0, 
which  gives 

V  =  T^\  •••  y  =  -7=. 

Hence  the  point  sought  is  that  whose  ordinate  is  equal  to 
the  side  of  a  square,  whose  diagonal  is  the  subtangent. 


PROP.  CXCVIII. 

(403.)  Of  the  quadrature  of  the  logarithmic. 
By  (323),  A  ^fydxy  \mtydx  =  mdy^  •.• 

A  =  my  +  c. 
To  find  c,  suppose  the  area  to  commence  from  j/  =  f'm', 
•.*  when  y  =  y,  a  =  0,  '/  c  = —  mt/.     Hence 

A  =  ^(j/— y), 

that  is,  the  area  ineluded 
between  any  two  ordi- 
nates,  pm  and  p'm',  is 
equal  to  the  rectangle 
under  the  subtangent, 
and  the  difference  be- 
tween the  ordinates.  The 
area  pmmV  =  the  rect- 
angle OF. 

(406.)  Cor.  1 .  The  area  included  by  the  curve  Mrf,  ex- 
tending indefinitely,  and  approaching  the  asymptote,  the 


p 

>s 

/ 

* 

y 

c 

^^ 

^ 

■^ 

X 

D 

J 

» 
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asymptote  and  the  ordinate  pm  is  equal  to  the  rectangle  dm 
under  the  subtangent  and  the  ordinate :  for  in  this  case 

y  sr  0,  •.•  A  =  my. 
(407.)  Car.  S.  The  area  extending  from  db  indefinitely, 
b  equal  to  the  space  bmf. 

On  the  conchoid  ofNicomedes. 

(408.)  Def.  A  right 
line  xx'  being  given  in 
poddon,  another  right 
line  passing  through  a 
given  point  p  revolves 
in  the  plane  passing 
through  the  given  right  line  and  the  given  point.  Let  bm 
and  bm'  be  assumed  of  a  constant  magnitude,  and  the  loci  of 
the  points  m,  m'  is  called  a  conchoid.  The  locus  of  M  is 
called  the  superior ^  and  that  of  m'  the  inferim-  conchoid. 

The  line  xx'  is  called  the  rule  of  tfie  conchoid. 

The  line  bm  is  called  the  modulus  of  the  concTioid. 

The  point  p  is  called  the  pole  of  the  canclund. 


PROP,  cxcix. 

(409,)  To  find  the  equation  of  the  conchoid. 

Let  PM  =  «,  bm  =  w»,  PA  =  b,  apm  a=  u).     Hence 
PB  =  (2  +  m),  •••  (z  +  m)  COS.  c*;  =  6,  (1), 
which  is  the  polar  equation  of  the  curve.     The  upper  sign 
applies  to  the  superior,  and  the  lower  to  the  inferior  con- 
choid. 

The  equation  related  to  rectangular  co-ordinates,  of  which 
xx'  is  axis  of  x  and  a,  the  origin  may  be  found ;  for 

«*  =  (y  +  6)*  +  ^S  ^^^  COS.  w  =  ^ — ,  and  by  these  sub- 
stitutions we  find 

o 
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This  equation  indudes  both  superior  and  Inferior  condtioids^ 
since  both  +  m  and  —  m  are  involved  in  w*. 

The  conchoid  is  therefore  a  curve  of  the  fourth  degree. 

PROP.  cc. 

(410.)  Tojind  the  eqication  of  a  tangent  to  the  conchoid. 
Let  the  point  on  the  curve  through  which  the  tangent 
passes  be  i/af,  and  the  equation  being  differentiated  gives 

d£ yg(m«  -  y  y 

Hence  the  equation  of  the  tangent  is 

PROP.  cci. 

(411.)  To  investigate  thejigure  of  the  conchoid. 
1®.  Let  m  >  b.  If  ^  =  ±  m,  a:  =  0,  and  for  all  values 
of  ^  beyond  these  x  is  impossible.  Therefore,  if  ad  =  +  m, 
ad'  =  —  ??r,  and  through  the  points  d,  d'  parallels  to  xx'  be 
drawn,  the  entire  curve  will  be  included  between  these  pa- 
rallels.  Also,  if  y  =  —  6,  a?  =  0,  •.•  the  curve  meets  the 
axis  of  ^  at  p  the  pole. 

dy 

Since,  for  y  =  ±  ♦»,  ^  =  0,  the  parallels  through  d,  d' 

« 

to  the  axis  of  ;r  are  tangents  to  the  curve  at  the  points  d,  d'. 
And  since  y  =  0  renders  x  infinite,  the  axis  of  t  is  an 
asymptote  to  both  inferior  and  superior  conchoids. 

T   dy           {m-\-bY      ,       ^         .  ,     , 

If^  =  —  6,  ~  =  +  jj,   therefore  the  pole  is  a 

du 
double  point,  and  the  values  of  -^  for  that  point  evidently 

show  the  geometrical  method  of  determining  them. 
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On  db'  as  dia- 
meter, let  a  drde 
be  described,  and 
through  the  pole  p 
let  cc'  be  drawn 
perpendicular  to 
Di/,  and  let  the 
lines  AC  and  Ad  be  drawn.  Lines  drawn  from  the  point  p  to 
the  points  of  bisection  of  the  lines  ac  and  ac'  are  tangents  at 

*,  ft  AP      '  ^     • 

the  point  P.    For  —  =  —  =  tan.  acp  =  tan.  tpc  : 

therefore  pt  is  a  tiangent,  and  for  the  same  reason  pt'  is  also 
a  tangent.  The  figure  of  the  conchoids  is  therefore  in  this 
case  represented  ^s  in  the  preceding  figure. 

S.  If  m  =  £,  as  be- 
fore, the  curve  is  in- 
cluded between  the  pa- 
rallels to  the  asymptote 
through   D  and  p.     If 

du 
y  =  +  t?i>  -jf  =  0,  •.'  the  parallel  through  d  is  a  tangent  to 

dy 
the  superior  conchoid.     If  y  =  —  wi,  -~  is  infinite,  there- 

cue 

fore  the  tangent  through  the  point  p  is  the  line  pd.  This 
forms  as  it  were  the  union  of  the  two  tangents,  in  the  last 
case  the  oval  pd'  being  supposed  to  vanish,  by  its  diameter 
m  —  b  becoming  equal  to  zero.  The  point  p  is  in  this  case 
a  cusp  of  the  first  kind.  The  figure  of  the  conchoids  in  this 
case  is  represented  in  the  preceding  figure. 
.   8.  If  f»  <  i.     The  co-ordinates  of  the  pole  p  satisfy  the 

equation  of  the  curve,  but  they  render  ^  impossible ;  hence 

o2 
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the  point  p  Is  a  conju- 
gate point.  The  points 

DD'both^ve-^  =  0,  •/ 

the    tangents  through 
these  points  are  parallel 
to  the  asymptote.     The  figure  of  the  conchoids  is  in  this 
ease  represented  in  the  preceding  figure. 
If  A  ss  0,  the  conchoid  becomes  a  circle* 
If  m  =s  0,  it  becomes  a  right  line. 


Ofil%e  cirsoid  ofDiocles. 

(412.)  Def.  A  circle  being  described 
upon  a  given  diameter  (ab),  and  any 
chord  (am)  being  drawn  from  the  point 
(a),  and  the  ordinate  mp  being  drawn^ 
let  af'  =  BP,  and  the  perpendicular  p'm' 
being  drawn  to  meet  the  chord,  the  locus, 
of  the  point  m'  is  called  the  dssoid. 


PROP.  ccir. 
(413.)  To  find  the  equation  of  the  cissoid. 

Let  AB  =  2r,  map  =  (c;.     By  the  conditions  of  the  de->. 
finition 

AM  =  2r  COS.  w, 

am'  s=:  BP  sec.  a;  ==  PM  tan.  oti  sec.  Of. 

But  PM  =  AM  sin.  w,  *.-  am'  =  AM  tan.*  w:  hence  the  equation 
sought  is 

2j  =  2r  tan.  w  sin.  a;,  (1.) 
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If  it  be  related  to  rectangular  oo^rdinatesi  we  find,  by 
the  usual  substitutions, 

y»(8r  -  ar)  -  a:»  =  0,  (8.) 

PROP.  CCIII. 

(414.)  To  find  the  equaiionofthe  tangent  to  a  given  point 

on  the  cissoid. 
By  difierentiating  the  equation  (£), 

dy^  (Sr  — ar)x^ 

therefore  the  equation  of  the  tangent  is 

(y  —  y)  (2r  -  xO^  —  (x  -  a:')  {Sr  -  af)af^  =  0. 

(415;)  Cor.  1.  The  diameter  ab  is  a  tangent  to  the  curve 
at  the  point  a,  and  ance  the  curve  extends  above  and  below 
the  diameter,  the  point  a  is  a  cusp  of  the  first  kind. 

(416.)   Cor,  2.   As  x  approaches  to  equality  with  2r, 

dif  ,       ,  dy 

•ir  approaches  to  infinity ;  and  when  d?  =  2r,  ^  is  infinite; 

but  at  the  same  time  y  is  infinite,  and  therefore  a  perpen- 
dicular AB  through  B  is  an  asymptote. 

PKOP.  cciv. 

(417.)  To  investigate  the  figure  t^the  cissoid. 

Since  for  each  value  of  a:  there  are  two  equal  values  of  y, 
with  diiFerent  signs,  the  branches  of  the  curve  on  each  side 
of  AB,  the  diameter  of  the  generating  circle,  are  equal  and 
similar.  Since  for  every  negative  value  of  or,  and  for  all 
poidtive  values  greater  than  ab,  the  value  of  ^  is  impossible, 
the  curve  must  be  included  between  the  parallels,  which  are 
perpendicular  to  ab  through  the  points  a  and  b. 

Since,  by  differentiating  twice,  we  find 
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this  having  always  the  sign  of  ^  shows  that  the  curve  is  con- 
vex towards  the  axis  ab. 

OftJie  lemniscata. 

(418.)  Def,  The  curve,  which  is  the  locus  of  the  inter- 
section of  a  tangent  to  an  equilateral  hyperbola  with  a  per- 
pendicular from  the  cehtre  upon  it,  is  called  the  lemniscata. 

PKOP.  ccv. 

(419.)  To  find  the  equation  ^ihs  lemniscata. 
The  equation  of  the  equilateral  hyperbola,  referred  to  its 
axes,  is 

ya  —  a/«  =  -  a*. 
The  equations  of  the  tangent,  and  the  perpendicular  to  it 
from  the  centre,  are 

j/y  —  a/x  =  —  a*, 
afy  +  j/x  =  0. 
By  these  equations  t/x'  being  eliminated,  the  result  is 

(y  -  x^)a^  +  (y  +  x^y  =  0,  (1), 
which  is  the  equation  sought,  and  the  locus  is  therefore  a 
curve  of  the  fourth  order. 

The  polar  equation  may  be  found  by  making  the  neces- 
sary substitutions  in  the  above  equation^  and  is 

2*  —  a*(cos.^  uj  —  sin.*  w)  =  0, 
or  since  cos.*  a;  —  sin.*  oj  =  cos.  2a;, 

2*  -  a*  cos.  2a;  =  0,  (2.) 

PROP.  CCVI. 

(420.)  To  itvoestigate  the  figure  of  the  Umnieeoita, 
By  the  polar  equation  (2),  when  z  =  0,  a;  =  t">  ^'"'T'  ^' 
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-r,  or  -T-.  These  values  of 
4  4 

<o  show  that  the  asymptotes 

of  the  equilateral  hyperbola 

are  tangents  to  the  curve  at 

the  centre  through   which 

the  curve  must  pass.     Also, 

since    z   Is  impossible  for 

every  value  of  w,  except  those  induded  between  -7"  and 

-7-,  and  between  +  -r-  and  0,  the  curve  must  be  included 

between  tlie  tangents  passing  through  the  centre,  as  repre- 
sented in  the  foregoing  figure. 

By  differentiating  the  polar  equation,  we  find 

dz 
-— -  s=  —  «  tan.  2w. 

duf 

Hence  by  the  formula  in  (3^7), 

tan.  tz  =  cot.  2a;,  •.•  tz  -{-  Hw  =z  -- , 

If 
Hence  when  w  =  0,  tz  =  — ,  therefore  the  tangent  to  the 

hyperbola  through  the  vertex  is  also  a  tangent  to  the  lem- 
mscata. 

If  the  tangent  be  parallel  to  the  axis  tz  =  ctf,  •••  w  =  -g-,  •.• 

if  from  the  centre  c,  c  a  be  drawn,  making  Acv  one  third  of  a 
right  angle,  the  tangent  to  the  curve  at  a  is  parallel  to  cv, 
and  it  is  dear  that  the  curve  is  included  within  the  rectangle 
bb',  one  ade  of  which  equals  the  transverse  axis   (2a), 

and  the  other  — =,  or  the  side  of  a  square,  of  which  the 

transverse  axis  is  the  diagonal. 

It  is  obvious  also  that  the  centre  is  a  double  point. 
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PROP.  CCVII. 

(421.)  To  find  the  area  of  the  lemnUcata* 
By  (330), 

But  z^du)  = TT-i  and  rince  cos*  fiw  =  --,  therefore 

tan.  2ur  .  a«^ 

(a*  -  2*)'^ 


tan,  2(tf  = 
Hence  we  find 


z^ 


A  =y r  =  tK-^*)"^- 

This  integral  being  extended  to  the  entire  curve,  gives 

A  =  a*. 
Hence  the  entire  area  is  equal  to  the  square  of  the  semiaxis. 

Of  the  sinusoid f  ^. 
(422.)  Def.  A  curve,  represented  by  the  equation  jf=sin.j'y 
related  to  rectangular  co-ordinates,  is  called  the  curve  of 
sines,  or  the  sinusoid, 

PROP,  covin. 

(423.)  To  find  the  eqitation  of  a  tangent  to  a  given  point. 
By  differentiating  the  equation,  we  find 

dy     COS.  ^ 

r  being  the  radius  of  the  arc  x.     Hence  the  equation  of  the 
tangent  is 

COS.  j/^ 

y-y  =  — _(x-^). 

If  a:  =  2nnt  where  n  is  any  integer  number,  cos.  x  =  1» 
At  these  points  the  tangent  makes  with  the  axis  of  ;r  an  angle 
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=  4&%  and  if  x  =  (9n  +  1  )rt,  the  tangent  is  inclined  at  the 
angle  185^  to  the  axis  of  ^,  these  angles  being  measured  in 
the  positive  direction. 


PROP,  ccix^ 

(424.)  To  investigate  the  figure  of  the  sinusoid. 
By  differentiating  the  equation  a  second  time,  we  find 

^y  sin.  X  y 

^  —  "■      J5     ~  ""  yg  • 

Hence  the  curve  is  always  concave  towards  the  axis  of  or. 
Ifa?=«ni',y=0,  ^^^  ^ 

therefore  if aa' = rw, 

AA"'=8rB',  8cc.  V 

the  curve  intersects  the  axis  of  x  at  the  pcnnts  A,  a',  a",  a'", 
&c. 

For  all  values  of  x^  from  a?=sOtod7  =  rr,  ^is  positive ; 
for  all  values  from  x  ^  ne  to  a?  =  Srsv  y  is  negative,  and 
so  on  alternately ;  therefore  between  a  and  a'  the  curve  lies 
above  die  axis  of  x,  from  a'  to  a"  below  it,  from  a"  to  a*" 
above  it,  &c. 

The  maximum  positive  and  negative  values  of  sin.  x  are 
+  r  and  —  r,  of  which  -f  r  corresponds  to 

«  =  ^v^  =  -g-,  0?  =  -y-,  and  —  r  to  J?  =  -^,  j?=— ,  &c. 

Hence  if  aa',  a'a",  a V,  be  respectively  bisected  at  b,  b',  b", 
8cc.,  and  perpendiculars  bv,  bV,  bv",  &c.  erected  equal  to 
t\  and  a  parallel  v,  v''  to  aa"  drawn,  this  parallel  touches  the 
curve  at  the  points  vV',  8cc. ;  the  same  is  true  of  a  parallel 
through  V,  and  the  curve  is  included  between  these  parallels. 

If  a;  =  nnt,.^  =.0,  hence  the  points  a,  a',  a",  &c.  are 
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pcnnts  of  inflecfioii,  the  tangent  through  these  points  inter- 
secting the  axis  of  a?,  as  has  been  ahready  shown,  at  an 
angle  of  45®  degrees. 

PROP.  CCX. 

(425.)  To  find  the  area  of  the  sinusoid. 

By  the  usual  formula, 

rydy 


which  being  integrated  ^ves 

A=-r(r*— y)^+  c. 
When  A  =  0,  j/  =  0,  •.•  c  =  r\  hence 

A  =  r(r  —  */t^  —  y^)' 
If  a:  =  AB,  2^  =  r,  •••  A  =  r%  hence  the  whole  area  ava'  is 
equal  to  twice  the  square  of  the  radius  of  the  arc  x, 

(426.)  Other  trigonometrical  curves  may  be  imagined, 
with  equations  analogous  to  that  which  we  have  just  de* 
•scribed.     The  curve ^  =  cos.  a:  is  of  the  same  species,  since 

it  may  be  expressed  y  =  sin.  (-^  —  ^)- 


PROP.  ccxi. 

(427.)  To  investigate  the  figure  of  a  curve  whose  equation 

isy  •=■  tan.  x. 

If  0?  =.nnt9y=^0j 
•.•  the  curve  must 
meet  the  axis  of  x  at 
the  points  a,  a',  a", 
&c.,    where    a;  =  0, 

&c. 

By  differentiating 
the  equation  twice. 
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dy  ^      r* 

da ""  COS.*  X  * 

d^     tan.  X 

clr*"^cos,*  x' 

dy 
If  a?  =  nnr,  cos.*  x  =  r%  •/  ^  =  1>  and  tan.  x  =  0,  •/ 

•—  =  0.  Hence  the  points  a,  a',  a",  &c.  are  points  of  in- 
flection, the  tangents  through  them  intersecting  the  axis  of 
X  at  an  angle  of  45^. 

(2n  +  l)nr     dy     r«       ,  »x        .*.  i 

If  07  = ^ ,    T- = -jr-janay  :i  00  .     Hence  if  the 

intercepts  aa',  a'a",  a^'a'",  be  bisected  at  b,  b'^  b",  perpen- 
diculars through  these  points  are  asymptotes. 

d^y  .        ^ 

Since   -r^  has  always  the  same  sign  as  y,  the  curve  is 

convex  towards  the  axis  of  x. 

The  figure  of  this  curve  is  therefore  as  represented  in  the 
preceding  figure. 


PROP.  CCXII. 

(4S8.)  To  find  the  area  qftJie  curve  of  tangents. 

By  the  general  fbrmula 

a  =y  tan.  X .  dx. 

,    .     .      ^  1      ^  sift-  ^ 

By  substitutmg  for  tan.  x  its  value 


cos.a? ' 


=-/■ 


r*  .  d  COS.  X 


cos.  X 
Hence  by  integrating 

A  ea  -  t« .  i .  COB.  X. 
'  No  oonstiudt  is  added,  because  when  a  ±»  0,  ip  t&  0,  *.* 
COS.  a:  =^1,  *.*  log.  cos.  4?  =  0.    Hence  the  area,  i&eluded 
between  the  curve  and  its  asymptote,  is  infinite. 
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PROP.  CCXIII. 


(429*)  To  investigate  the  figure  qf the  curves  wJu)se  equation 

is  J  =  sec.  X. 

By  differentiating  the  equation  twice, 

dt/     r  •  sin.  x 
rfi7~"   cos.^o:  * 

d^y      fir"-  +  sin.*  a;)        ,  o  .     •    «    ^       , 

—4  =  -^ ; =  K^  +  sm.*  x)  sec.'  x. 

dx*  cobJx 

Since   3^  has  always  the  same  sign  with  sec.  x  or  y,  the 

curve  is  every  where  convex  towards  the  axis  of  x. 

Sec.  ;r  is  a  minimum 
when  or  =  nntf  which 
corresponds  to  y  =  ±  r, 
•••  if  AA'=*r,AA"=^r, 
A  a''' = 8*r,  and  through 
the  points  a^  a',  &c. 
the  perpendiculars 
Av  =  r,  a'v'  =  —  r, 
A V  =  +  r,  &c.  be 
drawn  parallels  to  aa' 
through  the  points  v 
and  V  are  tangents  to  the  curve  at  those  points,  and  the 
curve  extends  indefinitely  above  the  one  and  below  the  other. 

(9n+l)nt        ,    .^.^        „    ,      ^ 

dx' 


When  X  =  .    >/— ^  ^  .^  infinite^   and  also  ^. 


Hence,  if  the  intercepts  between  aa',  a'a",  a" a'",  be  bisected 
at  B,  b',  b'',  &c.,  perpendiculars  through  these  points  are 
asymptotes  to  the  curve.  The  figure  of  this  curve  is  there- 
fore as  represented  in  the  preceding  figure. 
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Of  Spirals. 

Of  the  logarithmic  spiral, 

(480.)  Def  The  curve,  whose  polar  equation  is  z  =  a% 
is  called  the  logarithmic  spiral. 

PEOP.  ccxiv. 

(481.)  Radii  vectores  which  rn^xke^  with  the  axisjrom  which 
the  values  qfu)  are  measured^  angles  in  arithmetical  pro^ 
gressioHy  are  themselves  in  geometrical  progression. 

For  let  th^  a^gle  under  any  two  contiguous  radii  vectores 
be  fl',  then 

5?  =  a%  js/  =  0"^+  *',  z^  =  flw+gy^  &c. 
or 

2;  =  aw,  2/  =  af^a^f  2"  =  a^^a^^t  &c. 
which  are  in  geometrical  progression,  a^  being  the  common 
multiplier. 

(482.)  Cor.  If  a  be  the  base  of  a  system  of  logarithms, 
and  z  represent  any  number,  uf  will  represent  its  logarithm^ 
a  property  from  which  the  spiral  has  derived  its  name. 

PBOP.  ccxv. 

(483.)  To  find  the  tangent  to  a  given  point  on  the  curve. 

The  equation  2  =  a<^  differentiated  gives 

Tndz  =  zdwy 
m  representing  the  modulus  of  the  logarithm,  whose  base  is 
a.    Hence  by  the  formula  (327) 

tan.  tz  =  m. 
Therefore  in  the  logarithmic  spiral  the  radius  vector  is  in- 
clined to  the  tangeiit  at  a  constant  angle.    Hence  this  curve 
is  sometimes  called  the  equiangular  spiral. 
(434.)  Cw.  The  polar  subtangent  =  mz. 
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(435.)  Hef.  Similar  logarithmic  spirals  are  those  in  which 
the  radius  vector  is  equally  inclined  to  the  tangent. 

PROP,  ccxvi, 

(436)   To  find  Ihe  loctis  of  the  extremity  of  the  polar 

svbtcmgent 

Let  the  polar  subtangent  =  z'.    Hence  the  equation  of 
the  locus  sought  is 

d  =  mw^  =  tan.  fla«', 

the  axis  from  which  J  is  measured  b^ng  perpendicular  to 
that  from  which  vo  is  measured. 

Hence  the  locus  is  a  logarithmic  spiral,  and  since 
fnds^  =  Jdw^  it  is  similar  to  the  given  spiral. 

PROP.   CCXVII. 

(437.)  To  find  the  length  of  an  arc  of  the  logarithmic 

spiral. 

By  eliminating  dw  from  the  equations 

mdf^f  =  zdufy 

da  =  {(&»  4-  z^dw'^^, 
ihe  result  is 

da  =  {I  -\-  m^Ydzj 

\'  fl  =  (1  -f-  m^)^z  -f  c. 
Let  the  value  of  2,  corresponding  to  the  extremity  from 
which  the  value  of  a  is  supposed  to  commence,  be  2/,  and 
supplying  thus  the  constant,  we  find 

a  =  («  —  z')  sec.  0. 

Hence,  if  from  one  extremity  (a)  of  the  arc  ab  a  tangent 
h^  drawn^  and  a  radius  vector  (cb)  from  the  other^  and  with 
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the  centre  c^  and  the  radius 
CB,  the  circle  bd  be  described, 
and  from  the  point  b  a  tan- 
gent to  the  circle  be  drawn  to 
meet  the  curve  at  e,  the  arc 
BA  is  equal  to  the  right  line 

A£. 

Hence,  if  the  pole  (c)  of  a 
logarithmic  spiral  ab  be  the 
centre  of  a  cirde  intersecting  the  spiral  at  any  point,  b,  and 
a  right  line  be  drawn  from  the  centre,  intersecting  the 
spiral  and  circle  in  a  and  n,  and  through  these  points  tan- 
gents be  drawn  meeting  at  e,  the  tangent  ae  is  equal  to  the 
arc  AB  of  the  spiral  intercepted  between  ca  and  the  circle. 

If  2:'  =  0,  the  value  of  a  will  be  the  length  of  the  arc  of 
the  spiral  continued  to  the  pole.     In  this  case, 

a  =  2  sec.  0. 
Hence  the  intercept  of  the  tangent  between  the  point  of  con- 
tact and  the  polar  subtangent,  is  equal  to  the  arc  of  the 
spiral  continued  to  the  pole. 

PEOP.  CCXVIII. 

(438.)  To  find  tJie  area  included  between  two  radii  vector  es  of 

ihe  spiral. 
By  eliminating  dw  from  the  equations, 

dA  =  iz^dta^ 
mdz  =1  zdMJ^ 
we  find 

dA  =3z  \mz  dzy 

A  =:  -J-  -f  C. 

4 


If  2/  be  the  value  of  z  when  a  =  0, 
m(2*  —  tI^)      tan.  d  .  (2* 


A  = 


2!^) 
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Let  CB  =  js',  CA  =  z*  With  c  as  centre,  and  the  radius 
CB,  let  a  drcle  be  described  meeting  ca  in  n,  d'.  The  area 
BOA  is  equal  to  half  the  area  of  the  triangle  d^^a.  For 
da  =  «  —  «',  •/  BE  =  tan.  6(z  —  s/)j  and  d'assz  -^  J. 

If  js'  =  0,  the  corresponding  area  will  be 

tan.  4 .  2* 

In  this  case  n  and  b'  coincide  with  c,  and  the  area  is  half  the 
triangle  formed  by  the  radius  vector  and  polar  subtangent. 

(439.)  Car.  1.   If  9  =  ^,  •••  tan.^  =  1,  /a  =  ^   "^     . 

Hence,  if  a  tangent  be  drawn  from  a  to  the  circle,  the  area 
is  equal  to  the  square  of  half  the  tangent 

(440.)  Cor.  2.  In  the  same  case  the  area,  when  js'  =  0, 
is  equal  to  the  square  of  half  the  radius  vector,  at  which  the 
area  be^ns. 

PROP,  ccxix. 

(441.)  Tojind  the  radius  of  curvature. 

Differentiating  the  equation  of  the  spiral  twice,  we  find 

mdz  =  zdooy 
ml^cPz  =  zdw\ 
By  means  of  these  equations,  that  of  the  curve  and  the  ge- 
neral equation  for  the  radius  of  curvature^  the  quantities 
dZf  dctf,  and  %  may  be  eliminated,  and  the  result  is 

R  =  2; .  cosec.  i. 
(442.)  Cor.  X.     The  chord  of  the  osculating  circle,  which 
passes  through  the  centre,  is  equal  to  twice  the  radius  vec- 
tor.    For  c  =  2ft  sin.  fl  =  2z. 

(443.)  Cor.  2.  The  curvature  of  the  spiral  is  continually 
increasing  as  it  approaches  the  pole. 
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PKOP.  CCXX. 

(444.)  To  find  the  involute  and  evolute  of  the  spiraL 

Since  the  pole  is  the  point  of  bisection  of  the  chord  of  the 
osculating  drcle,  which  passes  through  it,  a  line  si  from  it  to 
the  centre  of  curvature  is  perpendicular  to  z^  and  *.* 

x'  =  B  .  COS.  6  =  2  cot.  i ; 

hence  the  equation  of  the  evolute  (the  values  of  oo  being 
measured  firom  a  Une  perpendicular  to  that  from  which  they 
are  measured  in  the  original  curve),  is 

Z  =  cot  0  •  €Lw. 

Hence  the  involute  of  the  logarithmic  spiral  is  a  similar 
one,  whose  equation  is 

V  =  tan.  6  a*', 

the  axis  from  which  w  is  measured  being  perpendicular  to 
that  from  which  it  is  measured  in  the  original  curve. 

Of  the  spiral  of  Archimedes ^  Ssc. 

(446.)  Def  A  spiral,  whose  equation  is  2  =  aa;,  is  called 
the  spiral  (^Archimedes, 
(446.)  Cor.  a  is  the  value  of  z,  corresponding  to  a;  =  1. 


PROP.  OCX XI. 


(447.)  If  any  number  of  values  ofz  be  drawn^  dividing  the 
space  round  the  pole  of  the  spiral  into  equal  angles^  those 
values  will  be  in  arithmetical  progression. 

For,  since  a  is  constant,  ^r  x  ^,  and  therefore  if  w  varies 
arithmetically,  z  will  also  vary  arithmetically. 
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PROP.  CCXXII. 

(448.)  To  determine  the  position  of  t1i£  tangent. 

By  differentiadng  the  equation, 

dz  =  aduf. 
Hence,  by  the  general  formula  (8S7), 

tan.  zt  =i  —  =  w. 
a 

Hence  the  angle  zt  is  continually  increasing  as  ta  increases. 

(449.)  Cor.  1.     If  af'  =  the  polar  subtangent, 

zf  =  z  tan.  zt  =^  Zio  =i  aui^. 

(450.)  Cor.  2.    The  locus  of  the  extremity  of  the  polar 
subtangent  is  a  spiral,  whose  equation  is 

u)  being  measured  from  an  axis,  perpendicular  to  that  from 
which  it  is  measured  in  the  given  spiral. 

PEOP.  CCXXIII. 

(451.)  To  find  the  area  qftJie  spiral. 

By  the  general  formula 

/'z^dz_  7^ 

Let  z  =:  s/f  when  A  =  0,  •.* 

z^  —  z^ 


A  = 


6a   ' 
and  if  the  area  be^n  from  the  pole  s/  =^  0, 


A  —  £,    • 

oa 


(452.)  The  spiral  of  Archimedes  belongs  to  a  class  of 
spirals  included  in  the  general  equation  z  =  aw",  n  being 
any  positive  number.  The  quadrature  of  this  class  of  spirals 
can  be  effected ;  for,  by  the  general  formula, 

z'^du)     a^oD^^'doo 
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Henc^,  by  integration 

^  ""  2(2n  +  l)  "^  ^' 
Substituting  in  tbis  for  eu  its  value,  derived  from  the  equa- 
tion of  the  curve,  and  introducing  the  value  of  c,  by  2' being 
the  value  of  Zy  where  a  =  0, 

2W+1              2n+i 
'  Z    n      —  Z    n 
A  =S  ■■  ■  • 

2(n  +  l)a" 
(453,)  By  (450)  it  appears  that  the  locus  of  the  ex- 
tremity of  the  polar  subtangent  of  the  spiral  of  Archimedes 
is  one  of  this  dass,  sciL  z  =  aw**  where  w  =  2.  Again,  the 
locus  of  the  extremity  of  the  polar  subtangent  of  this  last 
spiral  is  z  =  -i^io;' ;  and,  in  general,  the  locus  of  the  ex« 
tremity  of  the  polar  subtangent  of  z  =  oo;",  is 

n 
For  by  differentiating 

Hence,  by  the  general  formula, 

cu 

tan.  s^s  — . 
n 


If  therefore  the  polar  subtangent  be  s',  z'  =  z^  tan.jsr^,  *.* 

a 

n 
which  is  the  equation  of  the  locus  of  its  extremity,  the 
values  of  ta  being  measured  from  an  axis  at  right  angles  to 
that  from  which  it  is  measured  in  the  equation  z  =  aw!!. 

In  this  class  of  spirals,  the  angle  zt  is  continually  ap- 
proximadng  to  90^  as  the  curve  recedes  from  its  pcde,  but 
never  becomes  actually  equal  to  90°. 

Of  the  hyperbolic  spiral,  S^c» 
(454.)  Dtfi   The  spiral,  whose  equation  b  zo;  =  a,  is 
called  the  hyperbolic  spired, 

1-2 
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Hence  by  the  general  formula  (830),  we  flnd^  aftet-  in- 
tegration, 


az 

A  =  -  ^  +  C. 

Let  z^  d  when  a  =  0, 

^{ti  —  ^a 
^'^  ~2       • 
If  the  area  be  measured  from  the  centre,  ;s  =  0,  *.* 

"^^  a"- 

Hence,  if  bn  =  ap,  and  bn'  =  ap',  app'  =  ann',  and  the 
area  continued  from  p  to  the  centre,  is  equal  to  the  triangle 

ABN. 

(464.)  The  hyperbolic  spiral  is  one  of  a  class  of  spirals 
included  in  the  equation  z  =  aa;"^.  One  of  the  most  re- 
markable of  this  class  is  the  liiuuSy   whose  equation  is 

z  =  aenT^f  or  z^cu  =  a*. 


PROP.  CCXXVIII. 

(465.)  Iff  tpith  any  value  ^z  in  Hie  lituiis  as  raditis^  a  cir- 
cular sector  be  described,  whose  angle  is  to,  the  area  qf 
this  sector  is  invariable.  * 

For,   zw  being  the  arc  of  tlie  sector,  its  area  is  i!s^y 

which  is,  by  the  equation  of  the  lituus,  equal  to  ia*. 

PEOP.  ccxxix. 

(466.)  7%^  axis  from  which  the  values  of  w  are  measured 

is  an  asymptote. 

For,  by  the  last 
proposition,     the 

o« 

arc  PM=isa;^ — » 

z 

whieh  continually 

diminishes    as   z 
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inoreases  and  as  ta  diminishes,  and  the  condition  w  =  0  ^ves 
X  =£  00^  and  pm  as  0. 


PROP,  ccxxx. 

(467.)  Tojind  the  position  of  a  tangent  to  tJie  lituus. 

By  differentiating  the  equation, 

dz  ^       z 

Hence  by  the  general  formula, 

tan.  z^  =  -—  =  ^w. 

Hence  in  this  spiral  zt  continually  approaches  90^  as  the 
curve  approaches  its  pole. 

(468.)  Cor,  1.  Hence  the  polar  subtangent  tI  may  be 
found, 

2^  =  jar  tan.  2^  =  Sactf  ^. 

(469.)  Cor.  2.  The  locus  of  the  e:^tremity  of  the  polar 
subtangentis  a  spiral,  whose  equation  is 

which  is  called  the  parabolic  spiral,  and  is  one  of  the  class 
mentioned  in  (450). 

(470.)  Cor.  S.  The  triangle  contained  by  the  polar  sub- 
tangent  and  z  is  equal  to  a%  and  is  therefore  constant. 

Cff  Cycloids, 

(471.)  Def,  The  cutve,  traced  out  by  a  point  (p)  in  the 
plane  of  a  drcle,  which  rolls  in  a  given  plane  upon  a  right 
line  g^ven  in  position,  is  called  a  c^cfoid. 
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If  the  generatiDg  point  be  within  the  aide,  the  curve 
is  called  the  prolate  cycloid:  if  without  it,  the  curtate 
cycloid ;  and  if  on  it,  the  common  cycloid. 


A.    2CM    J) 


PROP.  CCXXXI. 

(472.)  To  find  the  eqtuxiian  of  a  cycloid. 

Let  a'b'  be  the  right  line  on  which  the  generating  circle 
is  supposed  to  roll.  Let  a  be  the  generating  point  whai  the 
radius  caa',  passing  through  it,  is  perpendicular  to  the  right 
line  a!b\  and  through  a  let  a  parallel  ab  to  a'b-  be  drawn. 
Let  p  be  the  position  of  the  generating  point  after  the  circle 
has  rolled  over  any  portion  a'd',  and  let  cp  be  produced  to 
meet  the  circle  at  p'«    By  the  definition  a'b'  =  nV,  v 
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AD  3=  s V.  Let  the  distance  of  the  generating  point  ftom. 
the  centre  c  be  r,  and  let  the  circle  with  this  radius  be  de- 
scribed. Let  the  angle  dcp^  related  to  the  radius  unity,  be 
A)  and  the  radius  of  the  generating  circle  mr, 
•/  p^d'  =  mrA  =  AD,  MD  =  r  an.  a.  If  ab  and  ac  be  taken 
as  axes  of  co-ordinates,  the  preceding  conclusions  are  ex- 
pressed in  the  equations 

X  =  r{mA  —  sin.  a),  (1), 

j^  =  r(l  —  cos.  a),  (2). 
Eluninating  A  from  these  equations,  we  find 

y  +  rcos.  ^J      ^  -r  =  0,  (3). 

If  971  >  1,  this  is  the  equation  of  the  prolate  cycloid ;  of  the 
curtate,  if  fit  <  1 ;  and  of  the  common  cycloid,  Km  =  1. 
(473.)  Cor.  1.     To  find  the  point  where  the  cycloid  meets 

the  axis  of  x  (ab),  let  v  =  0,  *.•  cos.  —  =  1,    •.•   a?  =  0, 

X  =  %(mr^  X  =  4irmr,  8ec.  ;  and  since  %cmr  is  equal  to  the 
cux;umference  of  the  generating  circle,  it  is  evident  that  the 
curve  meets  the  line  ab  after  every  revolution  of  that  circle, 
and  the  intercept  ab  between  two  points,  where  it  meets  it, 
is  called  the  base  of  the  cycloid,  and  is  equal  to  the  circum- 
ference of  the  generating  circle. 

(474.)  Cor.  2,  The  ordinate  to  the  middle  point  of  the 
base  may  be  found  by  making  a  =  ir  in  (2),  which  gives 
jf  =  2r.  This  ordinate  is  called  the  axis  of  the  cycloid,  and, 
as  is  manifest  from  the  same  equation,  is  the  greatest  or- 
dinate. 

(475.)  Cor.  3.  If  the  ori^n  be  removed  to  the  middle 
point  of  the  base  by  substituting  x  -\-  vmr  for  x  in  the  equa- 
tion (1),  and  the  angle  a  measured  from  the  vertex  v  by 
substituting  ir  +  a  for  a  in  (1)  and  (2),  the  results  are 

X  =  r(mA  H-  sin.  a),  (4), 

3/  =  r(l  -f  cos.  a),  (6), 
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from  which  a  h&ng  eliminated, 


y  -  r  COS. -^ ^ —  r  =  0,  (6). 


mr 


(476.)  Cor.  4.     If  the  origin  be  remoyed  to  the  vertex  v, 
by  substituting  tf  +  2r  for  y  in  the  last  equation,  we  find 

y^rcos. _-:5L^  +  ^=o,  (7). 


PEOP.  CCXXXII. 

(477.)  A  circle  (vpD)  being  described  on  tfie  axis  as  dia- 
meter j  ami  a  perpendicular  Jrom  any  point  (a)  of  the 
axis  being  drawn  to  meet  the  cycloid  at  p,  and  the  circle 
at p,  then  i?p  ^m, pv. 

The  origin  being  assumed  at 
the  centre  of  the  base,  the  equa- 
tion (6)  gives 

^,  y-rjx^  y/^ry-^y" 


COS 


mr 


COS. 


But  by  (5) 


And 


Hence, 


mr  r 


va—pa     Fp 

vp  = ^=— , 

mm 


•.'  vp  ^  m.  yp. 
In  the  common  cycloid  therefore  vp  =  yp. 

(478.)  Cor.  Hence,  if  the  ordinate  to  the  diameter  of  a 
drde  be  produced,  until  the  produced  part  bear  a  given 
ratio  to  the  arc  intercepted  between  the  ordinate  and  the 
extremity  of  the  diameter,  the  locus  of  the  extremity  of  the 
produced  part  is  a  prolate  cycloid,  if  the  ratio  be  of  major 
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inequality ;  a  curtate,  if  of  minor  inequality ;  and  a  common 
cycloid  if  it  be  a  ratio  of  equality. 

PROP.  CCXXXIIT. 

(479.)  To  find  the  equation  of  a  ta/ngent  to  a  given  point  an 

a  cycloid. 

By  differentiating  the  equation  (3)  of  the  curve,  we  find 

dy      (2ry—y^)^ 

Hence  the  equation  of  the  tangent  sought  is 
For  the  common  cycloid  this  equation  becomes 

(y -!/)/''  -  (^ -^)(2r  -  y)^  =  0, 

ance  in  this  case  mr  —  r  =  0. 

PROP,  ccxxxiv. 

(480.)  To  investigate  the  figure  of  the  cycloid. 
By  differentiating  the  equation  a  second  time, 

d^y  _  K^^  —  r  —  my) 

di*  ""    (mr  —  r  +  yY  ' 
1.  If  the  curve  be  the  prolate  cycloid. 

At  the  vertex  V,  J/ =2r,  •.•  -^^  <  0,  •.•  at  this  point  the 

curve  is  concave  towards  the  base. 

The  value  of  ^^  continues  negative,  until  y  = r, 

for  which  value  -r^  =  0 ;    the  point  therefore   whose  or- 

ffi  "—  1  , 

dinate  is  •.  r,  is  a  point  of  inflection.     After  passing 

d*v 

through  this  value  j~  becomes  positive,  and  then  the  curve  is 
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convex  towards  the  base.  When^=0,~  =0,  v  the  base 

touches  the  curve.  Hence  the  figure  of  the  prolate  cycloid 
is  as  represented  in  the  first  figure  of  page  SI  6. 

2.  If  the  curve  be  the  curtate  cycloid. 

In  this  case,  as  before,  at  the  vertex,  the  curve  is  concave 

towards  the  base,  and  the  value  of  ^-^    continues   negative 

from  this  until  it  becomes  infinite,  which  it  does  whem 
jf  =  r(l  —  m),  that  is,  at  the  point  where  ^  is  equal  to  the 
distance  of  the  generating  point  from  the  circumference  of 
the  generating  circle.     The  same  value  of  y  also  renders 

-^  infinite,  and  therefore  at  this  point  the  tangent  is  perpen- 
dicular to  the  l^ase. 

d/u 
I£y  =  0,  ^  =  0,  therefore  the  base  touches  the  curve. 

Hence  the  figure  of  the  curtate  cycloid  is  as  represented 
in  the  second  figure  of  page  216. 

3.  If  the  curve  be  the  common  cycloid. 

The  value  of -r^  is  always  ne^tive,  except  for  y  =  0, 

which  renders  it  infinite.  Hence  the  curve  is  always  con- 
cave towards  the  base  and  at  the  points,  where  it  meets  the 
base,  has  cusps  of  the  first  kind. 

The  figure  of  this  curve  is  represented  in  the  third  figure 
of  page  216. 

PROP,  ccxxxv. 

(481.)  To  draw  geometrical^  a  ta/ngerU  to  a  given  point  in 

a  cycloid. 

1.  If  the  curve  be  the  prolate  cycloid. 

Let  AB  be  the  base,  dv  the  axis,  and  nV  the  diametar  of 
the  generating  circle. 
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S2I 


T  V 


•s^^^^        K     ' 

a,      /V      7\ 

/^  \ 

/J       \ 

Let  FT  be  a  tangent  at  the  point  p.    By  (479)> 

(2rw  -  v«)^ 

tan.  TW  =  ^— ^^ — ^^-^. 

mr  —  T  •\'  y 

siow  pa  =  (2ry  —  y^)*,  ao'  =  wir  —  r  +  y,  therefore  if  ^d' 
be  drawn,  TPa  =  jon'a ;  therefore  if  njp  be  produced  to 
meet  the  generating  circle  atjo",  and  //'v'  be  drawn,  jfv^  is 
parallel  to  ft  :  hence  the  manner  of  drawing  ft  is  obvious. 
S.  If  the  curve  be  the  curtate  cycloid, 

As  before,  pa  =  (2ry  —  ^^)*,   an'  =  wr  —  r  4-  y,   •/ 
pn'a  =  TPa,  •••  jp^v'  is  parallel  to  ft. 
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3.  If  the  curve  be  the  common  cycloid. 

In  this  casep  and//'  coincide,  *.*  the  tangent  is  parallel 
toj^v. 

(48S.)  Cor.  1.  In  the  prolate  cycloid,  if  a  tangent  be 
drawn  from  d'  to  the  circle,  described  upon  vd,  and  from 
the  point  of  contact  £  a  parallel  to  the  base  be  drawn, 
meeting  the  cycloid  in  i,  the  points  i  are  the  points  of  in- 
flection. 

(483.)  Cor.  %  In  the  curtate  cycloid,  if  a  parallel  to  the 
base  be  drawn  through  the  point  n',  meeting  the  cycloid  at 
I,  the  points  i  are  those  at  which  the  tangent  is  perpen- 
dicular to  the  base. 

(484.)  Cor.  8.  The  normal  of  the  cycloid  for  the  point 
p,  is  equal  to  that  part  of  pi/,  intercepted  between  p  and 
the  base  of  the  cycloid  in  all  the  cycloids.  In  the  common 
cycloid  the  normal  is  equal  to  pn. 

(485.)  Cor.  4.  If  tangents  be  drawn  at  any  two  points 
p,  p',  of  a  cycloid,  and  the  parallels  pp,  p'p',  to  the  base  be 
drawn,  the  angle  ptf'  under  the  tangents  is  equal  to  the 
«  angle  in  the  segment  of  the  generating  circle,  intercepted 
between  the  line  vIp  and  d'//,  (produced  if  necessary.)  In 
the  common  cycloid,  this  angle  is  the  angle  contained  in  the 
segment  pvp'.  * 

(486.)  Cor.  5.  If,  in  the  common  cycloid,  a  parallel  go' 
to  the  base  be  drawn  through  the  vertex,  the  part  of  it  in- 
tercepted between  the  tangents  pt,  p't,  is  equal  to  the  arc 
pyfl. 

PROP.  CCXXXVI. 

(487.)  To  find  the  area  of  the  cychid. 
By  differentiating  (1)  in  (472),  and  multiplying  the  result 
by  (2), 

1/dx  =  r^  I  mdA — (1  +  fn)d .  sin.  a + cos.  d .  sin.A  J ,    . 

which  being  integrated,  and  the  integral  taken  between  the 
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limits  A  =  0  and  AssSne,  and  observing  that 

y  cos.  Ad  sin.  A  =5  «•, 
\'fj/dx  =  (2771  +  l)r**. 
Hence  the  area  of  the  cycloid  is  (2m  -f  1)  times  the  area  of 
the  circle  described  upon  the  axis. 

The  area  of  the  common  cycloid  is  three  times  that  of  the 
generating  circle. 

PEOP.  ccxxxvii. 

(488.)   ToJincTtJie  length  of  an  arc  of  the  common  cycloid. 
By  the  general  formula  for  the  rectification  of  curves, 

a  ^f^fdjf  +  £ir*  +  c. 

ydif 
In  the  common  cycloid  dx^  =  A         9  therefore 

dy^  +  dx^=^^.dy\ 
Hence,  by  integrating^ 

a  =  /  dy  =  2  V2r(2r-y), 

^  \/2r  -  y 

the  arc  being  measured  from  the  vertex,  no  constant  need  be 

added ;  for  when  a  =0,  2r — y  =  0. 

Since  vd  s=  2r,  and  va  =  2r  — y,  •/  vd  .  va  =  2t{^  —  y), 
but  \ji  .^a-=-  pv*,  '.•  pa  =  2pv. 

(489.)  Cor.  Hence  VB  =  2vd,  *.•  avb  =  4vd,  that  is, 
the  circumference  of  the  common  cycloid  is  equal  to  four 
times  the  diameter  of  the  generating  circle. 

PEOP.   CCXXXVIII. 

(490.)  Tojind  the  evolute  of  the  common  cycloid. 
The  values  of  the  first  and  second  difierentials,  found  in 
(479),  (480),  being  substituted  in  the  general  formulae  for 
the  co-ordinates  of  the  centre  of  the  osculating  circle  (334)^ 
give 
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J/  ~  y  =  2y, 


X  --  a^  =  —  2v2r^  — y». 
Hence  we  find 

y  =  —  y,  ^7  =  0^'  —  2 v'-  S/y  —  y«, 

which  bemg  Substituted  in  the  equation  of  the  cycloid,  give 
y  —  r  cos. 2^ ^  +  r  =  0, 

which  is  the  equation  of  a  cycloid, 
whose  generating  circle  is  equal  to 
that  of  the  given  one,  and  whose 
vertex  coincides  with  the  extremity 
of  the  base,  lying,  however,  below 
the  base. 
(491 .)  Cor,    The  involute  of  a  cycloid  is  an  equal  cycloid, 

the  extremity  of  whose  base  coincides  with  the  vertex  of  the 

^ven  one. 
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(492.)  To  find  the  radivs  of  curvature  for  a/ny  pomt  in  a 

common  cycloid. 

The  values  of  the  differentials,  already  found,  being  sub- 
stituted in  the  general  expression  for  the  radius  of  curvature, 
found  in  (335),  give 

R®  =  ^ry. 
Hence  the  radius  of  curvature  is  equal  to  double  the  chord 
pn,  or  to  twice  the  normal. 

(493.)  Cor,  1.  Hence,  at  the  extremities  bf  the  base  the 
radius  of  curvature  vanishes,  and  therefore  the  curvature  at 
these  points  is  greater  than  that  of  any  circle. 

(494.)  Cor.  2.  At  the  vertex  the  radius  of  curvature  is 
equal  to  twice  the  axis. 

(495.)  Cor.  3.  The  base  is  the  locus  of  the  point  of 
bisection  of  the  tangents  to  the  evolute  from  points  in  the 


curve. 
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PEOP.  CCXL. 

(496.)  A  parallel  to  the  base  of  the  common  cycloid  Jmn^ 
drawn^  intersecting  it,  and  the  circle  described  t^j^AM  the 
axis  in  pp,  to  find  the  locus  qfr^  the  point  of  intersection 
of  tangents  to  the  curve  and  circle  at  these  points. 
Since,  by  (481),  yp  is 

parallel  to  TP,ypT=/>TP,  jVL  T 

and     ypa  =  xpp,     but 

\pa  =  vpT, 
'/  Tp  =  ^p  =  p\. 

Hence  the  locus  of  the 

point  T  is  the  involute  of  the  generating  circle  described 

upon  the  axis. 

Offfie  companion  of  the  cycloid. 

(497.)  Def  If  an 
ordinate  {ap)  to  the 
diameter  of  a  drcle 
be  produced,  until  it 
is  equal  to  the  arc 
(pv)  of  the  circle  in- 
tercepted between  it  and  the  extremity  v  of  the  diameter, 
the  locus  of  its  extremity  p  is  called  the  companion  of  the 
cycloid. 


PROP.  CCXLI. 

(498.)  To  find  the  equation  of  the  companion  of  the  cycloid. 

Let  the  radius  cv  of  the  generating  circle  be  r«  the  angle 

vcp  =  A,  yp  =  r A.     If  X)  be  taken  as  origin,  dm  =  a?,  and 

y  =  r(l  +  COS.  a),  (i), 
ar  =  rA,  (2.) 

Q 
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Eliminating  a  from  these  equations,  we  find 

j^  -  r  COS.  —  -  r  =  0,  (3), 

^  T 

wtaadb  \%  the  equation  sought 

(4090  On-*  h  The  base  of  the  curve  is  equal  to  the 
drcumfeifeiloe  of  the  generating  circle* 

(500.)  Cor.  S.  If  a  common  cycloid  be  described  on  the 
same  axis,  it  will  have  also  the  same  base,  and  op  being  pro< 
duced  to  meet  it,  ap  =3  pp'. 

(501.)  Cor.  3«    If  the  origin  be  at  the  vertex,  the  equa- 

tion  \b  y  +  r  cos. r  =  0. 


PROP.  CCXLII. 

(50S.)  To  find  the  equation  of  a  tangent  to  the  curve. 
By  differentiating  the  equatidn,  we  find 

da  r 

Hence  the  equation  sought  is 

Ki'  -  y)  +  (^  -  y*)^  (a:  -  a:')  =  0. 


I 


PBOP.  CC&Llili 

(508.)  To  investigate  the  figure  of  the  curve. 
Let  the  equation  be  differentiated  a  second  time,  and  the 
result  is 

iNf     r  '-'  y 

ni&db  bmng  negative  for  all  values  of^  between  ym9^%sA 

ff^T^  shown  tibat,  if  dirough  the  oentre  oi  be  dlftwn  parallel 

to  the  base,  the  curve  firom  v  to  i  is  concave  t6Wiffds  the 

d^y 
base.    If  y  =  r,  ^-j  =  0.     Hence  the  point  i  is  a  pointof 
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inflection,  and  from  i  to  b  the  value  of  -^  is  positive ; 

therefore  the  curve  is  convex  towards  the  base)  and  for 

dy 
y=0, --y-  =  0,  which  shows  that  the  curve  touches  the 

base  at  a  and  b.    Hence  the  figure  of  the  curve  is  as  re- 
presented in  the  preceding  figure. 


PROP.  CCXLIV. 

(504.)  To  find  the  area  of  the  curve. 

The  equation  (S)  being  differentiated,  and  the  result  mul- 
tiplied by  (1),  we  find 

ydx  =  r*(dA  +  cos.  acIa), 
which  by  integration,  gives 

Jifdx  =  r*(A  H-  sin*  a), 
no  constant  being  added,  as  the  area  is  supposed  to  be^n 
when  A  =  0.  Now  r*A  is  equal  to  twice  the  area  of  the 
sector  pcv,  and  r^  sin.  a  is  twice  the  area  of  the  triangle 
pcv ;  therefore  the  area  vphd  is  equal  to  twice  the  sum  Oi 
the  sector  and  triangle. 

If  a  tangent  be  drawn  through  v  meeting  mp  produced  in 
m',  die  area  vM'iiD  is  equal  to  2r*A  '.•  VM'p=r*A— r*  sin.  a, 
*/  the  area  vm'p  equals  twice  the  difference  between  the 
sector  vcp  and  the  triangle  vcp,  which  is  twice  the  seg- 
ment v/i. 

The  whole  area  of  the  curve  b  equal  to  twice  that  of  the 
generating  circle. 

It  is  plain  that  the  semicircle  vpn  bisects  the  area  dvpb, 
and  also  that  the  semicydmdal  area  dvp'b  is  trisected  by  the 
semicircle  and  the  curve  vpb. 

If  right  lines  be  drawn  connecting  the  veitex  with  the 
extremities  of  the  base,  the  area  of  the  curve  is  equal  to 
that  of  the  triangle  avb  ;  and  hence  the  segments  of  the 


-  I 
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curve  cut  off  by  these  lines  are  equal.  It  is  also  plain  from 
the  last  proposition,  that  these  lines  intersect  the  curve  at 
the  points  of  inflection. 

From  what  has  been  said,  it  may  also  be  proved  that  if 
ca  =  ca',  the  area  f'Vp  is  equal  to  the  rectangle  under  jpa 
and  the  axis. 

(505.)  All  the  cychidal  curves  which  have  been  treated 
of  are  embraced  in  the  general  equation 

y  +  r  COS. ^  —  r  =  0. 

^  mr 

If  n  =  m  =  1,  the  curve  is  the  common  cycloid. 

If  7»  =  1  and  m  >  ly  the  curve  is  the  prolate  cydcnd. 

If  n  =  1  and  m  <  Ij  the  curve  is  the  curtate  cycloid. 

If  7»  =  0  and  m  =  1,  the  curve  is  the  companion  of  the 
cycloid. 

As  the  other  cycloidal  curves  do  not  possess  any  particular 
interest,  it  is  suffident  merely  to  have  stated  their  equations. 

Ofepitroc/ioidSf  epicycloids^  <$-c. 

(506.)  Def.  The  curve  traced  by  a  point  in  the  plane  of 
a  drcle,  which  is  supposed  to  roll  upon  the  periphery  of  a 
given  circle,  and  in  the  same  plane  with  it,  is  called  an 
epitrochoid.  If  the  generating  point  be  upon  the  periphery 
of  the  generating  circle^  the  curve  is  called  an  epicycloid. 

If  the  generating  circle  be  supposed  to  roll  upon  the 
concave  part  of  the  given  circle,  it  is  called  an  hypatrochoid. 

If  in  this  case  the  generating  point  be  upon  the  circum- 
ference, the  curve  is  called  an  hypocycloid, 

PROP.  CCXLV. 

(507.)  To  find  the  eqimtum  of  an  epitrochoid. 

Let  A  be  the  centre  and  ab  the  radius  of  the  base,  c 
the  centre  and  cb  the  radius  of  the  generating  circle,  and 
let  BDC  be  the  position  of  the  generating  circle  when  the  line 
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asfo 


oonnectiiig  the  oeAtrea  a,  c,  passes  through  the  generating 
point  at  V.  Let  c'  be  the  centre  of  the  generatmg  circle 
m  any  other  position,  and  p  the  generating  point;  let 
AB  and  AX  perpendicular  to  it  be  assumed  as  axes  of  co- 
ordinates.   Let  CAd  =  ^  and  Pc'  be  produced  to  e. 


By  the  manner  in  which  the  curve  is  generated  bb'  =:  b's. 
If  AB  =  r,  BC  =  r',  c'p  =  d,  bb'  =  r<p  =  b'e  ;  but 

bVe  =  —  =  ^  =  Fc'p.    Let  c'g  be  parallel  and  pm  per- 


ic 


r4"^ 


pendicular  to  ax,  •.'  pc'g  =  —  —    ""^^j  *•' 

c'g  =  rf  .  sin.  —j^h  and  pg  =  a  cos.  —7-^, 

6M  =  (r  +  r')  cos.  0,  am'  =  (r  +  r')  sin.  <p. 
Hence  the  equations  of  the  epitrochoid  are, 


y  =  (r  +  r')  cos.  9  +  c 


cos 


a:  =  (r  +  r')  sin.  p  +  c  sin 
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If  the  curve  be  the  hypotrochoid,  r*  is  n^ 
equaticms  become 

y  =2  (r  —  r')  COS.  f  H-  d  cos.  — p  <p 

X  =  (r  — f')  sin.  ^  —  d  sin.  — -j-^ 

If  the  curve  be  the  epicycloid^  c  =  r',  and  the  equations 
are 

y  =  (r  4-  r')  cos.  ^  +  r'  cos.  —7-9    i 

^     J  (3). 

^  =  (r  -I  W)  sin.  <p  +  f^  sin.  — j-  p    I 
If  the  curve  be  the  hypocycloid,  the  equations  are 
y  =  (r  -  /)  cos.  (p  +  r'cos.  — p  (p 

r-r'     ^(*>- 
•   a?  =  (/•  —  r')  sin.  p  —  r'  sin.  — j-  ^ 

(608.)  Cor.  1.  If  with  the  centre  a  and  the  radius  ad  a 
circle  be  described,  and  h,  rf  be  the  points  where  the 
epitrochoid  meets  the  circumference.  To  find  the  angle 
DAH,  let  the  equations  (1)  be  squared  and  added,  and  since 
for  the  points  h  and  h',  ^*  +  a?^  =  ab*  =  (r  +  r'  —  rf)«  %• 

(r  +  r')'  +  d*  +  2J(r  +  r')  (cos.  p  cos.  ^(p 

r 

+  sin.  9  sin.  -^p)  =  (r  +  r'  -  (2)«. 
But  by  trigonometry, 

COS.  <|>  COS.  — ^  <p    +  an.   9  sin.  — 7-<J>  ==  cos. -^^; 
hence  after  reduction,  cos.  -j-<p  =  —  1, 


r' 

.  •  ^  ^  ^^ 

^  r 

The  same  result  implies  to  the  hypotrochoid. 
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(509.)  Car.  2.     If  in  the  aquafekms  (4)  we  sulxttitule 
^forWwefind 


X  =  -77-  sip.  p  -! — ^-  sin.  — T-ft 

and  if  in  the  same  equations  we  substitute  —3-  for  W  and 

9  =  y,  the  result  is 

y  =  -g-cos.^  +  -^  sin.  jq;^. 
r— ^  .      ,      r+e   .     r-e  , 

These  equations  being  the  same  as  the  precediog,  ahpw 
that  the  generating  ciides,  whose  radii  are  -^-^  and  —3- , 
gm  the  same  hypo^Fcloids. 

PROP.  CCXLVI. 

(510.)  To  find  (he  eqtuUion  of  a  tamgewt  to  on  fipitroAoid* 

Tb«  equations  (1)  b^gg  ^iSBreOisLted,  die  result  pfter 
4iTisb|i  ia 

^^  ran.  9+  a  sin.  — -5 — p 

do?  /•  -l-  7«' 

The  equation  of  the  tangent  to  the  epitrochoid  is  there- 
fore 

(y  —  f)  (^cos-  <p  +  d  COS.  -^?) 

+  (x — of)  (/  rin.  (p  +d  sin.      ,   y)  =  0, 
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which  for  the  hypotrochoid  is 

+  .(^  —  ^)  (^  sin.  9  +  rf  sin.  — p  (p)  =  0. 

The  equaUons  of  the  tangent  to  the  epicycloid  and  hy- 
pocycloid  may  be  found  from  these  by  making  c  =  r'  and 
observing  that 

sin.  ^  +  sin.  ^9  ^^g^ 

—  •^— — ----I     =  _L.  tan.  — ^  7  ■  •  ®- 

cos.  p  +  cos.    ~:    <p 

Hence  the  equation  of  the  tangent  to  the  epicycloid  is 

(y  -  y)  +  tan.  -gp-  .  ?)(^  -  x')  =  0, 
and  that  of  the  hypocycloid  is 

{y-j/)-  tan.  —^9{^  -^)  =  0- 
(511.)  Cor.  1.       Hence  for  the  epicycloid  the  angle 

PTM  =  ir  —  -  Q  ,  -y,  and  for  the  hypocycloid  the  corre- 

sponding  angle  =     ^    <p. 

(512.)  Cor.  2.  In  the  epitrochoid  and  hypotrochoid  if 
^  =  0,  the  equation  of  the  tangent  becomes  (y  —  y )  =  0, 
therefore  at  the  point  v,  where  the  curve  meets  ay,  the 
tangent  is  perpendicular  to  ay.     In  the  epicycloid  and 

hypocycloid,  in  this  rase  tan.     ^    9=0. 
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P&OP.   CCXLVII. 

(51S.)  Tojind  (he  length  of  an  arc  tfan  epicycloid. 
By  differentiating  the  equations  (3), 

Jy  =  —  (r  +  W)  (an.  f  +  sin.  — pf  )rf?> 

dx=:^(r  -^  f')  (cob.  ^  +  COB.  —j-f)d<p ; 
bat  by  trigonometry 

Bin.  ^  +  an.  -^p  =  2  an.  -g;;r"?»  cos.  ^p, 

COB.  <p  +  COB.  — j-p  =  %cos.  —qZT  9  ***•  oD?- 

After  making  these  substitutions,  squaring  and  adding  the 
above  equations,  we  find 

W/  +  dsf^  =  2(r  +  r^  oos.  ^  .  d^. 
Hence  by  integration, 

fVA/'  +  daf^  =      ^^      ^  an.  ^  .  4>. 

If o  constant  is  necessary,  the  arc  bdng  supposed  to  begin 
from  the  point  where  f  =  0. 

For  the  hypocycloid  the  expresaon  becomes 

^   -¥-5 — r^      4r'(r— r')    .       r 
fVdj/'-^dx^  =  — ^^j: — -'  sm.  ^p. 

(514.)  Cor.    If  ^  =  Fc'p  =  ft 

vp  =  an.  i-jS. 

If  /S  =:  ir,  the  generating  point  coincides  with  Uy  and  we 
find 

VPH  = =— ^. 
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PROP.  ccxLvm. 

(515.)  To  find  the  emlute  of  m  ej^jfcUAd. 

By  twice  differentiating  die  equations  we  find 
dy  r+^ 

d*y r+^r^    

4r^(r + Ocos.*  -^  (p  cos.  ;g^p 

Substituting  these  in  the  general  formulae  for  the  co-or- 
dinates r/af  fiir  the  centre  of  the  osculating  circle, 

4r'(r+r')  cos.  -gp-^-^os-g-r^ 

4r'(r+r0  sin.  -g^jJcos.^p 

^  =  -^ ■  7+9?  ' 

But  by  trigonometry, 

8  cos.  -gT"  ? COB,  gp-p  =  COS.  -^^  +  cos.  ^, 

r  +  Sr'  r  ...     r+7^ 

2an. --g^?.cos.g^9=  «n,  ^  +  suu-^f. 

And  by  the  equations  of  the  curve  itself, 

y  ^  {r  -{-  r)  cos.  ^  +  r  cos.  -T7"9> 

X  =  (r  +  r')siii.  ^  4-  r'  sin.  — j-f« 

By  these  substitutions,  the  equations  of  the  evolute  are 

r(r4-r')  ^r'  r  +  Z 

which  are  the  equations  of  an  epicycloid,  the  radius  of 
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SOS 


T 

whose  base  is        ^  ,,  and  the  radius  of  whose  generatiiig 

cirde  is  — ^-j,  and  ance  these  are  in  the  ratio  of  r  to  /, 

the  evolute  is  amilar  to  the  epicycloid.  It  is  ob^ous  also, 
that  the  centre  of  the  base  of  the  epicycloid  is  also  the 
centre  of  the  base  of  its  evolute. 


To  construct  the  base  of  the  evolute  geometrically^  let  the 
circle  whose  radius  equals  r  +  Sr'  meet  the  epicycloid  at  v, 
and  draw  av  :  fix>m  v  let  a  tangent  to  the  base  be  drawn, 
and  from  the  point  of  contact  let  kl  be  drawn  perpendicular 
to  AV,  the  circle  described  with  the  radius  ac  is  the  base  of 


the  evolute  for  al  = 


.  Q  ,.      Also  LB  =  AB  —  AL  =  — ^TTj' 


therefore  lb  is  the  diameter  of  the  generating  circle  of  the 
evolute,  which  is  represented  in  the  preceding  figure. 
For  the  hypocycloid  the  result  is  by  the  same  process, 


{X^'^'r 


rr 


cos.  -^ft 

__  sin.    _y-^. 


Hence  the  evolute  of  an  hypocycloid  is  an  bypocydoid,  the 
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radius  of  whose  base  is    ^^  »  and  the  radius  of  whose  ge- 


T7^ 

nerating  circle  is  — -rr-.y  and  dnce  these  are  in  the  ratio  of 

r  to  r',  the  evolute  is  similar  to  the  hypocycloid.    It  is  ob- 
vious also  that  their  bases  are  concentrical. 

Let  Av  =  r  —  2r',  and 
y  the  point  where  a  drde 
with  the  radius  r  ^  W 
meets  the  hypocycloid;  let 
VK  be  drawn  perpendicular 
to  AV,  and  kl  touching 
the  base  at  k,  al  is  the 
radius  of  the  base  of  the 
evolute,  and  since 

^rigP  -  ^  =  7Z^'  "^  '^  *^  diameter 

of  the  generating  circle  of  the  evolute,  which  is  represented 
in  the  figure. 

Of  the  cardioide. 

(516.)  The  epicycloid^  the  radii  of  whose  base  and  gene- 
rating circle  are  equal,  is  called  tTie  cardioide. 

(517.)  Cor.  The  hypocycloid  corresponding  to  the  car- 
dioide is  the  base  itself. 


BL  =  AL  —  AB  = 


PROP.  CCXLIX. 

(518.)  Tojind  the  eqiuUion  qf'tJie  cardioide. 
For  this  curve  the  equations  (3),  after  changing  x  intoy 
and  y  into  a,  become 

ar  =  r  (2  cos.  (p  +  cos.  2p) ; 
^  s  r  (2  sin.  ?  +  sin.  Sf ), 
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837 


from  which  by  eliminating  ^,  we  find 

(y«  +  4?«  —  r^Y  -  4r«(3/*  +  (a?  +  r)^)  =  0. 
If  the  origin  be  removed  to  the  point  where  the  curve  meets 
the  base,  the  equation  becomes 

(3/*  +  J^*  —  ^rxY  —  4!r*(y*  +  ^«)  =  0. 
The  pobur  equation  is  therefore 

z  =  2r(l  +  COS.  »). 


The  point  p  being  the 
pole^  and  px  the  axis  from 
which  to.  is  measured ;  the 
curve  being  phu:ed  as  in 
the  annexed  figure. 


PROP.  CCL. 


(5190  (f^  ^*w^  (pm)  be  drawn  from  the  pole  to  fhe  curve^ 
the  part  m'm  intercepted  between  the  curve  and  circle  is 
equal  to  the  diameter  of  the  circle. 

T 


For  pm'  =  2r  cos.  a; ;  but  by  the  polar  equation, 

PM  —  pm'  =  ^. 
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PROP.  CCLI. 


(520,)  To  find  the  eqtcation  of  a  tangent  to  the  cardwidcm 

The  polar  equation  being  differentiated,  gives 

dz  :=:  —  2r  sin.  w  •  dw. 
Hence  by  the  general  formula, 

tan.  tz  = : . 

2r .  sin«  Of 

(521.)  Cor.  1.    Hence  follows  a  geometrical  construction 

for  drawing  a  tangent,  bm'  =  2r  sin.  w,  therefore 

PM 

tan.  tz  =  — r. 

bm' 

Let  Mc'  be  assumed  on  the  radius  vector  equal  to  bm',  and  a 
perpendicular  c't  drawn  equal  to  pm,  tm  will  be  the  tangent 
to  the  point  m. 

(52S.)  Cor.  2.     The  tangent  at  x  is  perpendicular  to  px. 

(528.)  Cor.  3.  px  is  a  tangent  to  the  curve  at  p,  and  p 
is  therefore  a  cusp  of  the  first  kind. 

(624.)  Cor.  4.  If  a  perpendicular  to  px  be  drawn 
through  p  meeting  the  curVe  in  d,  the  tangent  at  n  is 
inclined  to  pd  at  45^. 

PROP.  CCLII. 

(5S5.).  To  find  the  area  of  the  cardioide. 

By  squaring  both  sides  of  the  polar  equation, 

2;«  =  4r*  (1  +  cos.  w)*, 
and  multiplying  both  sides  by  dcOf  and  integrating 

/z'^dof 
— —  =  2r*a;  +  4r*  sin.  w  +  Sr^cos.  wdsin,  w. 

Taking  this  integral  between  the  limits  a*  =  0  and  oi  =s  Sr, 
we  find  the  entire  area  a,  *.* 

A  =  4rV  +  2ry*cos.  wd  sin.  w ; 
but  the  last  term  is  manifestly  twice  the  area  of  the  circle^ 

V  A=:  6r«3r; 
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that  isy  th^  area  of  the  curve  is  ax  times  the  area  of  the 
generating  circle. 

PBOP.  CCLIIT. 

(8S&)   To  find  the  length  of  the  arc  of  a  cardioide. 

By  substituting  in  the  ^neral  formula  for  rectification 
the  particular  values  of  the  terms^  in  this  case 

yi;5:*rf««  +  £fe*)^  =  2ry{(l  +cos.  »)«  +  ffln.«  »}^rfa;; 
but  by  trigonometry, 

(1  +  cos.  w)^  -♦-  sin.^  01  =  3(1  +  cos.  w), 
1  +  cos.  w  =  2  COS.*  4ft;. 
Hence  we  find, 

J'iz^du)^  -f  <fe«)^  =  45^  COS.  iwdw. 
which  by  integration  is 

/(z'dw^  4-  rf«*)^  =5  8r  an.  itv. 
And  if  this  be  assumed  between  the  limits  a;  =  0  and 
or  c=:  tf^  Ve  find  the  length  of  half  the  curve  to  be  8r,  and 
therefore  that  of  the  entire  curve  16r. 

PEOP.   CCLIV. 

{5217.)  To  find  the  evolute  of  the  cardioide. 
By   (515^   the  radius  of  the    base    of  the  evolute  is 

-^,  which  is  also  the  radius  of  its  generating  circle.    Hence 

if  C£  =  -jCB,  the  cardioide,  whose  base  is  the  circle  with  the 
radius  ce,  isi  the  evolute  sought. 

5S8.  Cor.  The  involute  of  a  cardioide  is  a  cardioide 
the  radius  of  whose  base  is  three  times  that  of  the  base  of 
the  given  curve. 

Of  the  quadrairix  ofDinostratus. 

Def.  A  right  hne  being  supposed  to  revolve  with  an 
unifisrm  angular  motion  round  a  fixed  point,  and  an  in- 
d^ftiiite  right  line  at  the  same  moving  unif<Hrtnly  parallel  to 
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itself  meets  the  former,  the  locus  of  their  intersectioii  is 
called  the  Quadratrix  of  Dinostratus. 


PROP.  CCLV. 


(5S9.)  To  jvnd  the  equation  of  the  quadratrix^  and  de- 
termine its  figure. 


Let  c  be  the  fixed  centre  round  which  the  revolving 
radius  turns.  Let  c a  and  ay  be  the  positions  of  it,  and  the 
parallel  where  they  intersect  at  right  angles,  and  let  these  be 
the  axes  of  co-ordinates.  Let  cp  and  ay  be  their  position 
after  the  revolving  line  has  described  the  angle  pca.    Let 

CA  =  r.  Aa  =  X,  ap  =  y.  By  the  conditions  of  the  question. 

It 
X  i  r  :i  PCA  :   tt. 

The  angle  pca  being  expressed  in  relation  ^to  the  radius 


unity ;  the  equation  of  the  curve  b  therefore 

y  =  (r  ~  a?)  tan.  — . 

If  a:  =  0,  y  =  0,  •••  the  curve  passes  through  a. 

As  X  increases  from  0  to  r,  j/  continually  .increases,,  and 
as  X  passes  from  rXoZr^y  continually  diminishes,  and  when 
ar  =  2r  .  y  =  0. 

The  value  of  y  corresponding  to  a?  =  r,  assumes  the  form 

T-,  its  real  valu^  will  be  found  by  differentiating  both  nu- 

T 

merator  and  denominator ;  by  this  we  find  it  to  be  -7-. 

In  passing  through  0,  y  changes  its  sign  and  becomes 
negative,  and  continues  so  as  or  passes  from  2r  to  Sr^  since 
in  that  case  the  factors  of  y  have  different  signs ;  and  when 
X  =  2r,y  is  infinite.  Hence  a  perpendicular  to  the  axis  of 
«  at  this  point  is  an  asymptote. 

Similar  observations  apply  to  the  negative  values  of  x 
intercepted  between  0  and  — r,  and  therefore  a  perpen- 
dicular to  the  axis  of  x  intersecting  it  at  distance  =  r 
on  the  negative  side  of  the  origin  is  another  asymptote. 
The  values  of  4?  between  x  =  Sr  and  a?  =  4!r  give  positive 
values  for  y,  for  this  case  the  factors  of  y  have  hke  signs. 
For  X  =s  4^,  y  s=0^  and  at  this  point  the  curve  intersects 
the  axis  of  x ;  and  from  ar  =  4r  to  a?  =  5r  the  values  of  y 
are  negative ;  and  for  x  .=:  5r  the  value  of  y  is  infinite, 
which  points  out  another  asymptote.  By  continuing  this 
reasoning,  it  appears  that  there  exists  on  either  side  of  the 
origin  an  infinite  series  of  asymptote^,  and  that  the  figure 
of  the  curve  is  as  represented  in  the  figure. 
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PROP.  CCLVI. 

(530.)  If  mff^  ihe  cmUre  c  and  the  radius  ca  a  cirde  be 
described^  and  ihe  line  cp  produced  until  U  meets  Ms  drde 
ai  p',  then  ap'  :  Aa  : :  ^v* :  1. 

itx     icx 
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(531.),  The  ordSnate  cb  :  ca  : :  1 :  ^ir. 

r 
For,  by  (629),  cb  =  -7—  •/  cb  :  r  : :  1  :  i*. 

(582.)  Cor.  1.  Hence  cb  is  a  third  proportional  to  the 
quadrant  ap'b'  and  ac.    For  cb  :  r  : :  r :  ^nt  =  cp^b'. 

(533.)  Cor.  2.  cb  :  2ca  =  aa'  : :  the  diameter  of  a  drde : 
its  circumference. 

(584.)  Cot.  8.  The  area  of  the  circle  on  aa'  :  ir* : : 
4r :  cb.  Hence,  if  this  curve  could  be  described  geometri- 
cally, the  quadrature  of  the  circle  would  be  effected,  and 
from  this  property  the  curve  has  derived  its  name. 

V^JOT.  CGLVIII. 

(535.)  IJ\  with  c  as  centre,  and  CB  as  radius^  a  circle  he 

described,  the  arc  Dp  =  Aa. 

--  *x  2r 

Fornp  =  cB  X  -^j   cb  =  — >  %•  j>p  =  x. 

(536.)  Cor.  The  quadrant  DpB  =  ac 

PROP.   CCLIX. 

(587.)  To  Jlnd  ihe  equation  of  a  tangent  to  a  given  point  in 

the  quadratrix. 

By  differentiating  the  equation  of  the  curve,  the  result  U 
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:r  =  sec.«  s"  •  -o-  (1 )  —  tan,  ^. 

Hence  the  equation  of  a  tangent  through  the  point  ^^  is 

y-y  =  j8ec.»^.-g-(l--)-taii.-^j(ar-«0. 
If  x'  =  0.    The  equation  of  the  tangent  is 

and  if  y  =  2r,it  is 

Hence,  if  CE  be  assumed  equal  to  the  quadrant,  ab',  ae,  and 
a'e,  are  tangents  at  the  points  a,  a',  which  may  be  effected 
by  drawing  b'a,  and  drawing  b'e  perpendicular  to  it.    For 

b'c  :  CA :  c^. : :  1  :  -g-. 

Also  if  ^  =^  2nr.    The  equation  of  the  tangent  is 

y  =  -|-(1  -  2«)  (X  -  2nr). 

At  the  point  f  the  tangent  of  the  inclination  of  the  tangent 

to  the  axis  of  a?  is  — »  -5-. 

And  in  like  manner  the  tangent  of  the  inclination  at  i'  is 
ftr 

The  position  of  the  tangents  at  these  points  is  determined 
by  drawing  b'f,  bV,  perpendiculars  to  which  are  the  tan- 
gents  at  these  points. 

The  successive  hyperbolic  branches  of  the  curve  therefore 
intersect  the  axis  ax  at  angles  continually  approaching  to  a 
right  angle,  and  the  angles  at  which  branches  equidistant 
from  c  on  each  nde  intersect  it,  are  supplemental  angles. 

The  subtangent%  corresponding  to  the  successive  points 

r2 
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where  the  curve  mtersects  ax,  and  mei^sured  upon  ay^  are 
obviously  the  quadrant  ab  multiplied  by  1,^S,  5,  7,  &c. 

PROP.  CCLX. 

(589.)  To  divide  an  angle  in  am/mmber  of  eqtuxl  parts  by 

the  quadrairix. 

Let  pga'  be  the  angle,  let  Ala  be  divided  into  the  required 
number  of  *equal  parts,  and  lines  drawn  from  c  to  the  cor- 
responding points  of  the  curve  divide  the  angle  into  the  re- 
quired parts. 

Of  (he  quadratrix  of  TschimJiausen. 
(589.)  Def.  Suppose  a  right  line  ay,  touching  a.  given 
circle  at  a,  to  move  uniformly  parallel  to  itself,  until  it  coin- 
cides ^th  CB ;  at  the  same  time,  suppose  the  line  aa'  to 
move  parallel  to  itself,  so  that  its  intersection  with  the  circle 
moves  uniformly  from  a  to  b,  while  the  former  line  moves 
from  A  to  c.  The  point  p  of  intersection  of  these  two  lines 
traces  a  curve,  called  the  quadratrix  of  Tschimhaasen. 


PROP.    CCLXI. 


(540).  TofindiheeqiuMonqfthie  qudidrairix. 
Let  AY  and  ax  be  the  axes  of  co-ordinates.    Let  ac 
:By  the  definition,  ad  :  ab  : :  am  :  ac,  or 


=  r. 
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AD  :  —  : :  4? :  r  •/  AD  =  -^. 


Hence  the  equation  of  the  curve  is 

3/  =  ^8m.gjj:. 


PROP.  CCLXIl. 

(541.)  To  find  {he  equation  of  a  icmgeni  through,  a  given 

point. 

By  differentiating  the  equation 

dy     nc  vtx     It  >v/r*-—  ^* 

The  equation  of  the  tangent  is  therefore 

3/-y=-g-  COS.  g^.  (a:  — a:'), 
or 


-y=         al (a?  — a:'). 


2r 


PEOP-  CCLXIII. 

(542.)  To  investigate  thejigtire  of  this  quadratrix. 

I(x  =  Snr,  y  =  0.  The  curve  therefore  meets  the  axis 
of  X  at  intervals,  equal  to  the  diameter  of  the  circle,  and 
continues  so  to  intersect  it  ad  irifinitum.  , 

The  equations  of  the  tangents  to  the  points  x=zO, 
X  =  4r,  X  =  8r,  &c.  &c.  are 

and  those  to  the  points  x  =  Sr,  a:  =^  6r,  ar  =  lOr^  &c.  are  * 

Hence    the    subtangent    ct  =  the    quadrant    ab.      If 
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X  =5  (8»+  l)r,  ^  =  0,  therefore  at  the  points  b,  b',  b",  &c. 

the  tangents  are  parallel  to  aa'. 
By  differentiating  a  second  time^ 


^  =  - 


^     .      wa? 


sin. 


This  is  =0,  if  d?  =  3fir,  hence  a,  a',  a'',  &c.  are  points  of 
inflection;  and  since  -^  has  always  the  eign  opposite  to 
that  of^,  the  curve  is  always  concave  towards  the  axis  of  ^. 


PEOP.   CCLXIV. 

(543.)  To  find  the  area  of  (he  quadratrix. 
By  the  formula  for  quadratiure 

A  =fydx  =  rfan.  -^  .dxy 
which  integrated  ^ves 

A=-— COS.   -gj^+C. 

To  determine  c,  when  a  =  0,  a?  =  0,  •/  cos.  -^-  =  1; 

2r^  # 

hence  c  ==  — ,  ••• 

It 

2r*,,  tx , 

A  =  ^1-C0S.^). 

The  area  acb  is  found  by  assuming  ^  =  r,  and  is  *.* 

""    It ' 

Hence  the  square  of  the  radius  is  a  mean  proportional  be- 
tween the  area  apbc  and  that  of  the  semicircla 
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PROP.  CCLXV. 

(544)  To  divide  an  a/i^le  into  any  required  number  of 

equal  parte  hy  the  quadnxtrix. 

Let  the  angle  be  agg,  and  from  the  point  p'  the  perpen- 
dicular  p'm'  being  drawn  to  aa',  let  am'  be  divided  into  the 
required  number  of  equal  parts,  and  the  corresponding  or<« 
dinates  being  drawn^  parallels  to  a  a'  through  th^  extremitiesy 
divide  the  arc  of  the  circle  into  the  required  parts,  as  is 
evident  from  the  genesis  of  the  curve. 

Of  the  catenary. 
(545.)  Def.  A  curve  such  that  the  arc,  intercepted  be- 
tween two  tan- 
gentSy  one  of 
which  passes 
through  the 
vertex,  is  pro- 
portional to^the 
tangent  of  the 
angle  at  which 
they  are  inclin- 
ed, is  called  ^ 
catenary. 

Thus  if 

AT  =  s,  and  APT  =  ^,  J  oc  tan.  f. 


prop,  cclxvi* 


(546).  To  find  ihe  equation  ^the  catenary. 
By  the  definition 
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y  being  a  confttant  magnitude,  and  is  called  the  parameter. 
Hence  it  follows,  that 

But  sbce  dy*  +  dx*^  da\  •.* 

sds 
dx  = 


which  by  integration  gives 

which  is  the  equation  of  the  curve  expressed  by  x  and  s  ad 

variables. 
By  equation  (1)  it  follows  in  like  manner  that 

dy'+dx'^    .  s^8+j» . 

rfy    ■"    «'«    •  1 

whence  we  find  i 

which  by  integrating,  ^ves 


y-sil. T (3). 


By  solving  equation  (3)  for  «,  we  find 

s  ^  i^\e'^  -  e~ ^}     (4), 
which  is  the  equation  of  the  curve  between  the  variables 
jand^. 
By  elinunating  8  by  (2)  and  (3),  the  result  is 

y:=zj.l. ^ 

which  solved  for  x  ^ves         .. 

a?=4yU^+r^}  -V    (5), 
in  which  e  is  the  base  of  the  hyperbolic  logarithms,  and 
which  is  the  equation  of  the  curve  between  the  variable  co* 
ordinates  xy. 
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PBap..  ccLxvir. 

(547.)  To  draw  a  tangent  to  the  catenary . 

Let  the  point  of  contact  be  ^  V ;  by  (1)  the  equation  of  the 
tangent  is 

and  by  (2),  ■ 

hence  the  equation  sought  is 

This  equation  points  out  the  geometrical  construction  for 
dcawing  a  tangent.  Let  ac  -=>  J,  and  with  c  as  centre  and 
AC  as  radius,  describe  a  circle,  and  draw  md  touching  this 

circle,   md  =  \/^*  +  ^^  5  therefore  the  tangent  tp  is 
parallel  to  md. 

Hence  as  t  recedes  ^m  a,  the  tangent  continually  ap- 
proaches to  parallelism  with  the  axis. 

PROP.  CCLXVIII.    • 

(548.)  To  find  tJie  length  of  an  arc  of  the  catenary 

meoMLredJirom  the  vertex. 

By  equation  (2), 

8  =  ^x^  +  2^x\ 
hence  the  arc  at  =  md. 

(549.)  Cor.  1.  If  with  c  as  centre  and  ca  as  semiaxis  an 
equilateral  hyperbola  be  described,  its  ordinate  mt^  is  equal 
to  the  corresponding  arc  at  of  the  catenary. 

(650.)  Cor.  2.  tt'  =  at  —  tm. 
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PBOF.  CCLXIX. 

(551.)  To  find  the  radius  ^curvature  to  the  catenary. 

By  substituting  for  s  its  value  as  a  function  of  x  and  y, 
and  differentiating  equation  (1),  we  find 

da:^  ■"  ■"       ^      • 
and  by  making  the  proper  substitutions  in  the  general 
formula  for  the  radius  of  curvature,  we  find 

(552.)  Cor.  1,  Hence  a  parabola  and  catenary  having 
a  common  vertex  and  common  vertical  tangent,  will  have  at 
that  pcnnt  the  same  osculating  drde  when  they  have  equal 
parameters*  Hence  the  catenary  near  its  vertex  is  nearly 
coincident  with  a  parabola. 

PBOP.  CCLXX* 

(553.)  Tojind  the  evduterf the  catenary. 

Let  f/af  be  the  centre  of  the  osculating  drde,  and  yx  the 
corresponding  point  on  the  curve  by  (384), . 

d^        ax 
Now  by  what  has  been  already  established. 
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By  tbeae  sabsdtutions, 

J&r  =  a^  -^  y. 
By  these  and  the  equations 
*«  =s  dr2  +  ar^. 


y-^l* p ; 

eUminating  s^  Xj  and  y^  the  result  solved  for  j/  is 


y=y/. 2? 2? ' 

the  equation  of  the  evolute  sought. 

This  equation  will  assume  a  more  simple  form  by  chan^ng 
the  ori^  to  the  point  c.  In  this  case  ^  +  ^  becomes  of, 
and  the  equation  of  the  evolute  is 


PBOP.  CCLXXI. 

(554.)  Tofind  the  area  i^ the  caknary. 

By  the  genial  formula  for  quadratures,yxJy  =  the  area 
ATM.    By  equation  (5),  prop,  cclxvi. 

which  by  integration  is 

fxdy  =  A\£{e^ "  r^  -y J 
which  by  equation  (4)  is 

fxdy  =  J{9  -  y\ 
No  constant  is  added,  because  the  area  vanishes  withy 
and^. 
The  area  atm'  is  therefore  equal  to  the  rectangle  under 
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the  parameter^  and  the  difference  between  the  arc  and  the 
ordinate. 

The  area  atm  is  y(j/  -f  ^)  —  Js.  Hence,  if  through  t 
and  c  parallels  to  cm  and  ap  be  drawn,  and  from  m  the 
tangent  Mi^  be  drawn  to  the  circle,  and  through  nf  a 
parallel  to  cm  be  drawn,  the  rectangle  Bt  is  equal  to  the 
space  ATM. 

Oftlie  involute  of  the  circle. 

PEOP.  CCLXXII. 

(555.)  To  find  the  equation  of  the  involute. 

An  arc  of  the  circle  ap'  being  supposed  to  be  always 
measured  from  the  fixed  jx)int  a,  and  through  its  extremity 
p'  a  tangent  p'p  drawn  ecjual  to  the  arc  ap',  the  locus  of  the 
point  p  is  the  involute. 

Let  cp=r,  cA=a,  pcA=ttr^ 

•••  p'cp  =  COS.""' — .    Hence 

r 

Tt^  =  aw  -{-  a  COS.""*  — »  and 

r 

therefore  the  equation  of  the 

curve- is 


fgj  -3 COS.—* — . 

a  r 

(556.)  Cor.  It  is  obvious  that  the  area  of  the  triangle 
cp'p  is  equal  to  that  of  the  sector  acp'.  * 

PROP.  CCLXXIII. 

(557.)  To  apply  a  tangent  to  the  involute. 

Let  PT  be  the  tangent,  and  cpt  =  fl ; 

-  rdto 

tan.  9  =  —  -y-. 

or 
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By  differentiatbg  the  equation  of  the  curve,  we  find 

dr  ra 

and  therefore, 

tan.  fl  = • 

a 

Hence  the  angle  tpc  is  supplemental  to  p'op,  and  therefore 

the  tangent  is  parallel  to  the  radius  cp'. 

(558.)  Cor.  The  radius  ca  touches  the  curve  at  a. 

PROP.  CCLXXIV. 

(5590  Of  the  qtuidrature  of  the  involute. 

By  the  general  formula  for  the  quadrature  of  curves,  if  a 
be  the  area  of  the  sector  pca, 

r^r^dui 

which,  if  the  value  for  dw  already  found  be  substituted  first, 
becomes 

_   /^rVf^—a^dr 

which  by  integration  is 

_  (r*  -  a^)^ 
"""         6S~' 
which  is  the  area  of  the  sector. 

(560.)  Cor.  1 .  Hence  the  area  is  equal  to  the  third  power 
6f  the  arc  ap'  divided  by  the  radius,  or  may  be  otherwise  ex- 
pressed, thus ;  let  p'ca  =  f, 

_  o^ 
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PROP.    CCLXXV. 

(561.)  Of  the  rectificcUion  of  the  involute. 

Let  a'  be  an  arc  of  the  curve  measured  from  a, 

a'  =f(r^d(o^  +  df^)^. 
By  substituting  the  value  of  dw  and  integrating,  we  find' 


a'  = 


r* 


2a' 

the  arc  of  the  curve  therefore  is  a  third  proportional  to  the 
diameter  of  the  circle,  and  the  radius  vector  of  the  curve. 

PROP.    CCLXXVI. 

Tofaid  the  polar  subtangent. 
Let  p  be  the  polar  subtangent.    By  the  general  formula, 

^        dr    '^  a       ' 

(562.)  Cor.  1.  The  intercept  of  the  tangent  between  the 
point  of  contact  and  the  polar  subtangent  is  therefore  a  third 
proportional  to  the  radius  of  the  circle  and  the  radius  vector 
of  the  ciurve;  for  let  this  intercept  be  t, 

t2  =  p*  4-  r3  =  — - 

a* 

•       Jl     •«"  • 

a 
(563.)  Cor.  2.    By  the  last  cor.  and  prop,  (cclxxv),  it  ap- 
pears that  the  arc  of  the  curve  is  equal  to  half  the  tangent. 
(564.)  Cor.  3.     If  r'  =  a  perpendicular  on  the  tangent 

from  the  point  of  contact,  r^  ^r  sin.  9  =  Vr*  —  a*.    This 
perpendicular  therefore  equals  the  arc  ap'  of  the  circle. 

(565.)  Cot.  4.  The  intercept  of  the  tangent  between 
the  perpendicular  r'  and  the  point  of  contact  is  always  equal 
to  the  radius  of  the  circle. 
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PROP.  CCLXXVII. 

(566.)  To  find  ihe  locus  of  the  extremity  qf  (he  perpen- 
dicular Jrom  the  pcle  upon  ihe  tangent 

By  cor.  4  of  the  last  propositioD,  if  cp  =  /, 

y^=  ^r«  -  a\ 
Let  Acp  =  ^.    Since 

P'CP  =  COS.""*  — • 


—  +  ^  =  w  +  COS.-*—, 


By  means  of  these  equations 
and  that  of  the  curve,  r  and 
Of  being  ehminated,  the  result 
is 


^  =  ^(  2"  +  <*)• 
If  CY  be  drawn  at  right  angles  to  CA,  and 

yep  =  ttX  =  —  +  f ,  the  equation  of  the  locus  sought  is 

The  locus  is  therefore  the  spiral  of  Archimedes. 

Of  the  tractrix  and  equitangential  curves. 

(667.)  Def.  The  tractrix  is  a  curve  whose  characteristic 
property  is,  that  the  lo^us  of  a  point  on  the  tangent,  at  a 
ffven  distance  from  the  point  of  contact,  is  a  right  line ;  and 
this  line  is  called  the  directrix  of  the  curve. 


PROP.  CCLXXVin. 


(568.)  To  find  the  equation  of  the  tractrix. 
Let  the  intercept  of  the  tangent  between  the  directrix 


Sft6 
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and  the  point  of  contact  be  a.    By  the  general  fonnula  for 
the  subtangent, 


ydx 


-%=^«*-^'  (^^' 


which  by  integration,  gives 


^o/.^ZU^ 2L_^«»_j^    (2), 

y 

which  is  therefore  the  equation  of  the  curve,  and  which  may 
be  otherwise  expressed  thus, 


a;+ Va'— y« 


a  +  ^a*-3^«  ^ye 


(3). 


PROP;  CCLXXIX. 

(569* )  Tofini  (he  eqttation  of  a  tangent  through  a  given 

point. 
Let  the  given  point  be  i/jf.    By  (1), 

^^ y_ 

dx 


(4). 


The  equation  of  the  tangent  is  therefore 

y-y=  ---M=={x-af)    (5). 
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The  geometrical  construction  tor  applying  a  tangent  to  thb 
curve  is  obviously  pointed  out  by  this  equation.  With  the 
centre  a  and  the  radius  a  =  ab  let  a  circle  be  described; 
through  any  point  f  of  the  curve  let  the  ordinate  pm  be 
draMm,  and  pp'  parallel  to  xx',  and  meeting  the  circle  in  p', 
and  let  p'a  be  drawn ;  a  line  pt  parallel  to  p'a  is  a  tangent  tp 

the  curve  at  p.    For  tan.  p'am'  =  — ~ =  tan.  ptm, 

PBOP.  COL  XXX. 

(570.)  To  investigcUe  ihe  figure  of  {he  iractrtx. 

By  (3),  when  4:  =  0,  ^  =  ±  a,  therefore  if  ab  =  +  a, 
ab'  =  —  a,  the  curve  meets  the  axis  of  ^  at  the  points  b,  b'; 
and  in  (5),  if  y  =  +  tfy  and  a/  =  0,  the  equation  becomes 
X  =  0|  which  shows  that  the  axis  of  ^  touches  the  curve  at 
the  points  B,  b'. 

By  differentiating  (4),  the  result  is 

Therefore  d^y  and  y  have  always  the  same  sign,  and  there* 
fore  the  curve  b  every  where  convex  towards  the  directrix. 
By  (2)  it  appears  that  for  each  value  of  ^  there  are  two 
equal  and  opposite  values  of  x,  and  for  each  value  of  x  there 
are  two  equal  and  opposite  values  of  y.  Therefore  the  four 
branches  of  the  curve,  included  in  the  four  right  angles 
round  the  origin,  are  perfectly  equal  and  similar,  and  such 
as  if  placed  upon  each  other  would  coincide.  It  also  ap- 
pears by  this  equation  that,  as  x  increases  without  limit,  y 
diminishes  without  limit,  and  therefore  the  directrix  is  an 
asymptote.  It  also  appears,  from  what  has  been  said,  that 
the  points  b,  b',  are  cus'ps  of  the  first  kind. 

PBOP.  CCLXXXI. 

(5710  The  quadrature  qfth^  tractrix. 

By  (1)  

ydx  =  —   a/o*  —  3/*  •  ^« 
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One  side  of  this  equation  is  the  differential  of  the  area 
ABPM,  and  since  —  ^a*  —  ^*  =  am',  the  other  side  is  the 
differential  of  the  area  bp'c,  and  therefore  taking  the  in- 
tegrals BPMA  =  Bp'c. 

Also,  since  the  triangle  p'am'  =  ptm,  the  area  bpta  is 
equal  to  the  sector  bap'. 


<                   • 

Pi 

• 

6^ 
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c  ^^^^:Ov 

"^ *  i 

^                                    -     X 
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• 

* 

f  ■        ♦ 

It  follows  also  that  the  whole  area  included  by  the  four 
branches  of  the  tractrix  is  equal  to  the  arda  of  the  circle. 
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I 

(572.)  The  rectification  of  the  tractrix. 
By  (1)  we  find 

where  the  negative  sign  is  used,  because  the  arc  increases  as 
y  diminishes,  and  which  integrated  gives 

yvdy*  +  dx*  =  —  flfy  +  c. 
To  determine  c,  let  the  arc  a  be  supposed  to  begin  at  b, 
so  that  when  the  arc  a  =  0,  ^  =  a ;  hence 
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->i-  oAk  +  c  =:  0»  '/  c  =s  0^0,  hence  we  jSnd 

A    =  CU — . 

Hence  it  appears  that  if  with  the  axis  of  the  tractrix, 
and  —  a  as  subtangent,  a  logarithmic  be  drawn,  the  line 
pm  =3  BP. 
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(573.)  To  find  the  radius  of  curvature  of  the  tractrioc* 

By  substituting  in  the  general  formula  for  the  radius  of 
curvature  the  values  of  the  first  and  second  differential  co- 
efficients, we  find 


as/a^  —  y^ 


y 


Hence  by  geometrical  construction  the  radius  and  centre  of 
the  osculating  circle  may  be  found  thus :  let  pc  be  perpen- 
dicular to  the  tangent  at  p,  and  produced  to  meet  a 
perpendicular  to  the  directrix  at;,T,  the  intercept  pc  is  the 


%% 
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radius,  and   c  the   centre   of  the  osculating  drde;    far 
PM  :  PT  : :  MT  :  PC,  by  the  similar  triangles. 


PROP.    CCLXXXIV. 

(674.)  To  find  the  evotute  of  the  tractrix. 
Let  the  co-ordinates  of  the  centre  of  the  osculating  circle 
be  ^af^   By  substituting  in  the  general  formulae  for  the 
values  of  these  the  particular  values  of  the  differential  co- 
efllcientSi  the  results  are 


y= 


^  =  j:  -f- 


a 


^ 


y 


OA/y* 


y 


By  eliminating  y  and  x  by  means  of  these  equations,  and 
that  of  the  curve,  the  result  is 


a/  =^  al 


y  4-  \/^  *  —  a* 


a 


which  is  the  equation  of  the  evolute.  The  evolute  is  there- 
fore a  catenary,  whose  parameter  is  a  =  ab,  whose  vertex 
is  at  B,  and  whose  axis  is  ay. 
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Hence,  if  a  string  applied  to  a  catenary  have  its  extremity 
at  the  vertex,  and  be  wound  off,  its  extremity  r  will  describe 
the  tractrix. 

(676.)  Def.  The  locus  of  a  point  p  upon  the  tangent  of 
the  tractrix  at  a  given  distance  b  from  the  extremity  x  of 
the  tangent  is  called  the  syntractrtjc, 

PROP.  CCLXXXV, 

(676.)  To  find  the  equation  of  the  syntractrix. 
Let  the  co-ordinates  of  a  point  on  the  tractrix  be  j/af^  and 
those  of  the  corresponding  point  of  the  syntractrix  xy.    The 
conditions  of  the  definition  furnish  the  equations 

ay  =  6y , 

(^-  af)a=^{a-  b)  Va^  -j/*. 
By  means  of  these  equations,  and  that  of  the  tractrix,  j/  and 
of  being  eliminated,  the  result  is 

y  . 

which  is  the  equation  of  the  syntractrix. 
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PROP.  CCLXXXVI. 

(577.)  To  find  the  equation  of  a  ta/ngent  to  the  syntractrix. 
By  di£Perentiating  the  equation,  we  find 

dy  ^     yVi^-1/* 
dx  ab  —  y*  * 

hence  the  equation  of  a  tangent  through  the  point  ^al  is 

PROP.  CCtXXXVII. 

(678.)  To  investigcUe  the  figure  of  the  syntractrix. 

V.  Let  6  <  a. 

By  the  equation  of  the  curve  it  appears  that  when  a;  =r  0, 
^  =  Hh  6i  and  by  that  of  the  tangent  that  the  tangent  to  this 
point  is  parallel  to  the  directrix.  It  also  follows^  as  in  the 
tractiix,  that  the  directrix  is  an  asymptote,  and  that  the 
branches  or  portions  of  the  curve  included  in  each  of  the 
four  right  angles  round  the  origin  are  symmetrical. 

By  differentiating  the  equation  a  second  time,  we  find 

dl^_,     ah^  +  y\b  --  2a) 
d:r«""^'       (ab^jff      • 
This  equals  0  when 

and  the  corresponding  value  of  or  is 

, v^2a-  6+  sja-^b       ,       /  a-^b 

Since,  by  supposition,  6  <  a,  these  values  are  real.     There 
ts  therefore  a  point  of  contrary  flexure  at  the  pcnnt  whose 
co-ordinates  are  the  values  of  ^  and  j?,  found  as  above. 
Let  AB  =  bf  and  am,  am'  be  the  values  of  x,  which  give 


y  =  ft  a/  q   1 ;  for  all  values  of  x  between  a?  =  0 


and 
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X  =  AM|  or  am',  the  second  differential  oiy  is  negative,  and 
therefore  the  intercept  of  the  curve  between  the  points  pp'  is 
concave  towards  the  axis  of  x^  and  beyond  these  limits  on 


each  nde  it  is  convex  towards  the  axis  of  x.  The  form  of 
the  curve  when  6  <  a  is  therefore  represented  above. 

2^.  Let  h>  a. 

In  this  case,  as  before,  when  y  ^b  and  or  =  0,  the  tan- 
gent is  parallel  to  the  axis  of  or,  and  between  a;  s  0  and  that 
value  of  X  which  gives  ab=y*y  the  first  differential  coeiBcient 
is  increasing,  and  becomes  infinite  under  this  last  condition, 
which  shows  that  the  tangent  is  approaching  to  parallelism 
with  the  axis  of  x,  and  at  this  point  becomes  parallel  to  it 
Also,  between  these  points  the  second  differential  of  ^  is  ne- 
gative, and  therefore  the  curve  is  concave  towards  the  axis 

ofx. 

Let  the  points  p,  p',  be  those  at  which  the  tangent  is 
parallel  to  the  axis  of  y.  The  portion  pbp'  is  concave  to- 
wards the  axis.  At  the  points  p,  p',  the  second  differential 
coefficient  passes  through  infinity,  and  therefore  changes 
its  ^gn,  and  becomes  positive,  and  remains  so,  and  therefore 
.every  other  part  of  the  curve  is  convex  towards  the  axis. 
The  same  reasoning  applies  to  the  part  of  the  curve  on  the 
other  Side  of  the  axis. 
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(ff79>)  Eqcitangentiai,  ccbves  in  general  are  those,  the 
intercept  of  whose  tangent  between  the  point  of  contact  and 
any  ^ren  line  of  any  proposed  species  is  of  a  given  mag- 
nitude, and  in  general  that  line,  of  what  kind  soever  it 
may  be,  which  is  the  locus  of  the  extremity  of  the  tangent, 
it  called  the  directrix.  The  consideration  of  these  curves 
presents  two  classes,  problems  to  the  analyst.  1".  Gvcen  the 
nature  qf  ihe  directrix,  tike  magnitude  of  the  tangml 
tmd  its  position  at  am/  given  point  of  the  directrix,  to  Jind 
the  curve  ^traction,  S°.  Given  the  nature  of  the  curve  ^ 
traction,  onJ  ihe  magnitude  ^the  tangent^  to  find  the  £- 
rectrix.  Those  problems  which  come  under  the  latter  class 
txe  much  more  easily  investigated  than  the  former,  the  sc4u- 
tion  of  which,  except  in 
a  few  instances,  inv<dves 
difficulties  almost  insni^ 
mountable.  There  are  me 
or  two  instances,  however, 
in  which  the  solutimi  is 
obvious  enough.  Thus, 
if  the  directrix  be  a  dnle, 
and  the  tangent  eqnal  to 
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half  the  chord  with  which  it  coincides  in  any  position,  the 
curve  of  traction  is  a  concentrical  circle,  the  square  of 
whose  radius  is  equal  to  the  difference  of  the  squares  of  the 
tangent  and  radius  of  the  directrix.  It  appears  also  (566), 
that  the  involute  of  the  circle  is  the  curve  of  traction  of 
which  the  directrix  is  the  spiral  of  Archimedes. 


SECTION  XX. 

The  nature  and  properties  of  the  roots  of  equaticms  illus- 

trated  hy  the  geometry  of  curves. 

(580.)  Every  algebraical  equation  of  a  degree  expressed  by 
m,  that  is,  where  m  is  the  index  of  the  highest  dimension  of 
the  unknown  quantity,  afler  the  equation  is  cleared  of  surds^ 
is  necessarily  included  in  the  general  formula 

Xm  +  Kar-^  +  -ROf^^  +  COT^ TX  +  V  =  ft 

Any  value  whatever  being  assigned  to  x,  let  the  cor- 
responding value  which  the  first  member  of  this  equation 
assumes  be^,  and  the  result  is 

^  =  a?^  4-  Aa?*»-'  +  Bjr"*"^  4-  cx"^^ ....Tar  -f-  v. 

If  this  equation,  related  to  rectangular  co-ordinates,  be 
supposed  to  represent  a  curve,  the  examination  of  the  course 
of  the  locus  will  point  out  several  important  theorems  con- 
cerning the  roots  of  the  proposed  equation.  But  before  we 
proceed  to  this  investigation,  we  shall  give  a  method  for 
constructing  the  values  of  y,  corresponding  to  any  assumed 
value  of  x^  and  thereby  constructing  the  curve  which  re- 
presents the  equation. 

Since  the  equation,  in  the  form  in  which  it  is  given,  is  not 
homogeneous,  let  n  be  the  linear  unit,  and  this  being  intro- 
duced  in  such  a  manner  as  to  render  all  the  terms  lineiur«  the 
equation  becomes 
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(KT         hO! 


m-l 


y     «.«•— 1 


.m— 1 


■f 


B  .  X 


m— 9 


iflv— 2 


TJ?  +  V  =  0, 


the 


coefficients  a,  b,  c t,  v,  being  supposed  linear. 


Let    AB  =  W,    AC  =  07, 

and  let  bd  and  ce  be 
parallels  to  ay  :  let 
sa  =  n,  and  through  a 
draw  Aa  meeting  ce  at  g^ 
and  draw  gh  parallel  to 
AX.  Let  he  =  A,  and 
draw  AC,  meeting  ce  in 
h,  and  draw  hd  parallel 
to  AX  as  before^^and  take 
<2^  =  B ;  and,  as  before, 
"^      li     draw    AC    meeting    the 

line  CE  in  i,  and  continue  this  process  to  tx^  and  finally  from 
the  point  where  the  last  of  the  Imes,  drawn  from  a,  meets 
the  line  ce,  take  a  portion  on  it  equal  to  v,  and  the  extremity 
of  this  is  that  of  y. 

For  since  ab  :  ac  : :  bo  :  c^,  '.•  c^  =  x. 


Also 


And 


AB :  AC  : :  Bc  :  cA,  •.'  cA  =  bc  .  — 

X         X  AX 

=  (x  +  a). — = — h-— ; 

^  '     n       n       n 

X 

AB  :  AC  : :  B^  :  ci,  •.•  ci  =  b^  .  — ; 

n 


•C*        AX 

but  B^  =  Bd  +  d^  =  "^+"^+   ^> 


3?       AX^ 


^X 


.'  ci  =  -T  +--7-  +^ 


n 


2 


w 


n 


And  it  is  plain  that  by  a  similar  process  the  successive 
intercepts  between  c  and  the  lines  drawn  from  A  are  found 
by  adding  to  each  former  intercept  the  next  coefficient,  and 
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multiplying  the  result  by  — ,  %•  the  successive  intercepts  will 


be 


^9 

X*        AX 
— +  — 

n       n 

X^         AX*         BX 

n*       nr         n 


ar*      Ax^      bx^       ex 

n^        n^        n^         n  ^ 

X^        AX^       BX^       cx^       Djr 


jM  Aa?"^^        BJC"*^  TX 


Adding  then  to  the  last  intercept  the  line  V|  the  result  is 
the  value  of  y ;  for  any  negative  coefficient,  the  line  repre- 
seting  it  is  to  be  taken  in  an  opposite  direction :  thus,  if  a 
were  n^ative,  be  should  be  taken  from  b  towards  a. 

Being  thus  able  to  construct  the  values  of  ^,  correspond- 
ing to  every  value  of  <r,  the  curve  can  be  constructed  by 
points.  The  values  of  Xy  corresponding  to  the  points  p,  f',  p", 
Pf  1^9 1^9  when  the  curve  meets  the  axis  ax,  are  the  roots  of 
the  proposed  equation. 

Since  in  general  the  curve  cannot  pass  from  one  side  to 
the  other  of  the  axis  of  x  without  intersecting  it,  it  neces« 
sarily  follows  that,  between  two  points  of  the  curve,  situated 
at  opposite  indes  of  the  axis  ax,  the  curve  must  at  least  in- 
tersect that  axis  once,  and  may  intersect  it  an  odd  number  of 
times,  that  is,  between  two  values  of  a?,  which  give  values  of 
y  with  apposite  signs,  there  must  be  an  odd  number  of  in- 
tersections of  the  curve  with  the  axis  of  x,  and  there  must 
at  least  be  one  point  of  intersection  between  them.    Hence 
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y^iwo  numbers^  substituted  Jbr  x  in  any  equution^  procktce 
results  with  opposite  signsy  there  must  be  an  odd  number  of 
real  roots  between  them^  and  at  least  there  must  be  one. 

Y 


Between  two  points  ot  the  curve,  situate  at  the  same  side 
of  the  axis  of  x,  there  must  be  either  an  even  number  of 
intersections  with  that  axis  or  hone.  That  is,  if  two  values 
of  X  give  corresponding  values  of  j/y  affected  with  the  same 
agn^  between  those  values  of  x,  there  must  either  be  no 
intersection  of  the  curve  with  the  axis  ax,  or  an  even  num- 
ber. Hence,  if  two  numbers  subsiitutedjbr  x  in  amy  equa- 
Hon  gvoe  restdts  affected  with  the  samS  sign,  ffiere  must  be 
either  no  real  root  between  them  or  an  even  number  of  real 
roots* 

The  intercepts  pp',  p'p'',  &c.  /?//,  p^',  iic.  between  two 
consecutive  points  of  intefisection  of  the  curve  with  the  axi^ 
of  X,  are  the  successive  dMferenees  between  the  oonsocutive 
roots  of  the  proposed  equation.  If  two  vakie»  of  jr  be  as* 
sumed,  whose  cB£ference  is  less  than  the  least  of  these  dif- 
ferences, there  cannot  be  more  than  one  point  of  interseetioB 
between  them ;  for  if  there  were  two  points  of  intersectioK 
between  lihem,  the  intercept  betwe«i  those  two  p(»nte  wouM 
be  necessarily  less  than  Ihe  difference  of  the  assumed  values 
of  AT,  which  is  eemtrary  to  hypothesis.  Hence,  if  two  such 
values  of  x  give  values  of  y  with  ^ffeiKnt  ^gns,  diere  will 
be  one  and  tmly  one  point  of  intersection  between  them ; 
imd  if  they  give  values  of  y  with  die  same  sign,  there  will 
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be  no  point  of  intersection  between  them.  Therefore,  if 
two  numbers  J  wltjose  difference  is  less  than  the  least  di/^ 
Jerence  of  two  consecutive  roots  of  an  equation^  substituted 
Jbr  -x,  in  the  equation^  give  results  affected  wUh  different 
signs,  one  and  only  one  real  root  lies  between  them ;  and  if 
ihey  give  results  affected  with  the  same  sign^  no  real  root 
lies  between  (hem* 

When  any  of  the  intercepts  I*p',  pfl^  &c.  equal  nothings 
the  curve  touches  the  line  ax  at  that  point.  The  intercept 
which  vanishes,  being  the  difference  of  two  values  of 'or, 
which  give  y  =  0,  these  values  must  be  equal,  and  therefore 
a  point  of  contact  with  the  axis  of  x  is  the  indication  of 
equal  roots  of  the  proposed  equation.  If  one  of  the  inter- 
oepts  pp'  vanishes,  the  curve  at  each  side  of  the  point  of 
contact  lies  at  the  same  side  of  the  hne  ax,  and  there* 
fore  two  values  of  x,  which  intercept  between  them  a  point 
of  contact  of  this  kind,  give  values  of  y  affected  with  the 
same  sign.  Hence,  if  two  numbers^  which  include  between 
ihem  kco  real  and  equal  roots,  be  substituted  ^/br  x  in  any 
equation,  they  wiUgive  results  affected  rvith  the  same  sign. 

If  two  consecutive  intercepts  ??*,  p'p",  both  vanish,  the 
curve  also  touches  the  axis  of  a  at  that  point ;  but  the  parts 
of  the  curve  on  each  side  of  the  point  of  contact  lie  at  dif- 
ferent sides  of  the  axis  of  x,  and  therefore  the  point  of 
contact  is  a  point  of  inflection.  It  appears,  as  before,  that 
in  this  case  three  points  of  intersection  unite  in  one,  and 
that  the  values  on  each  side  of  the  point  of  contact  give 
values  of  y  with  opposite  dgns.  Hence,  if  two  numbers 
which  include  between  them  three  equal  and  real  roots  of  an 
equation  be  substiiuted  jbr  x  they  unU  give  results  with 
i&fferent  signs. 

In  general,  if  an  odd  number  of  consecutive  intercepts 
Pf',  pV,  &c.  vanish,  and  therefore  an  even  number  of  points 
of  intersection  unite   in   one,  the  curve  will  touch   the 
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axis  of  Xy  and  the  parts  of  the  curve  on.  each  aide  of  the 
point  of  contact  will  lie  at  the  same  side  of  the  axis  of  x. 
It  follows  from  this,  that  if  two  numbers  substitutedjbr  x 
in  any  equation  include  between  (hem  an  even  number  of  real 
and  equal  roots,  they  zvUl  give  results  with  the  same  sign» 

If  an  even  number  of  consecutive  intercepts  pp',  p V,  &c. 
vanish,  and  therefore  an  odd  number  of  points  of  inter- 
secticm  unite  in  one,  the  curve  also  touches  the  axis  of 
x ;  but  in  this  case  the  parts  of  the  curve  at  each  side 
of  the  point  of  contact  lie  ajt  different  sides  of  the  axis 
of  X,  and  therefore  that  point  is  a  pcnnt  of  inflection.  The 
values  of  x  on  each  side  of  the  point  in  this  case  give  values 
of  y  affected  with  contrary  signs.  Hence  it  follows,  that 
two  numbers  which  include  between  them  an  odd  number 
jof  real  and  eqjual  roots  of  an  equation,  substituted  in  it  fiir 
x^  will  give  results  affected  with  oj^posite  signs. 

The  point  of  contact  corresponding  to  four  real  and  equal 
roots  is  called  a  point  of  simple  undulation.  If  it  cor- 
responds to  six  real  and  equal  roots,  it  is  said  to  be  a  point 
of  double  undulation. 

A  point  of  contact  corresponding  to  three  real  and  equal 
roots  is  called  a  point  of  simple  inflection ;  if  it  conespcnds 
to  five  real  and  equal  roots,  triple  inflection,  &c.  The 
chi^racter  of  such  points  is  merely  algebraical,  there  being 
no  visible  geometrical  distinction. 

As  in  algebraical  curves,  the  number  of  interseetions  are  in 
general  the  same  as  the  index  of  the  highest  dimensioB  of  x, 
when  the  equation  is  cleared  of  fractional  indices,  that  num- 
ber is  finite.  The  entire  of  the  curve,  therefore,  whidi 
extends  beyond  the  most  distant  point  of  intersection  on  the 
positive  side  of  the  origin  must  lie  at  the  same  side  of  the 
axis.  And  the  same  inference  is  applicable  for  the  same 
reasons  to  that  part  of  the  curve  which  lies  beyond  the 
most  distant  point  of  intersection  on  the  negative  side  of 
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the  origin ;  and  therefore  all  values  of  x  greater  than  that 
of  the  most  distant  point  of  intersection  give  values  of  y 
continually  affected  with  the  same  sign.  Hence,  if  num^ 
hers  greater  than  tJie  greatest  root  of  am  equation,  whetJier 
positive  or  negative,  be  substituted  Jbr  x,  tliey  will  con- 
tinually  give  results  with  the  same  sign. 

In  any  algebraical  equation,  a  value  of  a  may  be  assigned 
to  X  so  great,  that  the  first  term  shall  exceed  the  sum  of  all 
the  others,  and  its  excess  above  the  others  will  continually 
increase  with  the  increase  of  x.  The  sign  of  ^  will  there- 
fore ultimately  be  the  same  as  that  of  the  highest  dimension 
of «,  and  will  continue  to  be  so  as  ^  is  increased  without 
limit.  Consequently,  if  the  highest  dimension  of  jr  be  even, 
and  therefore  its  sign  necessarily  positive,  whether  x  itself  be 
positive  or  negative,  it  follows  that  the  sign  of  ^  is  ultimatdiy 
positive  on  both  sides  of  the  ori^n,  and  that  therefore  the 
two  parts  of  the  curve  which  extend  beyond  the  last  points  of 
interaection  on  each  side  of  the  ori^n  both  lie  above  the  axis 
oix,  and  that  therefore  either  no  point  of  intersection  or  an 
even  number  of  such  points  must  be  included  between  them. 
Hence  it  fdlows  that  every  equation  in  which  the  index  of 
the  highest  power  qfx  is  even,  has  eHher  no  real  root  or  an 
even  number  of  tliem^  and  since  the  number  of  roots  alto- 
gether is  the  same  as  the  highest  index,  itJbUows  that  there 
must  be  either  an  even  number  of  impossible  roots  or  none. 

If  the  index  of  the  highest  power  of  x  be  odd,  the  first  term 
will  be  positive  or  negative  according  as  x  is  positive  or  nega- 
tive, and  therefore  if  continually  increasing  positive  values  be 
assigned  to  a?,  the  value  of  ^  will  be  ultimately  po»tive,  and 
continue  so  as  the  positive  values  of  i?  increase  without  limit: 
and  if  continually  increasing  negative  values  be  assigned  to 
Xj  the  value  of  y  will  be  ultimately  negative,  and  will  con- 
tinue so  as  the  negative  values  of  x  ino'ease  without  limit. 
These  conclusions  obviously  follow  from  the  same  principle 
as  the  former  sciL,  that  such  a  value   may  be  assigned 
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to  X  as  will  render  its  highest  power  greater  than  all  the  re- 
maining terms  of  the  equation  together.  The  parts  of  the 
curve  lying  beyond  the  most  distant  points  of  intersection 
on  each  side  of  the  origin  therefore  lie  at  different  sides  of 
the  axis  of  x ;  that  beyond  the  most  distant  point  of  inter- 
section on  the  positive  side  of  the  origin  lying  on  the  positive 
side,  and  that  beyond  the  most  distant  point  of  intersection 
on  the  negative  side  of  the  origin  lying  on  the  negative  side 
of  the  axis  of  or;  therefore  the  number  o^  intersections  of  the 
curve  with  the  axis  of  a  is  odd,  and  it  follows  therefore 
thatevetyeqiiation  in  which  the  index  of  the  highest  power 
of  X  is  odd,  must  have  at  least  one  real  root,  and  in  general 
has  an  odd  number  of  real  roots ;  and  since  the  entire  number 
of  roots,  being  that  of  the  index  of  the  highest  dimension  of 
j7,  is  odd,  the  number  of  impossible  roots  is  even,  if  there  be 
any  such. 

It  follows  therefore  in  general,  that  the  number  of  im« 
possible  roots,  if  there  be  any,  must  be  even,  imd  there  can 
therefore  never  be  less  than  two. 

The  absolute  term  v  is  the  value  of  ^  corresponding  to 
a  =  0,  and  is  therefore  the  distance  between  the  ori^n  and 
the  point  where  tbe  curve  meets  the  axis  of  ^,  and  therefore 
the  curve  intersects  that  line,  above  or  below  the  ori^,  ac- 
cording as  v  is  positive  or  negative.  If  v  =  0,  the  curve 
meets  the  axis  of  ^  at  the  origin. 

Hence,  if  any  equation  wants  the  last  term^  one  of  its 
roots  must  be  equai  to  nothing.  Also  since,  in  case  the 
index  of  the  highest  dimension  of  the  unknown  quanti^  is 
even,  the  curve  ultimately  extends  above  the  axis^of  x  on 
both  sides  of  the  origin ;  if  the  absolute  term  be  negative, 
and  therefore  it  intersect  the  axis  of  ^  below  the  axis  of  a?, 
it  must  necessarily  intersect  the  curve  at  least  once  on  each 
mde  of  the  origin.  Hence,  if  in  amy  equoition  whose  di- 
mension is  even  the  absolute  term  be  negative^  it  uill  have 
ai  least  two  reai  roots,  one  positive  and  the  other  negative. 
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'  By  a  change  of  origin  on  the  axis  of  ^,  that  id,  by  moving 
tfae'axis  of  o^  parallel  to  itself,  any  of  the  intercepts  pf',  j^p**, 
Sn;.  may  be  made  to  vamsh^  imd  by  a  further  chailge,  the 
axis  of  a  will  cease  to  meet  the  curve  at  thofiie  points ;  thud 
by  changing  the  ajus  of  jr  without  altering  its  indination,* 
two  points  <3i  intersection  will  first  apf»*oaeh  each  other, 
then  meet,  and  finally  disappear  altx>gether«  Also  by  the 
san^e  change  of  the  axis  of  ^,  it  may  meet  the  curve  in  other 
points,  where  before  the  change  it  did  not  meet  it,  firstf 
touchmg  it,  and  then  intersecting  it»  This  change  in  tbtf 
axis  of  ir  is  effected  by  increasing  or  diminishing  the  vidues 
of  ^  by  any  given  quantity,  which  is  eqtiivalent  to  a  change 
m  the  magnitude  dP  ihe  absolute  term  v.  Hence  it  follows, 
that'6y  a  change  in  M^  absohte  term,  any  iwo  reaiandtm^ 
equal  roots  may  hefirtt  made  to  become  real  and  equcUy  amU 
qfterwarda  impossible ;  and  vice  versa,  any  two  impossSjie 
roots  may,  by  a  similar  change j  be  made  to  beo&mefirM  real 
and  espial,  and  afterwards  reai  and  unequal.  It  appears 
therefore  that  the  minima  values  of  ^  indicate  the  imposisiUe 
roots  of  the  equation. 

To  determine  the  maxima  and  minima  of  j^,  or  the  points 
of  the  curve  at  which  the  tangent  is  parallel  to  the  axis  of  ;r, 
let  the  equation  be  differentiated,  and  its  differential  equate 
with  zero,  the  result  of  which  is 

nio^^^^{m—\)A3ir^^+(m-9l)^af^^ t=0    (a). 

If  the  consecutive  roots  of  this  equation  substituted  in  the 
proposed  equation  give  results  with  opposite  signs,  the  points 
at  which  the  tangent  is  parallel  to  ax  lie  alternately  at  the 
posit^te  and  ilegktive  sides  of  Kit.  Between  every  pair  of 
sucsb  successive  values  of  x  the  curve  must  intersect  the  as^is 
df  a?,  and  intersect  it  but  once,  because  if  it  intersected  it 
more  than  once,  there  wduld  necessarily  be  another  point  at 
which  the  tangent  would  be  parallel  to  the  axis  of  ^  between 
the  two  assumed  values  of  x,  which  is  contrary  to  hy- 
pothesis.    Hence  it  appears,  that  if  all  the  roots  of  ihe  pro- 
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posed  equation  be  real»  all  the  roots  of  the  equation  {a)  are 
also  real,  and  correspond  to  maxima  values  of  ^ ;  and. 
between  every  two  consective  roots  of  the  equation  (a),  a 
root  of  the  proposed,  equation  must  be  contained ;  the  roots 
of  this  equation  are  called  limits  of  the  roots  of  the  proposed 
equadon,  and  the  equation  is  called  the  equation  of  limits  of 
the  proposed.    . 

If  three  consecutive  points  of  the  curve,  at  which  the 
tangent  is  parallel  to  the  axis  of  or,  be  situate  on  the  same 
side  of  that  line,  and  the  value  of  y  for  the  second  is  less 
than  those  for  the  first  and  third,  there  must  be  two  im- 
possible roots  of  the  proposed  equation  intercepted  between 
$hose  values  of  ;r,  which  correspond  to  the  first  and  third 
values  of^;  this  is  plain  from  what  has  been  already  said. 
And  hence  it  follows,  that  if  three  succesdve  roots  of  the 
equation  (a)  substituted  in  the  proposed  give  results  with 
the  same  sign,  the  second  being  less  than  the  first  and  third, 
there  will  be  two  impossible  roots  of  the  proposed  equation 
included  between  the  first  and  third  values  of  or. 

If  an  even  number  of  successive  points  of  the  curve  at 
wluch  the  tangent  is  parallel  to  the  axis  of  x  be  situated  at 
the  same  nde  of  that  line,  half  thar  number  will  be  points 
at  which  y  is  a  minimum,  and  since  every  such  point  iiw 
£cates  two  impossible  roots,  it  follows  that  if  an  even  num-^ 
ber  of  consecutive  roots  of  the  equation  of  limits  substituted 
in  the  proposed  equation  ^ve  results  with  the  same  agn, 
the  proposed  equation  will  have  as  many  impossible  roots  at 
least. 

Since  for  every  minimum  value  of  y  there  are  two  im- 
posfiible  roots,  the  number  of  impossible  roots  must  be 
double  the  number  of  such  values.     To  investigate  this,  let 
the  equation  (a)  be  differentiated,  and  the  result  is 
I7t .  (»?i  —  1) .  jiT^  +  (;«-«  1)  (^  _  2)a;p~-* 
+  (m—  2)  (m  —  S)Baf^  . .  .  .  -f  s  =  0. 
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jSuch  roota  of  the  equation  (a)  as  being  substituted  in 
this  and  the  proposed  equation,  give  results  affected  with 
the  same  sign,  correspond  to  minima  values  of  y ;  and  for 
every  such  value  there  are  two  impossible  roots  of  the  pro- 
posed equation. 

(581.)  Before  the  methods  of  approximation  to  the  values 
of  the  roots  of  equations  which  are  now  used  were  known, 
they  were  frequently  represented  by  geometrical  constructions. 
This  method  of  representing  them  is  now,  however,  used 
only  as  an  illustration,  and  as  it  is  not  inelegant,  we  shaU 
here  explain  the  principles  on  which  it  is  founded. 

Let  the  equation  whose  roots  it  is  proposed  to  represent 
be  T{ai)  =  0,  and  let  any  part  <^  the  first  member  be  f'(x), 
and  let  the  equation  t\x)  =  F"(y)  be  assumed,  in  which  the 
form  of  the  second  member  is  arbitrary,  and  let  this  value  of 
^'(jr)  be  substituted  in  the  proposed  equation,  the  result  wiK 
be  an  equation  T'^(yx)  =  0,  between^ and  x.  It  is  obvious 
from  this  process,  that  if  ^  be  eliminated  fix)m  the  equatiom 
v^{a:)  s=  v"(y)  and  F^{xy)  =  0,  the  result  will  be  the  pro^ 
posed  equation;  and  it  follows  therefore,  that  if  two 
curves  be  constructed  which  are  the  loci  of  the  equations 
r'(a:)  =  F"(y)  and  F"(ary)  =  0,  the  values  of  a?  corresponding 
to  their  points  of  intersection  are  the  roots  of  the  proposed 
equation.  The  investigation  which  we  have  just  given  on 
the  nature  of  the  roots  of  equations  may  be  looked  on  as  an 
example  of  the  application  of  the  principle,  since  the  equa- 
tions of  the  two  loci,  whose  intersection  gave  the  roots  of 
the  equatiou  sought,  were 

9  =  0, 
^  =  a?»»»  -f  Aa:***'  +  bj:"^* to?  +  v. 

But  this  is  evidently  useless,  as  it  requires  the  solution  of 
the  equation  itself  to  construct  the  second  locus.  We  shall 
however  proceed  to  apply  the  principle  to  some  example^ 
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which  will  render  it  dearer  than  any  abstract  exphnadon 
could  make  it. 

PILOP*  CCLXXXVIII* 

(582»)  To  represent  by  geometrical  construction  the  roots  of 

a.qaadratic  equaibm^ 
Let  the  propeied  equatba  be 

Let  one  of  the  lod  itbose  intevseetiM*  gire  the  roots  of 
the  equation  be  a  r^t  line  parallel  to  tbe  aziitf  of  a?,  re- 
presented by  die  eqaatioQ 

This  substitution  bdng  made  in  the  ^ven  equation^  gi^es, 
when  B*  >  Oj 

y^  +  X*  ■¥  2Ajr  =s  0 
for  the  eqYUidon  of  the  other  locus;  this  is  the  equation  of 
a  circle  whose  radius  is  A,  and  whose  centre  is  ^nAeaausrf 
«  at  a  distance  ficom  the  origiii  equal  to  — a»  Let  Acs — aj 

and  widi  the 
cenlsecandthe 
lacfius  AC  leC 
die  ckdb  be 
described;   let 

AB^  B,  Mid  let 

thepwrilel  3Bf/ 
be  drawn ;  die 
▼aluesof  jTsdL 
AP,  AP'^  cerre- 

sponding  to  the  points  p,  ffy  where  this  parallel  meets  the 
circle,  are  the  roots  of  the  proposed  equation. 

The  centre  lies  at  the  positive  side  of  the  origin  if  a  <  0, 
and  at  the  n^ative  ride  if  a  >  0 ;  therefore  in  the  <me  case 
both  nxits  are  positiv^^  and  in  the  othor  negative^ 

AP  -f  Ap'  2=  Sac,  »•  e.  the  sum  of  the  roots  taken  with 


proper  signs  is  equal  •to  the  co-effident  of  x  in  the 
given  equation* 

A^  K  Ax^  ^ff^^h\  {.  e,  the  pioduct  of  the  «oots  is 
equal  to  the  absolute  term. 

If  AB  v:  AC^  p  and  ^  coincide,  and  ap  =  ap',  i.  e,  if 
•  C7  A  the  rODts  of  the  equatkxi  are  ^qtioL 

If  AB  >  AC,  the  parallel  does  not  meet  the  cincle,  *•*  if 
B  >  A  and  B^  >  0,  the  roots  aise  iioaposnble. 

If  »*  <  0,  the  aeooBd  cquatbn  is 

y  *  -  a?«  +  «Aa?  ct  0, 
vhaoh  is  the  equation  of  the  equikteralhypttfeola,  the  tcaos- 
verse  axis  of  which  comcides  witih  the  axis  W  ^,  and  the 
origin  bong  at  the  vertex. 

But  the  equation  can  he  oonstmcted  in  all  cases  by  the 
circle  alone.  In  general  let  the  equation  of  the  right  line 
parallel  to  the  axis  of  j:  be 

y  =  Vm*  +  B*. 

Making  this  substitution  the  equation  becomes 

^  +  «*  +  2Air  —  »i*  =i  0; 

in  bang  arbitrary,  it  may  be  supposed   =  0,  if  B«  >  0, 

which  reduces  this  case  to  the  former.    But  if  b'  <  0,  in 

order  that  y  may  be  real  in  the  equation  of  the  .parallel,  m 

cannot  be  less  than   b  ;  in  this   case   let  its  =  b.    ^e 

parallel  ^nll  in  that  case  coindde  with  the  axis  of  x  itself^ 

and  the  equation  of  the  (nrcle  is 

^a  +  -u«  +  9j^  —  b«  =  0. 

This  is  the  equation  of  a  circle  whose  radius  is  Va?  +  b% 
and  whose  centre  is  at  a  distance  from  the  origin  equal  to 
—A.  Henee  let  AC  s  —  a,  and  the  circle  be  described 
with  the  radius  ^  a*  +  b*,  and  the  roots  of  the  equation  are 

AP,  AP'. 

The  equation  may  be  constructed  by  the  intersection  of 
the  right  line  with  any  line  of  the  second  degree  as  well  as 
the  circle.    Thus  let  the  equation  of  the  first  locus  be 
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^  =  ^  +  21* 
which  is  the  equation  of  a  right  line  intersecting  the  aitis  of 

B* 

^  at  a  distance  from  the  origin  expressed  by  ^ —  and  in- 

dined  to  the  axes  o£  co-ordinates  at  angles  of  4ff^    The 
equation  of  the  other  locus  will  be 

ar»  +  2  Ay  =  0, 
which  is  the  equation  of  a  parabola  whose  axis  is  the  axis 
of  ^,  whose  vertex  is  the  ori^n,  and  whose  parameter  is 
— Sa.    The  int^section  of  this  with  the  right  line  ^ves  the 
roots  of  the  proposed  equation^ 

PROP.  CCLXXXIX. 

(683.)  To  represent  by  geometrical  construction  tlie  roots. 

qfa  cubic  eqtuUion. 

Let  the  proposed  equation  be 

x^  +  Aa?*  +  B*a:  +  c'  =  0, 
Let  the  equation  of  one  of  the  curves  whose  intersectioa 
is  to  determine  the  roots  of  thi&  equation  be 

a?*  -t-  AJ7  =  1^. 

By  substituting^  in  the  proposed  equation  the  result  is 

Ba?y  -f  B^a?  +  c*  =  0* 
The  former  of  these  equations  represents  a  parabola^  the 

equation  of  whose  axis  is  a:  = g-,  which  is  therefore 

parallel  to  the  axis  of  ^.     The  value  of  ^  which  gives  the 

vertex  is  —  -r--,  and  the  principal  parameter  is  b. 

The  latter  equation  represents  to  hyperbola,  the  axis  of 
y  is  one  asymptote,  and  the  equation  of  the  other  is  j/=  — b, 
Vhich  is  therefore  parallel  to  the  axis  of  x ;  and  since  the 
asymptotes  are  rectangular,  the  hyperbola  is  equilateral* 
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*r9 


Xiet  a  be  its  semi-^axis,  its  equataon  related  to  the  asym- 
ptotesis 


yx  = 


2' 


Hence 


« 

B 


Let  AB  =:  —  -^9  and  through  b  draw  a  parallel  to  ay  ; 

A* 

and  let  bv  =  —  -t~.    On  the  axis  vc  with  the  vertex  v,  and 

a  parameter  equal  to  B^  let  a  parabola  be  described.  Let 
AD  =  —  By  and  through  d  draw  a  parallel  to  ax.  Let 
ff'  be  drawn  bisecting  the  angle  d,  and  take 


DF 


/      2c« 


describe  an  hyperbola  whose  vertices  are  F^  F",  and  whose 
asymptotes  are  yy'  and  ee/.  The  roots  of  the  proposed 
equation  are  Ap,  Aj/y  Ajf^  the  values  of  x  corresponding  to 
the  points  of  intersection  r,  f',  ^$  of  the  parabola  and 
hyperbola. 


If  the  equation  of  the  first  locus  be 

Aory  +  c*  =  Qi 


sf- 


i^  4«tl;fc?tjwai  be  b(y  nib^^qg^  ^.  §»,  m^  liiv4i3^  the 
result  by  iT, 

J!*  +  A^  —  Ay  +  B*  =  0. 

The  fermer^  related  to  rectangular  co-ordinates,  is  the 
equation  of  an  equilateral  h  jpe;rbola,  the  axes  of  co-ordinates 
being  the  asymptotes,  and  its  semiaxis  equal  to 

A 

The  laUer  equation  re{xre^uts  a  p^abola,  the  equation  of 
wJhpse.«xi$  ^  ^  =:=  —  -7^  and  the  co-ordinates  of  whose 

A  B*  A 

vertexared7=^  ^,y=?r^  — ^• 

Through  the  ori^  d  let  ff'  be  (drawn  bisecting  the  angle 

—  — ^  ==  df',  with  the  line  ff'  as  trans- 
rerse  axis,  and  the  points  f,  f',  as  vertices,  let  an  equilateral 

A 

^[jpedbola  be  d^q-ibed.  ^Usp  1^  ]^b'==  —  ^^  ai^d 

,     _   B»  A 

with  the  vertex  v,  tiie  axis  vc,  and  the  parameter  a,  let  a 
parabola  be  described ;  the  points  of  intersection  of  this  with 
the  hyperbola  will  give  the  roots  required. 

It  is  always  pos^ble  by  a  transformation  to  remove  the 
second  term  of  the  equation*  Suppose  this  done  with  the 
proposed  equation,  and  that  it  is  reduced  to  the  form 

ar»  +  B«a?  +  €?  =  0. 

Let  it  be  multiplied  by  x  =  0,  by  which  it  becomes 

a?*  +  bV*  +  c^x  =  0. 
If  the  equation  of  one  of  the  curves  whose  intersections 
determine  the  roots  be  - 


t 

Thatof  the  Other  will  be,  when  b«  >  0, 

y*  +  *'  +  ^*  =  0. 

The  foarmer  is  the  equodcm  of  a  parabda  whose  vertex  13 
at  the  origin,  whose  axis  is  ay,  and  whose  parameter  ju  B< 


The  btter  is  a  <»rcle  pasiung  through  the  origin  with  its 
Q^tre  on  the  axis  of  a?  at  the  distfuice  —  ^rr .  Thes^ore  let 


a  parabola  be  described  w|th  the  vertex  a,  the  axis  ay,  and 
the  principal  paramet^  b;  and  a  circle  with  the  radius 


CAc=  — 


2b2* 


The  pcMnt  of  intersection  p  gives  the  root  of 


> 

the  proposed  equation.  The  point  a  gives  the  root  a?  =  0, 
which  was  introduced  by  multiplying  by  se.  The  other  two 
roots  must  in  this  case  be  impossible.  The  circle  will  lie  on 
the  negative  or  po^tive  dde  of  the  origin,  according  as  c^  is 
positive  or  negative ;  and  therefore  the  real  root  will  in  the 
one  case  be  negative,  and  in  the  other  positive. 
V  If  B*  <  0,  the  second  equation  becomes 


28S 


ALGEBRAIC   GSOMETRT. 


C' 

y  —  «« +  -^x  =  0. 

This  is  the  equation  of  an  equilateral  hyperbola  whose 
vertex  is  the  origin,  and  whose  transverse  axis  is  the  axis 


c 

Let  AG  s=  K-»  =  ca',  and  with  the  vertices  aa'  let  an 

equilateral  hjrperbola  be  described,  the  points  p,  p',  p',  give 
the  roots  of  the  proposed  equation. 

The  centre  of  the  hyperbola  lies  on  the  poritive  or  ne- 
gative side  of  A,  as  c'  >  0  or  <  0.  If  c  lie  on  the  poative 
dde  of  A,  there  must  be  one  point  of  intersection  on  the 
negative  side ;  and  if  c  lie  on  the  negative  side,  there  must 
be  one  point  of  intersection  on  the  positive  side.  Hence  the 
equation  must  have  one  real  root  having  the  sign'  contrary 

to  that  of  c'. 

Supposing  both  parts  of  the  hyperbola  to  intersect  the 
parabola,  the  roots  will  be  real  and  unequal ;  and  two  ^ill 


ALOBBBAIC   OBOMETBY*  fB^ 

be  positive  and  one  negative  if  c^  >  0,  and  two  negative 
and  one  positive  if  c'  <  0. 

If  the  parabola  and  hjrperbola  touchy  there  will  be  two 
equal  roots* 

If  one  of  the  branches  of  the  hyperbola  does  not  meet  the 
parabola,  two  of  the  roots  of  the  equation  are  impossible. 

PROP.  ccxc. 

(584.)  To  construct  the  roots  of  an  equation  qfthe^fimrth 

degree* 

Since  the  second  term  may  always  be  removed  by  a 
transformation,  the  equation  can  always  be  brought  to  the 
form 

a^  +  B»a:«  +  c^;r  +  d*  =  0. 

Let  one  of  the  curves  be  the  parabola  represented  by  the 

equation  x^  =  By, 

which  being  substituted  for  x^,  gives  for  the  equation  of  the 

other  when  b*  >  0, 

c*  D* 

y«  +  a:«  +  — 0?  +  —  =  0. 

And  when  b^  <  0, 

1.  Let  b^  >  0.     The  parabola  being  constructed  as  in 

the  last  prt^posttion,  let  a  circle  be  described  with  its  centre 

c* 
at  c  on  the  axis  otw  at  the  distance  Ac  =  —  ^-^  and  with 


the 


yc^       n* 
T-4 5-.     As  this  circle,  from  its  po- 
rtion, cannot  intersect  the  parabola  in  more  than  two  points, 
there  can  be  only  two  real  roots  to  the  equation  in  this 
case. 


SM 
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If  the  drde  touches  the  parabola,  the  two  roots  are  equal'; 
and  if  it  does  not  meet  it,  they  are  impossible. 

If  CB  >  CA,  the  circle  must  intersect  the  parabola,  there- 
fore in  this  case  the  roots  must  be  real;  they  will  also  have 
in  this  case  difierent  ingns:  this  necessarily  happens  when 
the  last  term  in  the  given  equation  is  negadve. 

S.  Let  B^  <  0,  The  equation  of  the  second  curve  is 
in  this  case  that  of  an  equilateral  hyperbola,  its  centre  is  on 

the  axis  of  x  at  th6  distance  —  .^  from  the  origin,  and  its 


aemiaxisis^^^--. 


This  curve  being  constructed  as  in  the  annexed  %aTe, 
gives  the  roots  required. 

The  observations  made  in  the  other  cases  as  to  the  real, 
equal,  and  ima^nary  roots  apply  here  also.  It  is  evident 
that  since  the  hyperbola  may  intersect  tlie  parabola  in  four 
jx)ints,  all  th^  rool».niay  be  real.  Also  it  is  plain,  that  in 
this  case  ooe  of  them  at  kaat  tnust  be  negative,  and  two  at 
least  positive.  . 
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Since  one  or  both  branches  of  the  hyperbola  may  toucli 
the  parabola,  there  may  be  one  or  two  pairs  of  equal  roots, 
and  once  neither  brandli  may  meet  it,  all  the  roots  may  be 
impossible. 


PEOP.  ccxci. 

(S6£k}  Tajind  a  cube  which  shaB  bear  a  given  ratio  to  a 

given  cube. 

This  problem  b  in  effect  to  construct  the  equation 

x^  —  ma^  =  0. 
Let  it  be  multiplied  by  a:^  and  we  find 

a*  —  ma^x  =  0, 
Let  one  of  the  curves  whose  intersection  is  to  determine 
the  roots  be  the  parabola 

This  being  substituted  in  the  above  equation,  gives 

y*  =±  max. 
Hence  the  root  is  determined  by  the  intersection  of  two 
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parabolas  having  a  common  vertex,  and  their  axes  at  right 
angles,  andxwhose  parameters  are  in  the  given  ratio. 

PROP.  CCXCII. 

(586.)  To  find  tzoo  mean  proportionals  between  two  given 

lines. 

Let  the  given  lines  be  a,  by  and  the  sought  means  y  and 
X,    Hence  aiy  i  x  :b^  and  therefore 

j^  =  by. 
Hence,  if  two  parabolas  be  described  having  a  common 
vertex  and  their  axes  at  right  angles,  and  whose  parametere 
are  equal  to  the  two  given  lines,  the  co-ordinates  of  their 
point  of  intersection  related  to  their  axes,  as  axes  of  co- 
ordinates, are  the  sought  means. 

PBOP.  CCXCIII. 

(5870  1^0  trisect  an  angle. 
Let  A  be  the  given  angle.     By  trigonometry, 

COS.^  ^A  —  ^  COS.  |-A  —  ^  COS.  A  =  0; 

which  by  supplying  the  radius  r,  and  represenling  co9,  jA 
by  Xj  becomes 

4^  —  Sr^j:*  —  r*  coa.  A  =;:  0 ; 
which  multiplied  by  x^  gives 

4«F*  —  8r*a?*  —  r*  cos.  a  •  a:  =  0. 
Let  the  equation  of  one  of  the  curves  be 

ar*  =  ry, 
and  the  other  by  substitution  will  be 

%2  —  3ry  —  2  cos.  Aa?  =  0. 
The  former  is  the  equation  of  a  parabola,  the  axis  of 
which  is  the  axis  of  y,  the  origin  the  vertex,  and  the  prin- 
cipal parameter  equal  to  \r. 
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The  latter  is  also  s^  parabcda,  the  equaticHi  of  its  axis,  is 
y  s  ^r,  and  the  co-ordinates  of  its  vertex  are  y  =  ^r, 

X  =  —  -— ,  and  its  principal  parameter  is  cos.  a. 

These)  parabolas  being  described,  their  points  of  inter- 
section give  the  roots  of  the  equation.  The  intersection 
at  the  origin  gives  the  root  a?  =  0^  which  was  introduced 
by  the  multipfication  by  ^« 

The  equation  having  more  than  one  real  root,  it  might 
appear  that  there  were  more  values  than  one  for  the  third 
of  the  given  angle.  But  upon  examining  the  process,  it 
will  be  seen  that  the  question  really  solved  was  not  to  find 
an  angle  equal  to  the  third  of  a  given  i^ngle,  but  (o  find 
the  cosine  of  an  angle  which  is  the  third  of  an  angle  whose 
cosine  is  given.     Since  then  the  arcs 

A, 

2«r  —  A,    2t  +  A, 

4w  —  A,      4*  +  A, 

ftr  —  A,    6tf  +  A. 

And  in  general  all  arcs  which  come  under  the  general 
formula  Sm*  ±  a  have  the  same  cosine,  the  question  really 
solved  b  to  find  the  cosine  of  the  third  of  any  of  these  arcs. 
And  here  again  another  apparent  difficulty  arises.  If  the 
number  of  arcs  involved  in  the  question  be  unlimited,  shall 
there  not  be  an  unlimited  number  of  values  for  the  cosine 
of  the  third  parts  of  these  ?    To  account  for  this  it  should 

be  conadered  that  in  general  the  arc  -5-*  +  -^  must  have 
the  same  coinne  as  some  one  of  the  three  arcs, 

A       ^  14  1. 


for  the  number  ^  must  be  either  of  these  fonps>  n,  n  +  4 


3 


Tl 
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or^  +  h  vbefo  «  is  an  int^or.    If  it  hate  the  fcnD  n, 
that  is/liSretemjm  my  thai 

-^  ±  4.A.3S  Sfwr  ±  a;  therefijre 
o 

COS.  -^-*  ±  ^A  =  COS.  (2f**  ±  f  a)  =  COS.  jrA. 

If  it  haire  the  fonn  «  +  t; 

— -r  -t  i^A  =  2n*  +  y*  ±  -f-A;  therefore 

COS.  ^  ±  4.A  =  COS.  (an*  +  I*  ±  fA)  =  COS.  K2*±a). 
If  It  have  the  fima  n  +  f ; 

2  .  ^it  ±  yA  =  2n*  +  1*  ±  fA ;  therefore 

COS.  ^*  ±  j-A)  =  COS.  (Sw*  +  4p  ±  f  a)  =  COS.  ^(4*  ±  a). 

And  hence  it  follows  that  the  cos.  (  -5—  ±  a),  whatever  be 

the  value  of  m^  must  be  equal  to  one  or  other  of  the  quan- 
tities 

COS.  yA^ 

cos.  f  (2*  —  a), 

COS.  ^(i*  —  a), 
which  correspond  to  the  three  roots  of  the  cubic  equation 
already  found. 

FBOP.  ccxciv* 

(588.)  Td  resolve  ihejxynmda  af^  -VcP"  into  its  simple  Joe- 

tors  by  geometrical  constrttction. 

Let  X  ^  a  (cos.  <t>  +  V  —  1  .  sin.  <p),  and  since  by  tri- 
gonometry, 

(cos.  <i>  +  \/  —  1  ^n.  <!>)'*  =  cos.  7»<f>  +  v'  —  1  sin.  m<f>; 
it  follows  that 
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af^  ^  or  (cos.  f?i4>  +  v'  ~  1  sin.  fn<p). 
Hence  subtracting  a"*  from  both  members, 

jjn  —  ^  -.  ^m  ^^g^  ^<j>  -|.  ^  -«  1  sin,  ni<p  —   1.) 

The  question  then  is  to  find  the  factors  of 

COS.  m<i>  +  \/  —  1  sin.  m<f>  —  1, 
which  will  be  found  by  investigating  the  values  of  f  which 
satisfy  the  equation, 

cos.  m^  +  \/  —  1  sin.  »i<{>  —  1  =  0. 
This  condition  can  only  be  fulfilled  by  the  real  and  im- 
possible parts  being  separately  equal   to  nothing,  which 
gives 

COS.  m<f>  —  1=0, 

v/  —  1  sin.  TTKp  =  0. 

And  hence  cos.  m<f>  =  1,  •.•  mi>  =  2wtf,  •.•  <i>  =  n — . 

m 

Hence  the  factors  sought  are  found  by  supposing  n  in  the 
formula 


-'{ 


Sir  — -    .        2^1 

cos^  n h  V  —  1  sin.  n —  ? , 


fluccesMvely  to  assume  the  values,  0,  1,  2,  3,  ....  ?w  —  1, 

whiph  give 

a  ^  a, 

S          ar    .      —t .  .      Sir  > 
or  —  a  S  COS. F  v^  —  1  sm.  —  > 

L  m  ?n  } 

c  4*         ^— -   .      4b'  > 

ar  —  a  ^  cos. h  v  —  1  sm.  —  > 

(^  f»  my 

j:  —  a  <  COS. h  v  —1  sm.  —  J. 


a:  —  u^  COS.  (w  —  8) h  V— 1  sm.  (m  —  S) —  c 

(^         ^  m  ^  m  J 

^  2ir  8«*  "> 

d?  — a  Jcos.  (wi—l) h\/-l  sin.  (m  —  1)^  J 

u 
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After  this  factor  the  values  recur ;  for  if  n  =s  m, 

cos.  n  — "  =  cos.  9.it  =  1,  and  sin.  n  —  =  sin.  &•  =  0, 
m  fit 

which  gives  x  —-  a,  which  is  the  same  as  the  first  factor,  and 

in  like  manner  eveiy  succeeding  factor  would  be  only  a 

repetition  of  the  former  one.  These  therefore  are  the  simple 

factors  of  :r'**  —  a***.  Their  forms  may  be  somewhat  modified 

by  observing  that 

cos.  im  —  1)  —  =  cos.  — , 

sm.  (m  —  1)  —  =  —  sm.  — , 

2it  4 

cos.  (m  —  2)  —  =  COS.  — , 

%t  4V 

sin.  im  —  2)  —  =  —  an.  — , 


and  therefore  omitting  the  factor  j?  —  a,  the  series  of  re- 
maining &ctors  will  be 

a:  —  fl  ^  COS. 1-  -•  —  1  sin.  —  > 


m 


m  5 

r  4ir  -— -   .     4V) 

—  o  <  COS. h  V  —  1  sm.  —  > 

t  9n  my 


c         Git 

—  «  ^  COS.   — 

i  m 


+  -•— 1  sin. 


m  S 


X 


—  a}  COS. 


6ir 
m 
4r 


X  --  a  \  COS.  — 
i  m 

2it 


X 


-'{ 


COS. 


m 


-a/— 


-a/- 


-  V- 


1  sm.  — •  J- 
m  y 

1  sm.  —  > 
m  3 

1  sm.  —  S 

w  5 
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If  m  be  odd,  and  therefore  (m  —  1)  even,  we  find,  by 
multiplying  the  extreme  terms  of  this  series  and  every  pair 
of  terms  equidistant  from  them,  this  series  of  real  qua- 
dratic factors, 

2*  '^ 


JT*  —  2a  cos. 


m 

4nf 


a:  +  a* 


a/*  —  2a  cos. .  x  -h  a* 

m 


x^  -^^a  cos. 


(he 


m 


X  -{-  a^ 


)(C) 


ar*  —  2a  COS. 


m 


.a?  +  a« 


Therefore  in  this  case  the  real  factors  of  x^  —  cT  are 
{x  —  a)  and  the  above  series  of  quadratic  factors ;  all  the 
^mple  factors  except  (x  — *  a)  being  impossible. 

If  f?t  be  even,  and  therefore  (w  —  1)  odd,  after  multiply- 
ing the  extreme  terms  of  the  series  (b),  and  also  every  pair  of 
terms  equidistant  from  them^  a  solitary  term  will  remain  in  the 

middle.  The  coefficient  of  —  in  this  term  will  be  -^,and 
therefore  the  term  will  be 


X  —  aicos.  *  +  -v/  —  1  sin.  *|  =:  x  -^  a* 
Hence  in  this  case  af^  ^  aH^  has  two  real  simple  factors  x  —  a 
and  a:  -|-  a ;  all  the  other  simple  factors  being  impossible.   It 
has  also  the  real  quadratic  factors  expressed  in  the  series  (c). 
These  results  may  be  thus  expressed. 
1«.  If  m  be  odd, 

a?~  —  a*  =  (a:  —  a)  (iT*  —  2a  cos.  -^x  +  a*) 


m 


{x^ 


2ir  V  ^  ^  2tf 

-2a cos.  2 —  .  J?  +  a«)  (a:^  — 2a  cos.  3  —  .ar  +  a^)... 

{x^  —  2a  cos.  — ^  .  -:::r  •  ^  +  ^  )• 


m 


u2 
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2^.  If  TO  be  even, 


2* 


jjw  «-  flw  =  (a:  —  a)  (a:  +  «)  (^*  —  2a  cos.  -^—  4-  a«) 

m 

(J7-  —  2a  COS.  2 —  .  jr  +  a«)  (a:«-2a  cos.  3  —  .ar  +  a^).. ; 

m^2    2ir 
(j:*  —  2a  COS.  — ^-  .  — -  +  a'). 

To  represent  these  factors  geometrically,  let  a  circle  be  de- 
scribed with  the  radius  CA  =  a,  and  let  cp  =  x,  and  let  the 
circumference  be  divided  into  2m  equal  parts  at  the  points 

A,  A„  At,  • .  .  A2m-lj  and  let  PA  =  Xoy  PAj  =  Zi,  PA2  =  2^  •  •  • 

^^2nk^i  =  ^hm-r     Hence, 
z^  =  w  "  a, 


«J  =  a?*  —  2a  cos. 


m 

zl  ==  a;*  —  2a  cos.  — 

'  ♦  m 


.  X  +  a\ 


If  wi  be  even,  one  of  the  points  of  division  will  cmncide 
with  B,  so  PB  =  a:  4-  a  =  2:|«.  Since  ;sf,  =  z.2r^i,  z^  =  5r2m-2, 
Zj  =  ;2»2to— 3»  •  •  .  •  we  find 

2ie 
«2^2m-2  =  a:^  —  2a  cos.  —  .  a:  +  a*. 


m 


^^»»^  ss  a?^  —  2a  cos.  —  .  x  +  a^. 
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Hence  in  general, 

Su     "^  €L     ^s  aqi^  a^     0     6    •    •    •    •   ^m    j* 

To  find  the  factors  of  x"  +  ^9  it  is  necessary  to  prcxseed 
in  a  similar  manner,  which  will  ^ve 

j7»"  +  a**  =  a**  (cos«  w^  -h  V  —  1  sin.  m^  +  1). 
Tberefi)re,' 

cos,  m^  +  1  =  0, 

* 

sin.  m<f>  =  0, 
which  gives  <f>  =*  ^ ,  the  result  of  which  is 

•       •  119 

a?  =  «  (cos. f-  \/  —  1  sm*  ^^ ^), 

n  being  supposed  successively  to  assume  the  values,  0,  1,  % 
•  •  .  m  —  1  as  before,  the  simple  factors  will  be 

J?  —  a  (cos.  —  +  -•— 1  sin.  — ), 

3ir  — T  .      3w, 

J?  —  a  (cos. h  a/*-1  sm.  — ), 

ar  — a(cos. h  //  —  I  sin.  — ), 


or  beginning  with  n  =  m  —  1,  &c.  the  series  will  be 

j;  —  a  (cos.  • —  —  a/— 1  sin.  — ), 
m  ,  m 

Sir      •  -^  .     ar. 

or  —  a  (cos.  —  —  V  —1  sm.  — ), 

5*  5r 

a?  —  a  (cos. v'  —  1  sin.  — ), 


And  by  uniting  the  extreme  factors  and  those  equidistant 
from  them,  we  find 
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m  ' 

Sit  5it 

(j7«  —  fUi COS.  —  .4?  +  a*)  (a?*  —  2«  cos.  —  .a?  +  a^  . . . . 

The  last  factor  being  simply  x  +  a  when  m  is  odd,  and 

(r,i—1)it  ^     ^ 

x^  —  »a  COS. .  J?  +  a*  when  m  is  even ;  the  num* 

m 

ber  of  real  quadratic  factors  being  in  the  former  case 

fn — 1        1  .     t     1  ^ 

— :r— ,  and  in  the  latter  -Tp, 

As  before,  let  the  circumference  of  the  circle  with  the 
radius  a  be  divided  into  S,m  equal  parts,  and  the  lines 
drawn  from  a  point  f  at  the  distance  x  from  the  centre 
to  the  successive  points  of  division  being  denominated  as 
before, 


K 

=' 

x» 

-3a 

cos. 

7t 

m 

X  +  a\ 

a^, 

= 

«« 

-2* 

cos. 

X 

m 

+  a% 

^: 

= 

X* 

-2fl 

cos. 

Sit 

+  a«. 

And  since     z^  =  js^-i,  zi,  =  a?,^f,  Sec. 
(689.)     Cor.  1.  The  formula, 

Tt  I  ,  V 

a?  =  a  (cos.  2n  .  —  +  V  —  1  sm.  2n  — ), 

m  tn 

is  a  general  formula  for  the  mth  roots  of  a"*. 

(690.)     Cor.  2.  The  with  roots  of  unity  are  expressed  by 

the  formula. 

If  —   .  *  .     . 

cos.  2n 1-  V  —  1  sin.  2w  — • 

(691.)    Cor.  8.  If  a  =  1,  this  proposition  gives  the  reso- 
lution of  JT**  —  1  into  its  simple  factors. 
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SECTION  XXI. 

Of  the  general  properties  of  algebraic  curves. 

(592.)  As  every  equation  between  two  variables  may  be 
conceived  to  generate  a  curve,  the  variety  of  curves  are  as 
infinite  as  the  variety  of  the  equations  by  which  they  are 
represented.  The  classification  of  curves  therefore  should 
be  conformable  to  that  of  equations ;  and  as  the  first  and 
principal  division  of  equations  is  into  algebraical  and  tran- 
scendental,the  curves  represented  by  them  have  been  similarly 
divided  and  similarly  denominated.  An  equation  between  two 
variables  (yx)  is  called  an  algebraical  equation  when  it  is 
reducible  to  a  finite  series  of  terms  involving  only  factors  of 
the  variables  (yx)  witli  integral  and  positive  exponents. 
An  equation,  which  is  not  reducible  to  such  a  series,  or 
which,  when  reduced  to  a  series  of  such  terms,  will  consist 
of  an  infinite  number  of  terms,  is  called  a  transcendental 
equation.  Accordingly,  the  two  principal  classes  of  curves 
are  algebraic  and  transcendental.  Thus  the  lemuiscata, 
whose  equation  is 

y  +  %2<pa  +  X*  +  ay  -  aV«  =  0, 
is  an  algebraic  curve.     The  logarithmic  and  the  cycloid 
whose  equations  are 

y  =  a% 

x--  ^/2riJ—y^       _ 
y  —  r--  r  cos.  -^ — ^-  =  0, 

are  transcendental  curves,  for  they  would,  if  resolved  to  a 
series  of  integral  and  positive  powers  of  ^  and  x,  consist  of 
an  infinite  number  of  terms.      From  the  nature  of  tran- 
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scendental  equations,  it  is  imposnble  to  form  any  regular 
clasofication  of  the  curves  they  represent.  They  possess  no 
generic  properties,  and  the  peculiar  properties  of  each  curve 
may  be  investigated  by  the  rules  already  established.  This, 
however,  is  not  the  case  with  algebraic  curves.  The  means 
of  their  classification  are  obvious ;  they  possess  general  pro- 
perties which  may  be  discovered  from  the  nature  and  pro- 
perties of  general  algebnuc  equations,  as  well  as  those  di- 
stinctive and  peculiar  properties  which  characterise  each 
subordinate  species,  and  are  derivable  from  its  particular 
equation. 

In  a  classification  of  equations,  with  a  view  to  a  cor- 
responding classification  of  the  curves  represented  by  them, 
we  should  use  such  a  means  of  distinction,  as  that  equations 
coming  under  difierent  classes  may  not  represent  the  same 
curve. 

Thus,  for  example^  if  the  equations  were  classed  according 
to  the  number  of  their  terms,  the  equations, 

^«  4-  a?*  =  r\ 

y  +  or*  -  2ra?  =  0, 
would  come  under  different  classes,  and  yet  they  represent 
equal  circles.  Such  a  distinction  between  the  classes  of 
equations  must  therefore  be  adopted  as  will  prevent  the 
possibility  of  the  same  curve  coming  under  two  difierent 
classes.  We  shall  find  this  distinction  by  investigating  how 
the  transformation  of  co-ordinates  a£Pects  an  equation ;  for  as 
this  never  affects  the  curve  represented  by  the  equation,  any 
quality  in  the  equation  which  is  changed  by  this  operation 
cannot  be  used  as  a  distinction  of  classes;  and,  on  the  other 
hand,  any  quality  which  the  transformation  does  not  afiect, 
is  a  fit  one  for  the  purpose.  The  formulae  expressing  the 
Co-ordinates  of  a  point  relatively  to  one  system  of  axes, 
as  a  function  of  those  relatively  to  another  being  of  the  first 
degree,  cannot  make  any  change  in  the  degree  of  the  equa- 
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tibn  in  whidi  they  are  introduced.  They  may  change  the 
values  of  its  co-efficients  or  its  number  of  terms,  but  can 
never  change  its  degree.  Hence  it  is  that  algebraical  equa- 
tions between  two  variables  are  classed  according  to  their 
dimensions,  and  the  lines  represented  are  accordingly  de- 
nominated lines  of  the  first  or  second  or  mth  d^ree.  The 
d^ree  of  an  equation  is  marked  by  the  sum  of  the  ex- 
ponents of  the  variables  in  that  term  in  which  it  is  highest. 
Thus, 

x^y  +  fijr«  +  c^  +  %  +  ear  +y  =  0, 
is  an  equation  of  the  third  degree,  and  represents  a  curve  of 
the  third  degree. 

(59S.)  Newton,  in  his  clasfiification  of  fines,  made  a 
distinction  which,  however,  is  now  nearly  abandoned.  Con- 
sidering that  equations  of  the  first  degree  represent  only 
right  lines,  and  those  of  the  superior  degrees  curves,  he 
designates  the  cnrder  of  a  line  by  the  degree  of  its  equation. 
According  to  him,  equations  of  the  second  degree  represent 
lines  of  the  second  order ^  those  of  the  third  degree^  lines  of 
the  third  order^  8ic.  He  divides  curves  into  Tdnds  or 
genera^  and  denominates  lines  of  the  second  order ^  curves  of 
the^r^  TAnd^  lines  of  the  third  order ^  curves  of  the  second 
kindy  &c.  This  distinction  is,  however,  now  out  of  use, 
,  and  we  say  lines  or  curves  of  the  second  degree  or  order 
indifferently. 

(594.)  The  manner  in  which  the  equation  of  a  curve  in- 
dicates the  difierent  peculiarities  of  its  course  has  been  al- 
ready fully  explained.  By  the  principles  which  have  been 
estabUshed,  the  different  sinuosities  and  inflexions  of  any 
line  will  appear  as  plainly  by  its  equation  to  the  eye  of  the 
analyst,  as  if  they  were  traced  on  a  diagram,  and  actually 
exhibited  to  the  senses.  And,  indeed,  more  plainly,  as 
several  peculiarities  of  a  curve  may  be  developed  in  the  dis- 
cussion of  its  equation,  which  would  escape   the  utmost 
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sagacity  of  the  descriptive  geometer.  These  princ^Ies 
enable  us  to  follow  the  course  of  any  particular  curve  by  its 
equation ;  but  there  are  some  general  properties  of  algebraic 
curves,  arising  from  different  principles,  which  have  not  yet 
been  noticed. 

(595.)  A  general  algebraic  equation  of  the  nth  order  is 
one  which  includes  terms  in  which  the  variables  are  in- 
volved in  every  variety  of  dimensions  not  exceeding  n*  A 
method  of  determining  the  terms  of  a  general  equation  of 
any  proposed  order  has  been  ^ven  by  Newton. 

He  supposes  the  space  included  within  a  right  angle,  whose 
sides  are  horizontal  and  vertical,  to  be  subdivided  into 
squares  by  parallels  to  the  sides.  In  the  first  horizontal 
row  of  squares  the  successive  powers  of  x,  sciL  1,  j:,  x\  x^j 
&c  are  inserted,  and  in  the  first  vertical  column  the  powers 
of  ^,  scil.  1,  y,  y^y  &c»  are  inserted.  Let  such  dimensions 
of  X  and  y  be  inserted  in  the  other  squares,  that  each  hori- 
zontal row  shall  contain  the  same  dimadsions  of  x^  and  each 
vertical  column  the  same  dimensions  of  ^,  so  that  the  whole 
will  stand  thus : 


1 

X 

a?2 

x^ 

0?* 

a?» 

afi 

m 

i       1     1            I      1     1            1      1     1       1     1            1             1 

af^i 

x'* 

JL 

yx 

y^X 

yx^ 

yx^ 

y^ 

y^ 

yafi 

yxr-^ 

yar* 

y^sfl 

y^X^ 

y^x^ 

y^x^ 

y^X^ 

y^af"-^ 

ya:*» 

y^x 

yar* 

y'^ 

y^x* 

y^ 

y^x^ 

y^X-' 

y^a;^ 

yj^X 
y^X 

fx 

y*a?« 

y^* 

it^' 

y^afi 

y'af^^ 

y^^ 

y^x^ 

y^x' 

y^ 

y^sfi 

y5^«-l 

y^^ 

y^a^ 

^^3 

y^x* 

y^ 

f^jfi 

far-' 

J^X*' 

" 

- 

- 

- 

M 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

y*"'^ 

y^ix^ 

y^-iX* 

y^^x"^ 

y"*x^ 

^n-Kij^ 





^»_l^p„_-l 

y—lx" 

r 

\y^x 

li^V 

yfl^Z 

y-X^ 

y^r^ 

y"^-'  \  .v'^^"  1 

Thus  each  vertical  column  contests  of  regularly  increasing 
powers  of  y  multiplied  by  the  same  power  of  x,  and  each 
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harizontal  row  consists  of  regularly  increasing  powers  of  x 
multiplied  by  the  same  power  of  ^.  By  reading  the  vertical 
columns  successively,  and  supplying  the  co-efficients,  the 
terms  of  a  general  equation  ordered  according  to  the 
dimensions  of  x  will  be  found ;  and  by  reading  the  hori- 
zontal rows,  the  terms  of  an  equation  arranged  by  the 
dimensions  of  y  will  be  found.  By  reading  it  diagonally, 
the  terms  of  an  equation  arranged  by  the  dimensions  of 
both  variables  are  obtidned.  This  method  is  called  ther 
analytical  paraUdogram*  As  an  improvement  on  this, 
De  Gua  proposed  converting  the  parallelogram  into  a  tri- 
angle, thus : 


which  is  called  the  analytical  tria/ngle.  This,  when  read 
horizontally,  the  co-efficients  being  supplied,  will  give  a 
general  algebraic  equation  arranged  by  the  dimensions  of 
both  variables;  and  when  read  parallel  to  either  side,  will 
give  one  arranged  by  the  dimensions  of  either  variable. 
The  first  two  horizontal  rows  give  the  general  equation  of 
the  first  degree,  the  first  three  that  of  the  second  degreef 
and  the  first  (n  + 1)  horizontal  rows  give  the  general 
equation  of  the  nth  degree. 
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(596.)  An  obvious  conclumon  from  this  arrangement  is^ 

that  the  number  of  terms  in  a  general  equation  of  the  nth 

degree  is  the  sum  of  an  arithmetical  series,  whose  first  term 

and  common  difference  are  each  unity,  and  whose  number 

of  terms  is  n  +  1.     Hence  the  number  of  terms  in  the 

.      .   (n+l)(n4-2) 
equation  is 5 — ; — - 

The  entire  number  of  constant  quantities  in  any  equation 
is  the  same  as  its  number  of  terms.  But  this  number  may 
always  be  diminished  by  one  by  dividing  the  whole  equation 
by  any  one  co^cient,  and  from  this  it  appears,  that  if  two 
equations  of  the  same  degree  have  their  corresponding  co- 
efficients proportional,  they  will  be  in  effect  identical;  for 
by  dividing  each  by  the  co-efficient  of  the  same  term,  the 
new  co-efficients  will  become  equal*  The  number  of  de- 
terminate and  distinct  oo-effidents  in  a  general  algebraic 
equation  of  any  degree  is  therefore  one  less  than  the  number  of 
terms,  and  therefore  the  number  of  determinate  co-efficients 

m  a  general  equation  01  the  nth  degree  is  — 5 — . 

(597.)  In  the  das^fication  by  the  degrees  of  the  equations 
it  should  be  observed,  that  although  the  angle  of  ordination 
does  not  affect  the  class  of  a  curve  nor  its  generic  properties, 
yet  that  different  curves  of  the  same  class  may  be  generated 
by  the  same  equation  related  to  systems  of  axes  of  different 
inclinations.     Thus,  for  example,  the  equation 

y«  -f  a;*  -  r«  =  0 
always  represents  an  eUipse,  whatever  be  the  angle  of  or- 
dination; but  the  eccentridty  of  the  ellipse  represented  by 
it  will  be  a  fimction  of  the  angle  of  ordination.  If  the  oo* 
ordinates  be  rectangolar,  the  locus  is  a  drde ;  if  oth^nvise, 
the  axes  of  co-ordinates  ooindde  with  the  equal  conjugate 
£amelers  of  the  ellipse  represented  by  the  equat]<»i.  Thus 
it  appears,  that  the  peculiar  properties  of  the  individual 
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curve  represented  by  any  equation  are  affected  by  the  axes 
cf  co-ordinates  by  which  the  equation  is  constructed ;  but 
the  class  to  which  the  curve  belongs  is  still  the  same. 

(598.)  It  should  also  be  observed,  that  it  does  not  follow 
that  every  equation  represents  a  curve  of  the  order  designated 
by  its  degree.     If  an  equation  of  the  nth  degree  can  be 
resolved  into  two.  or  more  rational  factors  of  inferior  degrees, 
it  no  longer  represents  a  curve  of  the  order  expressed  by  its 
dimensions.    In  this  case  the  equation  is  equivalent  to  two 
olr  more  equations  of  inferior  degrees,  and  instead  of  repre* 
senting  one  curve  of  the  degree  expressed  by  its  dimensions, 
represents  a  number  of  curves  of  inferior  degrees,  whose 
equations  are  expressed  by  the  rational  factors  into  which  the 
given  equation  can  be  resolved.  Examples  of  this  occurred  in 
the  discussion  of  the  general  equation  of  the  second,  degree: 
It  was  there  shown  that  in  some  cases  the  equation  repre- 
sented two  right  lines,  and  in  that  case  the  equation  is  the 
product  of  two  equations  of  the  first  degree.     Thus,  under 
the  conditions 

B*  —  4ac  >  0, 

AE*  4-  CD*  +  B*F  —  BDE  ~  4aCK  =  0, 

the  equation  was  found  to  represent  two  right  lines  ex- 
pressed by  the  equations, 

_^       Bx-f-i>+(^— ^)\^B*  — 4ac 


_  (B X  +  D)  —  iX — of)  y/B^-^  4aC 

In  which  or  = j— 7 — .   If  these  equations  be  arranged 

thus, 


(2Ay  +  Bx  +  n)  —  (.r  —  a:')  \/b*  —  4ac  =  0, 
(2Ay  +  BJ7  -h  d)  +  (j?  —  0?') a/b«  —  4ac  =  0; 
and  multiplied  together,  and  the  result  divided  by  4a,  and 
arranged  by  the  dimensions  of  x  and  ^,  it  will  become 
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BOB  — AE^— CD* 

AJ^^  +  Bxy  -f   CO:*  +  DJ/  +  EX  +    -IZil^ =  0' 

but  by  the  given  condition. 


BDE  — AE*  — CD* 


=  F, 


B*— 4jAC  ' 

which  reduces  the  equation  to  the  form  of  the  general  equa- 
tion of  the  second  degree* 

(599.)  In  order  therefore  that  an  equation  of  any  pro- 
posed degree  should  represent  a  curve  of  the  same  degree,  it 
should  not  be  capable  of  being  resolved  into  rational  factors 
of  inferior  degrees.  If  the  equation  can  be  resolved  into 
two  or  more  such  £Eu;tors,  it  will  really  involve  two  or  more 
equations,  each  of  which  will  represent  a  peculiar  curre. 

« 

Such  equations  then  do  not  represent  one  curve  but  several, 
which  have  no  other  connexion  than  that  their  equations  are 
multiplied  together.  A  system  of  different  lines  thus  repre* 
sented  by  one  equation  is  called  a  complex  curv&  An 
equation  of  the  second  degree  may  represent  a  cotnidex  line 
composed  of  two  right  lines.  One  of  the  third  degree 
may  represent  a  complex  line  composed  of  three  right 
lines,  or  of  one  right  line  and  a  line  of  the  second  de- 
gree. And  in  general,  an  equation  of  the  nth  degree 
may  represent  a  system  o(,n  right  lines,  or  a  line  of  the 
second  degree,  and  /»  —  S  right  lines,  or  any  number  of 
lines  of  inferior  degrees,  the  sum  of  whose  exponents  does 
not  exceed  n.  It  should  be  observed  also,  that  in  some 
cases  the  factors  of  the  equation  may  be  impossible :  such 
factors  represent  no  loci. 

It  may  also  happen  that  two  or  more  factors  may  be 
identical,  or  that  all  the  factors  may  be  identical.  In  the 
former  case,  the  sum  of  the  exponents  of  the  different  lines 
which  the  equation  represents  will  be  less  than  the  exponent 
of  the  degree  of  the  equation  itself.    In  the  latter  case,  the 
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equation  being  a  complete  power,  will  only  represent  one 
line,  whose  equation  will  be  the  root  of  that  power. 

The  student  will  probably  form  clearer  ideas  of  these 
general  principles  from  an  example.  An  equation  of  the 
fifth  degree,  not  resolvable  into  rational  factors  of  inferior . 
degrees,  will  represent  one  continued  line  of  the  fifth  order. 
If  it  be  resolrable  into  two  equations  of  the  first  and  fourth 
degree,  it  will  represent  a  right  line  and  a  line  of  the  fourth 
order.  If  it  be  resolvable  into  factors  of  the  second  and 
durd  degree,  it  represents  two  lines,  one  of  the  second,  the 
other  of  the  third  degree. 

If  it  be  resolvable  into  three  factors,  two  of  the  first  degree 
and  one  of  the  third,  it  represents  two  right  lines  and  a  line 
of  the  third  degree.  If  two  be  of  the  second  degree  and 
one  of  the  first,  it  represents  two  lines  of  the  second  degree 
and  a  right  line. 

If  of  the  three  factors  two  be  identical,  scil.  those  of  the 
first  degree,  it  will  represent  a  right  line  and  a  line  of  the 
third  degree.  If  the  two  identical  factors  be  of  the  second 
degree,  it  w'dl  represent  a  line  of  the  second  degree^  and  a 
right  line. 

From  these  observations  it  appears  that  every  general 
equation  of  any  order  embraces  under  it  all  curves  whatever, 
whether  simple  or  complex,  of  inferior  orders.  Thus,  a 
general  equation  of  the  nth  order  embraces  under  it  every 
combination  of  right  lines  from  one  to  n;  every  com* 
bination  of  right  lines  with  a  line  of  the  ^th  order  from  one 
to  Pj  with  a  curve  of  the  (n  —  p)th  order,  and  in  general 
6very  combination  of  lines,  the  sum  of  whose  exponents 
does  not  exceed  n. 
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(600.)  To  determine  the  number  ^points  through  which 
an  algebraic  curve  of  the  nth  degree  maybe  drawn. 

Let  the  co-ordinates  of  the  several  points  be  supposed  to 
be  substituted  successively  for  the  variables  in  the  general 
equation  of  the  proposed  curve.  Th^re  will  by  these  means 
be  as  many  equations  as  there  are  points.  In  order  to  de- 
termine the  equation  of  the  curve,  it  is  necessary  to  de- 
termine its  several  co-efiicients^  the  number  of  which  has 

been  already  proved  to  be  — ^ — .     To  determine  these 

will  require  as  many  independent  equations.     If  there  are 

therefore  —  ^ —  given,  these  are  sufficient  to  determine  all 

the  constants,  and  therefore  to  determine  the  curve.    A 

curve  therefore  of  the  nth  order  may  always  be  drawn 

,,         ,  njn  +  Q)    . 

through  -^-^ —  given  pomts. 

If  there  should  be  a  less  number  of  ^ven  points,  they 
will  be  insufficient  to  determine  all  the  co-efficients,  and 
therefore  an  infinite  number  of  curves  of  the  proposed  order, 
may  be  made  to  pass  through  them. 

It  should  be  observed  that  the  equation  of  the  proposed 
order,  determined  by  the  given  points  through  which  the 
line  is  required  to  pass,  may  not  represent  one  continued 
line  of  that  order.  The  values  of  its  co-efficients^  determined 
by  those  points,  may  be  such  as  to  render  the  equation  re-, 
solvable  intQ  rational  factors ;  in  which  case,  as  we  have  seen^ 
it  is  not  a  line  of  the  required  order  which  is  drawn  through 
the  ^ven  points,  but  several  lines  of  inferior  orders.  Con- 
siderations purely  geometrical  plainly  indicate  this ;  for  if «» 
be  .the  number  of  points,  they  may  all  be  on  the  same  right 


ALflSBBAIC  GBOMKTBT..  805 

and  ill  that  case  the  sought  equation  will  be  a  eomplete 
19th  power^  whose  root  being  extracted,  gives  the  equation  of 
the  right  line. 
The  solution  of  the  problem  to  determine  the  equation  of 

a  line  of  the  nth  order  passing  through -^-g —  given  points 

osn  never  be  impossible,  as  the  several  co-efficients  are  de^ 
lennined  by  simple  equations. 

The  practical  solution  of  the  question  in  particular  cases 
may  be  simplified  by  assuming  axes  of  co-<Nrdinates  passing 
through  four  or  more  of  the  given  points;  but  in  this  case, 
what  is  gained  in  simplicity  is  lost  in  symmetry,  for  the  re- 
sulting values  of  the  sought  quantities  are  never  symme- 
trical when  one  or  more  points  are  assumed  to  have  any 
peculiar  position  with  regard  to  the  axes  of  co-ordinates. 

PROP.  CCXCV1. 

(601.)  Tojind  the  greaksi  number  of  paints  in  which  a 
right  line  can  meet  an  algebraic  curve. 

As  the  lines  assumed  as  axes  of  co-ordinates  are  entirely 
arbitrary^  it  is  always  possible  to  assume  them  so  that  the 
equation  of  the  curve  shall  be  a  complete  equation  of 
die  nth  degree  with  all  its  terms.  In  this  case,  if  jf  :^  0, 
the  reaoltiiig  equation  is  of  the  form 

AJP»  +  B«*~*  +  c«**~* MJ?  +  N  =  0. 

Each  real  root  of  this  equation  determines  a  point  where 
the  axia  of  ^  meets  die  curve.  The  number  of  real  roots 
cannot  exceed  n,  and  it  therefore  follows  that  the  number 
of  points  where  the  axis  of  x  meets  the  curve  cannot  exceed 
n.  As  some  of  the  roots  may  be  imposable,  there  may  be 
a  lesa  number  of  points  of  intersection  than  n,  or  there  may 
even  be  no  pmnt  where  the  axis  of  ^  meets  the  curve  if  n 
be  even ;  as  in  that  case  all  the  roots  may  be  impossible. 

x 
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Hence  we  find  that  eoery  algdnvie  curve,  magf  ie  inier^ 
aecied  by  a  rigfd  line  in  as  many  pokUa  m  there  are  umts 
in  the  exponent  of  its  order  ^  but  not  in  more. 

Since  a  tranaforaaation  of  the  arigm  to  any  other  pomt  on 
the  axis  of  ^  cannot  affect  those  terms  which  are  independent 
o(y,  it  follows  that  the  greatest  number  of  points  in  whicli 
a  paraHel  to  the  a3ci»  of  x  can  meet  the  cunr&is  expE^ssed 
by  the  exponent  of  the  highest  ponw*  of  4r,  \MA  \&  net 
multiplied  by  a  power  of  y. 

Snxaittr  emidomona  may  be  made  with  tespe^  to  die  axis 
ofy. 

PROP.  CCXCVII. 

(602.)  To  determine  Uie  greatest  number  ^  poM^  in 
which  two  algtbraie  cwveSy  the  eaponente  qf  tehose  orden 
are  m  and  n,  can  intersect. 

Let  it  be  supposed  that  such  lines  are  assumed  as  axes  of 
co-ordinates,  that  neither  of  them  shall  be  parallel  to  a  line 
joining  any  two  points  of  intersection,  and  that  therefore 
there  shall  be  distinct  values  of^  and  ^  for  each  particular 
pcnnt  of  intersection.  Appose  y  eUniinated  by  nieans  of 
the  equations  of  the  two  carves,  the  resulting  equation: will 
give  the  yalues  of  x  for  the  several  points  of  mteraectioD) 
and  from  the  manner  in  which  the  position  of  the  axes  of 
co-ordinates  has  been  assumed,  there  will  be  pm  point  of 
intersection  for  every  real  value  o(  x.  £&iiDe.the>  equations 
from  which  ^  has  been  eliminated  avd  of  the  «ttb  and  nth 
degree,  the  resuihing  equaticxi  in  terms^of  x  oRly  wittJbe  of 
the  imsth  degree,  and  therefore*  the  gresftest  number  o^  real 
root»  it  can  have  is  equal  to  the  product  of  the  espcMiaDts  of 
the  orders  of  the  two  equations.  Henee  we  find,  that  two 
algelmuo  curves  may  intersect  eadi  othi^  in  a  number  of 
points  equal  to  the  product  dt  the  e)iponent9of  tbdr  ordiers, 
but  not  in  more. 


» * » 
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]0  the  ttxXaai  investigatioii  of  the  pmnts  of  intersection  of 
two  curves,  it  should  be  observed,  that  it-  cannot  be  inferred 
that  diere  are  only  as  many  points  of  intersection  as  there 
are  real  roots  in  the  equation  found  by  eliminating  ff»  For 
it  may  happen  that  a  right  line  pasmng  through  two  or  more 
points  of  intersection  is  parallel  to  the  axis  of  y,  and  in  this 
case  for  such  points  there  is  the  same  value  of  x.  To  find 
all  the  points  of  intersection,  therefore,  each  real  value  of  x 
given  by  the  elimination  of  y  should  be  substituted  in  the 
equadohs  of  each  of  the  lines,  and  the  ooi^esponding  Values 
of^  found ;  such  of  these  as  are  real  and  unequal,  give  points 
of  intersection. 

If  ^r  occurs  only  in  the  first  degree  in  one  of  the  |M*oposed 
equations,  it  is  evident  that  for  each  real  value  of  x  found 
by  the  elimination  o{  y,  there  can  be  but  one  value  oty  in 
that  equation  in  which  it  occurs  in  the  first  degree,  which 
must  be  real,  and  therefore  in  this  ease  there  are  as  many, 
and  only  as  many,  intersections  as  there  are  real  values  of  x. 

A  similar  conclusion  obviously  applies  when  x  occurs  only 
in  the  first  degree. 

(608.)  Cor.  1.  It  m  >  n,  and  it  be  required  that  the 
Efie  of  the  mth  order  shall  pass  through  a  number  of  given 

points  expressed  by 5 ,  whenever  a  number  of  these 

points  greater  than  mn  are  upon  the  line  of  the  nth  order, 
theMne  of  the  mth  order  passing  through  the  required  points 
must  be  a  complex  line  composed  of  the  line  of  the  nth  order 
and  other  IkieB.  For  if  not,  the  two  lines  would  intersect  in 
a  greater  number  of  points  than  mn. 
'  <0O4.)  Gbri  9.  Two  lines  of  llie  mth  order  can  only  in- 
tersect in  a  number  of  points  expressed  by  m*. 

mint  J*.  ^\ 

(605.)  C<yr.  3.     If  m®  be  not  less  than  — 5 ,  or  in 

odier  w«)rds^  if  m  be  gseater  than  S,  it  follows  that  two 

x£ 
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curves  of  the  mth  order  can  inteneet  in  a  guwMB  numlu r  nf 
pcnnts  than 5 — -,  that  is,  in  a  greater  number  of  pomts 


than  ate  in  general  sufficient  to  detenniae  the  curve.    In 
this  case,  some  of  the  00-efficients  anang  fiom  the  given 

points  assume  the  form  -^ ,  and  are  therefore  indeterminate. 


Hence  a  number  qfpoinis  not  exceeding  m*  ntay  he  eo 
placed^  thai  an  mfiniie  number  of  curves  ^ihe  mih  order 
majf  pass  through.  Aem.    This  b  generally  true;  for  if 

9)1  <  8  it  is  true,  because  tfieij  m^<        ^ — • ,  and  therefore 

a  number  of  points  expressed  by  m^  is  insufficient  to  deter- 
mine the  curve;  and  if  m  >  S,  it  is  true  for  the  reason 
above  stated. 


PBOP.  CCXCVIII. 

(606.)  Two  right  lines  intersect  e€u:h  other  and  a  curve 
of  the  nth  order,  to  investigcUe  the  relation  between  Ihe  con- 
tinued products  of  {he  intercepts  of  each  between  Qmr  com- 
mon pwnJL  of  irUersection  and  the  points  where  thejf  re- 
spectivdy  meet  the  curve. 

These  right  lines  themselves  being  assumed  as  axes  df  co- 
ordinates, and  tf  and  x  being  successively  supfKJKd  s  0  ia 
the  equation  of  tlie  curve,  the  resulting  equations  will  base 
the  forms, 

jUt"  -f  B«***  +  Caj****  ....   MX  +  N  ss  (^ 
Ay»  +  B'y^*  +  dff^  .   .  .  .   M^y  +  N  s  0. 

The  cmtinued  products  of  the  roots  of  theseeqftatiims  are 

respectively  —  and  — j-,  which  are  as  a'  :  a  ;  that  is  to  say, 

the  ratio  of  these  products  is  the  redprocal  of  that  of  the  co- 
efficients of  the  highest  powers  of  x  and  y  I3espectively» 
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eater  the  eqiuitims  whoBd  foots  are  their  fiustors.  Now,  as 
no  change  of  origin  can  affect  the  values  of  a  or  a^  this  ratio 
remains  the  same  for  all  systems  of  secants  parallel  to  those 
asanmed;  and  hence  fdlows  the  general  theorem,  that,  Jf 
iwo  rigki  lines  parattd  to  two  rigki  lines  given  in  position 
inUrsed  a  curve  qfihe  nth  order^  the  continued  products  of 
iheir  segments  interested  between  their  point  qfimUrsecAon 
and  the  curve  will  be  in  a  constant  rcUio* 

The  particular  application  of  this  theorem,  and  its  con- 
sequences  to  lines  of  the  second  degree,  has  been  shown 
in  (188). 

As  a  further  example,  we  shall  consider  the  appUcation  of 
this  theorem  to  lines  of  the  third  order.    The  general  equa- 
tion of  the  third  degree  is 
i^ + Bay*+ or*^ -I- 04?*+ E^ +ryj:  4-G«* +ar +iy  4-K =0. 

If  y  and  a  be  supposed  successively  =  0,  the  resulting 
equaticms  are 

04?*  +  go:*  +  im?  +  k  =  0, 

4 

The  products  of  the  roots  of  .these  equations  are  —  and 

. — ,  and  therefore  they  are  as  a  :  n,  and  as  a  change  of 

origin  makes  no  change  in  a  or  b,  they  remain  in  the  same 
nicid  for  all  axes  of  co-ordinates  paralld  to  those  assumed. 
Hence  if  two  right  lines  in  given  directions  intersect  a  line  dF 
the  third  degree  in  three  points,  the  solids  contained  by  the 
three  segments  of  eadi  line  shall  be  in  a  constant  ratio. 

If  by  a  change  'of  origin  two  of  the  roots  of  either  equa- 
tion beootoe- equal,  the  libe,  instead  of  intersecting  the  curve 
in  three  points,  touches  it  in  one,  and  intersects  it  in  the 
other.  In  this  case,  instead  of  the  solid  contained  by  the 
three  segments,  we  conader  that  whose  base  is  the  square  of 
die  tangent,  and  whose  altitude  is  the  secant. 
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the  twip  ^lid%  whose  bases  aace  the  squares  of  the  tmgeats, 
and  who80  alutud^  are  the  secwts* 

If  the  three  rpots  of  either  equation  become  eqUal,  thej 
ipdio^te  a  point  of  contact  formed  by  die  umon  of  three  p(»iits 
of  the  curve,  and  which  is  therdbre  a  point  of  inflection. 
In  this  <»i3e9^the  sd&d  conndcared  is  ihe  cube,  of  the  tangent 

If  R  =  0,  one  of  the  roots  of  each  equation  ss  0,  which 
shows  that  the  origin  is  on  the  curve. 

If  K  =:  0  and  H  s=  0,  two  roots  are  =:  0,  which  shows 
that  the  axis  of  x  touches  the  curve  at  the  origin ;  and  if 
K  ==  0,  H  =  0,  and  g  =  0,  the  three  roots  are  =^  Q,  which 
shows  that  the  oiigin  is  a  pcHPt  pf  inflecdim. 

If  D  =  0,  the  first  equation  has  but  two  roots,  and  the 
.axis  of  X  and  its  paandlels  cannot  therefore  meet  the  curve 
in  more  thiui  two  points*  Hence  the  conclusion  i^  that  the 
solid  contained  by  the  three  segments  of  the  one  line  shall 
vary  as  the  rectangle  under  tiii^  two  segments  of  the  other; 
or  that  the  solid  pontained  by  the  three  segments  of  the  one 
shall  bear  a  given  ratio  to  a  solid  whose  base  is  the  rectangle 
under  the  segments  of  the  other^  and  whose  altitude  is 
given. 

If  D  =  0  and  G  =  0,  the  first  equation  will  have  but  one 
root|  and  therefore  the  axis  of  ps  and  its  parallels  me^'  ib» 
curve  in  but  one  point  In  this  cajse  (he  solid  contaiibed  by 
the  three  segments  of  the  one  line  Gihall  yary  as  tii^  .s^oieDt 
of  the  other,  or  shall  bear  a  ^ven  ratio  to  a  splid  whos^ 
base  is  giyen,  and  whose  altitude  is  tl^  o^v  line. 

Similar  conclusions,  mtUaiis  mitkm^f  can  be  appK^  ^ 
the  second  equation.  We  shall  not  pursue  this  example 
further.  The  student,  can  with  facility  examine  all  its  ap- 
plications by  proceeding  as  above,  and  as  we  h^ve  prooeeded 
with  the  equation  of  the  second  degree  in  (138). 

(607.)  If  the  general  equation  of  the  wth  d^e^  be  ar^ 
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TMged  by  the  dimeittM»i$  of  y,  it  will  be  of  the  fojrm 

Ay»  4-  (Bor  +  c)jr"»  +  (Dar»  +  ejp  +  F)y'^+ N  =  0. 

For  the  same  value  of  x  the  sum  of  all  the  values  cSy  is 
therefore 

Bdg  +  C 

and  as  the  number  of  values  of  ^  for  any  value  of  4?  is  in  ge- 
neral n,  it  follows,  that  if  a  right  line  be  drawn  represented 
by  the  equation 

uAy  +  BJT  4-  c  =  0, 
it  wHl  possess  this  pioperty,  that  if  it  be  made  the  axis  of  x^ 
the  sum  of  all  the  values  of  ^  on  one  side  of  it  will  equal  the 
sum  of  all  the  values  of  ^  on  the  other  nde.  This  property 
points  out  an  extension  of  the  signification  of  a  diameter^ 
whidi  may  in  general  be  understood  to  be  a  Kne  intersecting 
a  system  qfparaUtl  chords  in  such  a  manner^  thai  the  swns 
of  the  intercepts  between  it  and  the  several  points  qf  the 
curve  on  each  side  are  equaL 

As  the  variety  of  lines  which  may  be  assumed  as  axes  of 
eoK»ilinateB  is  infinite,  so  every  curve  may  have  an  infinite 
number  of  diameters. 

For  the  same  value  of  x  the  sum  of  the  products  of  every 
two  values  of  ^  is 

Dd?*  +  E^-fF 

and  the  number  of  such  products  is  "^~o~  •  Hence  a  line 
of  tile  second  degree  represented  by  the  equation 

^1    £       Ayg  +  (n—  1)  (BJ?  +  c)y  +  DJ:«  +  EOT  +  F  =  0, 

will  have  the  same  diameter  as  the  curve,  and  also  the  rect- 
angle under  the  coinddent  values  of  y  will  be  equal  to 
the  ndi  part  of  the  sum  of  the  rectangles  under  every  pair 
•of  eoiresponding  values  of  ^  in  the  proposed  line.    And 


3  lis  AlGfiBllAlC   OSmiXTAT. 

it  follows,  tbat  the  sum  of  the  ponthre  rectrfagles  midtr 
the  intercepts  between  this  line  of  the  seoond  degree  aid 
the  proposed  line  is  equal  to  the  sum  of  the  amative  rect- 
angles. 

In  like  manner  a  cunre  of  the*  third  order  whose  equa- 
tion is 

+  i— j — (jm:*  +  ex  +  F)y'  -f-  04:*  +  hx*  +  w?  +  n  =  0, 

will  have  similar  properties,  that  is,  will  have  the  same  dia- 
meter, and  tile  product  of  every  three  isoincident  values  of  y 

will  be  equal  to  an  — ^-rj — ^'-^ —  th  part  of  the  sum  of  the 

products  of  every  three  coincident  values  trf*  ^  in  the  ^^tea 
line,  and  therejbre  the  sum  of  the  products  of  every  tiiree 
intercepts  between  this  and  the  proposed  line  measured 
positively,  is  equal  to  the  sum  of  every  three  measured 
negativdy. 

Curves  thus  related  to  any  algebraic  cuifve  are  called 
curvilinear  diameters.  And  from  what  has  been  Aown 
above,  it  appears  that  a  curve  can  have  a  curvilinear  dia- 
meter of  any  order  inferior  to  its  own. 

A  rectilinear  diameter,  which  insects  its  ordinates,  is  called 
an  absolute  diameter.  Thus  all  diameters  of  lines  of  Ae 
second  degree  are  absolute  diameters. 

In  order  tiiat  a  curve  should  admit  of  an  absolute  dia- 
meter, it  is  necessary  that  a  transformation  of  co-ordinates 
which  would  make  all  the  terms  involving  odd  powers  of  one 
of  the  variables  disappear  should  be  possible,  and  as  this  is 
not  always  the  case,  curves  of  orders  exceeding  the  seoond 
may  not  have  any  absolute  diameter. 

A  counter-diameter  is  a  line  which,  being  assumed  as 
axis  of  Xi  wiU,  for  equal  and  opposite  values  of  x,  give  equal 
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mtA  oppcNAte  viduds  of  y.  Thus  an  ass  is  both  a  diameter 
and  «  counter-diameter. 

The  axis  of  a  being  a  counter-diameter^  and  the  axis 
of  y  properly  placed,  the  equation  ought  to  be  fulfiUed 
after  changing  x  into  --«»  and  y  into  ^y.  This  always 
happens  when  the  even  rows  in  a  descending  order  in  the 
analytical  triang^  bepnnisig  from  the  highest  row^  are 
wanted  in  the  equation.:  For  if  the  degree  of  the  equation 
be  even,  this  diange  leaves  the  signs  of  all  the  terms  un» 
altered,  and  if  it  be  odd,  it  changes  all  the  ugns. 

As  a  transformation  of  the  direction  of  the  axes  of  co- 
(wdinates  without  changbg  the  origin  does  not  introduce 
any  new  dimensdons  of  the  variables,  it  follows  that  if  the 
co-ordinates  be  placed  as  above,  and  that  the  axis  of  ^r  be  a 
counter-diameter,  all  right  lines  through  the  ori^  are  also 
counter^diameters.  It  ai^)ears  therefore,  that  if  a  curve 
admits  of  any  counter-diameter,  it'  admits  of  an  infinite 
number,  and  that  they  all  intersect  in  the  same  pcont. 

From  the  property  of  counter-diameters,  it  aiq)ears  that 
all  right  lines  through  their  point  of  intersection,  and  ter- 
IslttM^  in  tiie  curve,  are  bisected  at  that  point,  and  it  is 
henoe  called  the  centre  of  the  curve* 

In  order  that  a  curve  should  admit  of  counter-diameters 
and  a  centre,  it  is  necessary  that  the  dimensions  of  the 
variables  which  enter  the  even  rows  of  the  analytic  triangle 
in  a  descenifiing  order  should  be  capaUe  of  being  removed 
by  the  transformation  of  co-ordinates.  As  the  existence  of 
<a  centre  and  counter-diameters  has  been  proved  to  be  inde- 
pendent of  the  direction  of  the  co-ordinate8»  this  trans- 
formation can  only  be  effected  by  a  change  of  origin.  If 
then  a  tiansformation  of  origin,  which  will  make  the  neces- 
sary terms  disappear,  ^ves  finite  and  determinate  values  for 
the  ooKxrdinates  of  the  new  origin,  that  point  will  be  the 
centre ;  odierwise  the  curve  admits  of  no  centre. 
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(608.)  The  dMi6iictiiin'  by  which  Aigebr«G  hues  of  imf 
proposed  order  are  subdivided  into  dasses  is  thd  number^ 
thmr  iofinite  branches.  We  Aall  not  enter  hei^  into  the 
detsUof  tUs  subject,  as  the  ipeoific  properties  of  the*di£i 
ferent  orders  of  lines  beyond  the  second  offer  no  parti^Snlup 
interest  to  the  student.  The  general  methods  ^ven  in  the 
precediag  part  are  sufficient  to  determine  the  figure  and 
propeHies  of  any  particular  curve  which  may  pl*esent  itself 
to  OHF  inquiries.  It  may  not  be  uninteresting,  however, 
simply  to  detail  the  subdivisioQ  of  lines  of  the  thhrd  orda*. 

-  rNewton  has  divided  the  lanea  of  the  thitd  oider  into^four 
pvindpal  classes,  included  under  equations  of  the  fonns-; 

kO*  +  nay®  +  car*  +  ny  +  Ba?  +  F  =s  0    (1), 

Ao?  +  Bay    4-  c;»*  +  Bar  -f  r  »  0  (2), 

'    Aofi  +  3y^    +  ca?«  4-  Bar.+  r  ;=  0  (8), 

under  the  first  «re  included  65  different  fipedes^  to  which  8 
more  have  since  been  added. 

These  65  are  again  subdivided  into  the  elev^fi  following 
classes : 
.    L  y  •  ■  *'  'y- 

5.  t  Redundant  hypei^bollas.  Six  hyperbolic  l^ranches  and 

-  3.  i     three  asymptotes,  characterised  by  a  >  (K 

4.  3 

'    5.  )  Defective  hyperbdas.    Two  hyperbolic  bmnches  and 

6.  S     ^^^  asjrmptote,  characterised  by  a  <  0* 

rj   ^  Parabclie  hyperbolas.    Two  parabolic  brandies,  twe 
>     hjrperbolic   branches 
J     racterised  by  a  =  0. 
9.-    Hyperboliims  of  an   hyperbola^     Six   hyperbolic 
brandies  and  three  asymptotes,  characterised  by  a  s=  0, 
c  =3  0,  E  >  ft 

-  10.  HyperbdismsofaneUipee.  Two  hjrperfaoiio  brandies 


^    f    hjrperbolic   branches,   and  one  asymptote,  di»- 
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and    one    asjmptote^    characteii^'   by  a  s:  0^  c  =:  0, 
B  <  0.  • 

# 

11,  Hyperbdisms  of  a  parabcia.  Four  hyperbolic 
branches  and  two  asymptotes^  characterised  by  a  =  0^ 
c  a  0,  K  =  0. 

The  second  equation  represents  a  curve  called  the 
TfidenL  It  consists  of  two  parabolic  brancheS|  two  hyper- 
bolic branches,  and  one  asymptote. 

The  third  represents  curves  having  two  parabolic  branches. 

The  fourth  represents  the  cubical  parabda. 

Thb  classification,  numerous  as  are  its  parts,  does  not 
contain  all  the  q)ecie8. 


SECTION  XXII. 

Geometrical  problemSf  iUtistraiive  of  the  application  qfihe 
preceding  parts  of  Algebraic  Geometry. 

THOV.  ccxcix. 

(609*)  Given  the  base  qfa  triangte,  and  the  ratio  of  the 
rectangle  under  the  sides  to  the  difference  of  their  squares, 
to  find  the  locus  of  the  vertex. 

The  base  and  a  perpendicular  through  its  middle  point 
being  taken  as  axes  of  co-ordinates,  and  the  given  ratio 
being  m :  1,  and  half  the  base  being  expressed  by  a>  the 
condition  in  the  proposition  may  be  expressed  thus : 

^ff  +  (^  +  af  .  Vy^  -h  (^  —  ay  =  4madr, 
which  reduced  to  a  rational  form,  becomes 

(j/«  +  a?  -H  a^y  -.  4^0?*  (1  +  4»i«)  =3  0, 
which  is  resoli^  into  the  factors 


sm 
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jy«  4.  a?»  -  2«  >/l  +  4««  .  a?  +  II*  =  0, 
y  +  j?«  +  2a>/l  +4i»«.  J?  +  a«  =  0, 

which  are  the  equations  of  two  circles,  whose  centres  ate  on 

the  axis  of  x,  and  determined  by 

and  whose  radii  are  equals  each  being  2tna» 

If  m  =  1,  the  two  circles  thus  determined  cut  the  base 
and  produced  base,  in  extreme  and  mean  ratio. 

* 

PROP.  dec. 


(610.)  Ttvo  right  Unes,  each  of  which  passes  through  a 
given  point f  intersect  in  such  a  manner  as  to  intercept  be- 
tween them  a  given  magnitude  of  a  right  line  given  inpo» 
sition  tojind  the  curve  traced  by  tJieir  intersection^ 

Let  AP  and  bp  be 
the  right  lines  passing 
always  through  the 
given  points  a  and  b, 
and  intercepting  cD, 
a  part  of  the  right 
line  xx'  given  in  po- 
sition^ always  equal 
to  the  given  magni- 
tude 971. 

'  Assuming  the  line  x'x  as  axis  of  ^,  and  a  perpendicular 
W'  intersecting  it  at  any  point  0  as  axis  of  ^^  let  the 
points  A  and  b  he^afj  and  y'^a:^,  and  let  the  equations  of  ap 
and  BP  be 

(j^ -y)  — af'(a:-.  a:^)  =  0. 
By  suppo^g  ^  =  0  in  each  of  these,  we  find 
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OC  =  o/  —  ~r, 

a 

and  therefore  by  subtraction, 

Bj  means  of  this  equation  and  the  first  two,  the  quantities 
d  and  d^  being  eliminated,  and  the  result  arranged  by  the 
dimensions  of  the  variables,  we  find 

(«»-«'-  m)y+(y-  yjyo?  +  (f»y+t»y  +y'«'-  ya% 

whidi  being  an  equation  of  the  second  degree,  in  which 
c  =  0  and  e  =  0,  shows  that  the  locus  is  an  hyperbola,  and 
that  the  right  line  to!  is  an  aqrmptote. 

The  position  of  the  centre  and  axes  may  be  found  with 
fiwtlity  by  the  general  formulas  already  given. 

PBOP.  CCCI. 

r 

(61L)  Given  the  base  and  the  locus  qf  the  vertex  of  a 
triangle,  to  investigate  the  locus  qftl^points  where  a  square 
inscribed  on  the  given  base  meets  the  sideSy  and  also  the 
Jocus  of  its  centre. 

The  base  and  a  perpendicular  through  one  of  its  ex- 
tremities  being  taken  as  axes  of  co-ordinates,  let  the  co- 
ordinates of  the  vertex  hej/af^  and  those  of  the  point  where 
the  angle  of  the  square  meets  the  side  passing  through  the 
<Hngin  be  yx.    By  (66),  we  have  the  conditions 

__  «y 

where  a  b  the  base  of  the  triangle. 
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The  values  oi}/af  resnlting  from  these  equations  are 


af  = 


ax 


a-y 
I(  yx  be  the  co-(»tlinates  of  the  centre  of  the  inscribed 
square,  these  formulas  become 

The  equations  of  the  loei  of  these-  points  respectively  will 
therefore  be  found  by  substituting  the  values  oty^af  ih  the 
equation  of  the  locus  of  the  vertex. 

From  the  form  of  the  values  a£i/d/,  it  fdlbws,  that  if  the 
locus  of  the  vertex  be  an  algebraic  curve  of  any  proposed 
order,  the  loci  of  these  points  will  be  a  curve  of  the  sane 
order.  But  it  is  not  necessarily  a  curve  of  the  same 
species. 

Thus  for  example,  if  the  locus  of  the  vertex  be  the  circle 
Represented  by  the  equation* 

y«  +  xf^  -.  d«  =  0, 
the  equation  of  the  locus  of  the  pmnt  where  the  angle  of 
the  square  meets  the  side  of  the  triangle,  is 

x«  +  2ay  -  a^  =  0, 
which  is  the  equation  of  a  parabola,  whose  axis  is  the  axis 
ofj^..    .,....,. 

The  student  will  easily  observe  various  other  particular 
applications. of  the. geneisd  formulae  determined  abov(?t. 
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PEOP.  CCCXI. 

(61S.)  A  given  right^ngled  triangle  (bac)  is  so  movedy 
that  the  vertex  (a)  of  the  right  angUy  and  one  extremity  (b) 
of  the  hypotemtSBy  describe  right  lines  perpendicular  to  each 
other  ^  atid  given  in  position^  to  find  the  nature  of  the  curve 
described  by  the  other  extremity  (c)  of  the  hypotenuse. 

Let  the  right  lines 
la!  and  yy'  described 
by  the  points  A  and  * 
B  be  assumed  as  axes 
of  co-ordinates,  and 
let  the  co-ordinates  of 
the  point  c  heyx^  and 
AB  s  i,  AC  =  a;  then 
by  the  conditions  of 
the  question, 


AO  = 


a 

6y 


y%   +(X   --  -^Y  =« 


a' 


a 


which  being  arranged  by  the  dimensions  of  the  variables^ 
becomes 

(a*  +  6«)  y  -  2a*a?y  +  a^a^  —  a*  =  0. 
Since  b*  —  4ac  =  — '  4a*  <  0,  the  curve  must   be  an 
ellipse,  whose  centre  is  at  the  ori^n  of  co-ordinates. 


PEOP.   CCCIII. 


(61S.)  To  determine  tJie  curve  in  which  the  sine  of  the 
angle  at  which  the  radius  vector  is  inclined  to  the  tangent^ 
varies  inversely  as  the  square  of  the  radius  vector. 

Let  zt  be  the  angle  under  the  radius  vector  and  tangent^ 
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and  m*  being  assumed  as  constant,  the  condition  of  the  pro- 
portion is  expressed  thus : 


sm.  zt  =  — ^ ; 


but  by  the  general  formula, 

zdttf 


UXLXi  = 


By  eliminating  sin.  ztf  the  result  will  be 

m^dz 
•.•  d»  = 7. 

To  integrate  this,  let  z*  =  — ,  and  therefore 
By  which  substitutions  we  have 


dut  =  — 


2(1  -my)^ 
The  intend  of  which  is 

»  =s  4  cos."*  f»«j^ ; 
and  therefore. 


m* 


COS.  2«i  =   ^  , 

•/  z*(cos.*  at  -  an.*  »)  =  »»*, 
which,  related  to  rectangular  co-ordinates,  is 

y  —  j:«  =  —  wi«. 

The  locus  sought  is  therefore  the  equilateral  hyperbola. 
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PROP.  CCCIV. 

(614)  To  find  ihe  locus  of  a  point  Jrom  which  seoeral 
right  lines  being  drarvn  to  several  given  jmnts,  the  sum  of 
iheir  2mth  powers  will  be  given,  m  being  supposed  a  po^ 
sitive  integer. 

Let  the  co-ordinates  of  the  several  given  points  be  yj/, 
t/^a^j  .  .  •  .  .  if^'^W^^  and  those  of  the  point  whose  locus  i9 
sought  ^jr.     By  the  conditions  of  the  question, 

{ty-y)*+(^-^)*}'"+ {(y-yo*+(*-^)'r,  &c.-v=o, 

V  being  the  given  magnitude.  This  equation^  after  the 
t^ms  are  severally  expanded  and  arranged  according  to  their 
dimensions,  must  bp  of  the  form 

Ay^  -h  -Bif^^x  4-  cy"»^a?*  •  •  .  .  — v  =  0, 
which  being  an  equation  of  the  Smth  degree,  sliows  that  the 
locus  is  a  line  of  that  order. 
The  case  in  which  m  ss  1  was  given  in  (26S). 

PROP.  cccv. 

(615.)  To  find  tJte  locus  of  a  pointy  the  difference  of  the 
9,mth  powers  of  whose  distances , from  two  given  points  is 
given,  m  being  supposed  a  positive  integer. 

The  co-ordinates  of  the  ^ven  points  being  as  before,  the 
condition,  expressed  algebraically,  is 

where  v  is  the  given  difference  aftei*  ekpanding  the  terms 
and  expunging  those  which  destroy  one  another,  the  re- 
sulting equation  between  yx  is  one  of  the  Z{m  —  l)th 
degree,  therefore  the  sought  line  is  one  of  the  ^{m  —  l)th 
degree. 

If  m  =  1,  the  equation  is  that  of  a  right  line,  and  becomes 
«(y— y)y+2(ar^'-^k4-y*+^'*-(y"+a/'0-v=0, 
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of  curves  in  illustrating  the  theory  of  equations  in  Sec.  XX.^ 
and  they  are  also  useful  in  the  investigation  of  curves  in 
general ;  for  a  curve  of  this  kind  can  always  be  made  to 
pass  through  any  number  of  points  of  the  proposed  curve^ 
innce  it  is  only  necessary  to  take  as  many  indeterminate  eo- 
efficients,  a^  b,  c,  d,  as  there  are  pdints  through  which  it  i» 
required  to  pass,  and  to  determine  these  co-efficients  by  the 
values  of  the  co-ordinates  of  the  given  points.  Hence  it  is 
clear  that  whatever  be  the  nature  of  the  proposed  curve, 
the  parabolic  curve  thus  determined  will  differ  from  it  the 
less  the  greater  number  of  points  they  have  in  common. 
Let  the  co-ordinates  of  the  points  through  which  the 

curve  is  required  to  pass  be  y^,  yV,  yV, and  we 

have  the  following  equations : 

y  =  A  -f  bo:'  -f-  cx^  +  DX\ 

y  =  A  4-  bo/'   +  C:t^2  4.  j^li^ 
/'  =  A  -f  Ba/''  +  ca/"^  +  DJr"«, 
/"==  A  4-  Bxff^+  cj^''«-f-  Dar"'^ 


from  which  equations  the  values  of  A,  b^  c>  d,  are  deter-^ 

mined.     By  subtracting  each  equation  from  the  preceding^ 

we  find 

y  -  y  =  B(a/  -  x^  +  c(a/*  -  x"^)  +  d(^»  —  a^% 

y  -  /'  =  B(x'f  -  a/")  4-  c(a:"2  _  ^ff2)  ^  j^^^^  _  ^jWs)^ 

y  — /"=  B(i^"  -  x!"')+  c(a/"2  -.  j^m)  +  ii{3J«3  ^  af^)^ 

By  dividing  these  equations  by  jt*  —  x",  af  —  a?",  &c. 
^~^,   =  B  +  c(x'  +  a;")  +  D(a;'»  +  x-^c"  +  ar"«), 

•T    "^  X 
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The  sum  of  the  fiith  powers  being  taken  and  equated 
with  a  constant  quantity,  will  give  an  equation  of  the  mth 
degree  between  y  and  x^  which  is  that  of  the  locus  sought. 

The  case  in  which  m  =  1  was  investigated  in  (63). 

The  case  in  which  m  ==  S  was  given  in  art  (269). 

PROP.  CCCVII. 

(6170  To  find  Hie  equation  of  a  curve  of  a  given  species 
passing  through  any  proposed  number  of  given  points. 

The  following  demonstraticms  are  taken  with  some  in^ 
conaderable  change  from  Lagrange,  Cahiers  de  FEcciU 
Normale, 

Let  the  co-ordinates  of  the  ^en  points  be  j/af^  jfx  \ 
yV,  &c.  These  being  successively  substituted  for  y  and 
X  in  the  equation  of  the  curve,  will  ^ve  as  many  equa- 
tions as  there  are  given  points,  which  will  eliminate  as 
many  constants  as  there  are  points,  which  will  determine  the 
equation  of  the  required  curve. 

Although  the  circle  is,  after  the  right  line,  the  line  most 
easily  described,  it  is  not  so  by  its  equation  related  to  rect- 
angular co-ordinates.  In  this  respect  the  class  of  curves  which 
may  be  considered  as  the  simplest,  are  those  of  which  the 
values  of  y  are  integral  and  rational  functions  of  or,  and 
which  are  therefore  included  in  the  general  equation 

y  =  A  +  bo;  +  CJ?^  -h  Jio?.    .     •     . 
This  class  of  curves  are  called  parabolic,  because  the  equa- 
tion of  the  parabola  is  a  particular  case  of  this  Equation, 
scil.  the  case  in  which  the  first  three  terms  only  occur.    We 
have  already  pointed  out  a  striking  application  of  this  class 

y2 
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^«  +  «*  -  2tf  >/l  +  4!««  .  a:  +  fl«  =  < 
y  +  j?«  +  2a>v/l  +4i»«.  J?  +  a«  =  ( 

which  are  the  equations  of  two  circles^  whose  ci 

the  axis  of  x,  and  determined  by 

and  whose  radii  are  equals  each  h&ng  Sma. 

If  171  =  1,  the  two  circles  thus  d^rminc(' 
und  prodMced  base,  in  extreme  and  mean  rati( 

PROP.  OCC. 

(610.)  Two  right  lines,  each  qfwhicJi 
given  point,  intersect  in  such  a  manner 
tween  them  a  given  magnitude  of  a  righ 
^Hon  to  find  the  curve  traced  by  their  in 


tude  m. 

'    Assuming  the  line  x'x  as  axi 
W'  intersecting  it  at  any  pol 
points  A  and  b  he^af,  and  y"d' 
and  BPbe 

supposing^  =  0  in  eacl. 


s    «  ' 


^  ^    t 


%  •■  • ' 
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Subtracting  each  of  these  equations  from  the  preceding,  and 
dividing  the  results  respectively  by  a:^  —  a?",  x^  —  a?"" 

J^  =  c+i>(^  +  ^'-h^'0, 


In  which 


/ 


a'  = 


By  continuing  the  process,  the  quantities  a^  b,  c,  may  be 
successively  eliminated,  and  the  value  of  the  last  found,  and 
thence  the  values  of  the  others.  As  an  example  of  this,  let 
the  curve  represented  by  the  equation 

y  =  A  4-  BO?  +  cor* 
be  required  to  pass  through  three  points  y^,  jfni?^  y  V, 

1^  =  B  +  c(it'  +  aP\ 

.  |_y^  =  B^c(^'  +  ^"), 


a— a! 


=  c. 


Substituting  the  last  of  these  in  the  first, 

And  substituting  the  values  of  3  and  c  in  the  equation, 

y  =  A  +  bo;'  -h  cA 
the  value  of  a  is  founds 
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Hence  the  equation  of  the  curve  sought  is 

j^  =  y  +  a(x  -  a/)  +  ^3^(«-«0  {x-aTi. 

A  general  formula  for  the  equation  sought  in  these  cases 
may  be  found  with  somewhat  greater  implicit j*  Since  y 
must  successively  become  y,  y,  y ...when  x  is  a;', «", aP\... 
the  value  of  y  found  by  eliminating  the  indeterminate  con- 
stants ;  the  expression  for  y  must  be  of  the  form 

3,  =  Ay  +  By+cy  +  Dy^. . . . 

Where  a',  b',  c',  are  such  functions  of  ar,  as  when  a?  =  «* 

will  become  a'  =  1,  b'  =  0,  c^  =  0 when  x  =^  aP^ 

a'  =  0,  b'  =  1,   c'  =  0,  ©'  =  0 when  ar  =  j:^, 

a'  =  0,  b'  =  0,  c'  =  1,  d'  =  0,  .  .  .  .  and  so  on.  Whence 
it  is  obvious  that  the  values  of  a',  b',  (Z,  &c.  are 
^  __   (a:-^'0  {x-^oT^  {x^af^^)  .... 


A'  = 


^  _    jx'-x')  (x-:t^)  {x-^x'^)  .... 
"  -  (a/'-o^)  (^'-a?''0  Xa^^^c^)  .... 

,  _     (ar-a/)  (j?--a/0  (a:-.a;^ffO  .... 
(a?"'-.^:')  {aP^^x'^)  (^"-a;»") .  .  .  .  * 


C  = 


The  number  of  factors  in  the  numeratori^  and  denominators 
of  each  of  these  is  one  less  than  the  number  of  given  points. 
This  last  expression  for  y^  although  under  a  different 
£>rm  from  that  found  by  the  first  method,  yet  ultimately  is 
the  same,  as  may  be  proved  by  arranging  the  result  given  by 
the  former  process  according  to  the  quantities  y,y,  y^i  •  •  • 
and  substituting  for  a,  ci,  &c.  their  values.  But  the  latter 
method  is  preferable,  as  well  (xn  account  of  the  simplicity  of 
the  analysis  by  which  we  are  conducted  to  it^  as  on  account 


I 

J 
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of  the  elegance  and  symmetry  of  its  form,  and  its  com- 
xnodiousness  for  calculation. 

It  follows  also  from  this,  that  in  any  series  composed  of 
several  terms,  as  many  intermediate  terms  may  be  supplied 
as  may  be  required.  This  is  useful  in  supplying  the  links 
in  systems  of  observations  or  experiments,  or  in  tables 
calculated  by  formulas  or  by  constructions.  In  this  consists 
the  method  of  interpolation. 


PROP.  CCCVIII. 

(618.)  To  investigate  (lufigkure  and  area  of  a  curce  repre* 
sented  by  the  equation  a^y^  —  y'^x^  —  Iftr*  =  0. 

By  differentiating  the  equation,  the  result  is 

dy  _  4^(2a*— a:«) 

Hence  the  axis  of  x  touches  the  curve  at  the  ori^n. 

dy 
If  jT  =  a,  -^  is- infinite,  and  for  this  value  ofx,y  is  also 

infinite^  Hence  the  lines,  whose  equations  are  a:  =  +  a 
are  asymptotes,  and  between  them  the  curve  is  entirely  in- 
cluded. To  find  the  area,  let  the  equation  be  solved  for  y, 
and  the  result  multiplied  by  dx,  gives 

ix^dx 

Va^-x'- 

To  integrate  this,  let  a  circle  be  described  with  the  ori^n  as 
centre,  and  a  radius  equal  to  a.  Let  the  arc  a'6',  whose 
agn  \Bx,he  (p;  and  let  the  area  sought  be  a. 
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^  _         .  ^  an.*  fd  an.  «  .  ^  .        , 

A  ^jydx  =  4/ . ' ^  =  —  f/^sin,  ^  cos.  ^ 

This  integral  taken  between  the  limits  +  a  and  —  o^ 
proves  the  area  included  between  the  curve  and  its  asynK 
ptotes  to  be  equal  to  the  area  of  the  circle^ 

If  y  =  mb',  '/y  as  Va^  —  a?* ;  hence  by  the  equation  of 
the  curve  we  have 

This  curve  therefore  is  the  locus  of  a  point  b  assumed  on 
the  ordinate  to  the  diameter  of  a  circle  such,  that  MB  shall 
be  a  third  proportional  to  b'm,  and  twice. am. 

PROP,  cccix. 

(619*)  To  investigate  the  figure  mid  (pwdraJture  of  ^ 
curve  represented  by  the  equation  a^^a^x^  +  a*^*= 0. 

By  solving  the  equation  for  y^  we  find 


2/—  - 


xVa^^-a:^ 


a 
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Hence  the  curve  is  included  within  the  limits  x  =  ±  a^  and 
jNisses  through  the  origin ;  by  differentiating,  we  find 

dv        a^—^a^ 
da:      aVa*— «;»'  , 
which  shows  that  parallels  to  the  axis  of  y  at  the  distances 
±  a  are  tangents;  that  the  origin  is  a  multiple  point  at 
which  the  two  tangents  are  inclined  to  the  axis  of  j?  at  angles 
of45^ 

The  figure  of  this  curve  is  therefore  similar  to  that  of  the 
lenmiscata. 

To  find  the  area 


3 


A  =fi,dx  =J ^^  +  c; 

which  taken  between  the  limits  .r  =  -f  a  and  or  =  —  a,  ^ves 
the  whole  area 

Hence  the  area  of  this  curve  is  to  that  of  the  lemmscata  with 
the  same  axis,  in  the  ratio  of  4  :  8. 


PKOP.  cccx. 

I.* 

» 

(620.)  The  ordinate  to  tJie  axis  of  act/chid  being  pro" 
duced  until  it  becomes  equal  to  the  ct/cloidal  arc  mter^ 
cepted  between  it  and  the  vertex;  to  find  the  locus  of  its 
extremity. 

If  A  =  the  axis  of  the  cycloid,  it  is  evident,  from  the 
rectification  of  this  curve,  that  the  equation  of  the  locus 
sought  is 

y^  =  4Aar. 
It  is  therefore  a  parabola  whose  axis  and  vertex  coincide 
mth  those  of  the  cycloid,  and  whose  focus  is  at  the  middle 
point  of  the  base. 
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PBOP.   CCCXL 

(621.)  A  semicircle  being  described  upon  a  given  right 
line  AB  as  diameter^  let  an  indefinite  right  line  £7  he 
drawn  'parallel  to  tltat  diameter^  and  intersecting  the  circle; 
to  find  the  hem  of  a  point  v  in  a  right  line  drawn  from 
the  c^treqfthe  circle  intersecting  the  circle ^  and  the  parallel 
at  b'  a/nd  d,  so  that  p  will  divide  the  intercept  bb'  in  a  given 
ratio  m :  n« 


Let  cp  =  Zy  and  the  angle  pcb  =  w^  cg  =s  b,  cb  =^  r; 
hence 


z 


sin.  w       (^  sin.  Off)  m+n 


This  equation  is  obviously  deduced  from  the  conditions  of 
the  question,  and,  after  reduction,  becomes 


;r  =  -r 


n  m 

+  r. 


sm.  w    m+n  m+n 

This  is  the  equation  of  a  conchoid,  whose  modtdus  is 


rm 

■        • 

and  the  equation  of  whose  rule  is 

bn 
^      m-\-n 
The  centre  of  the  given  circle  being  the  pole  of  the  con' 
choid. 


ALCIBBAIC  GSOMST&T« 


sai 


PROP,  CCCXII, 


i&ti.)  To  investigate  the  jtgwre  cmd  quadrature  of  tlie 
curve  represented  by  tJie  equation  a^  —  x^y  —  a'  =  0. 
By  solving  the  equation  for  y^ 


y^ 


a 


»-x«* 


Hence  it  appears,  that  if  j7  =  ±  a,  y  is  infinite,  and  there^ 
fore  the  parallels  to  the  axis  of  y  represented  by  the  equa- 
tion jr  =  +  a  are  asymptotes.  Also  y  is  positive  for  all 
values  of  x  between  +  a  and  —  a.  The  minimum  positive 
value  of  ^  is  =  «r,  and  corresponds  to  or  =r  0,  therefore  a 
parallel  to  the  axis  of  x  intersecting  the  axis  of  y  at  a 
distance  from  the  origin  equal  to  a  touches  the  curve  at  that 
point,  and  the  part  of  the  curve  included  between  the 
parallel  asymptotes  is  extended  indefinitely  above  this 
tangent.  For  all  values  of  x  beyond  the  parallel  asym- 
ptotes y  is  negative,  and  diminishes  without  limit  as  x 
increases  without  limit.  Hence  the  axis  of  a:  is  an  asym«> 
ptote.    This  curve  is  represented  thus : 


It  is  included  in  the  ninth  class  of  Newton's  enumeration  of 
lines  of  tlie  third  order,  and  comes  under  the  generic  name  of 
redundant  hyperbola,  as  having  a  greater  number  of  h jrper- 
bolic  branches  than  the  hyperbola  of  the  second  degree. 
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The  particular  species  cHredwndamJt^  hyperbclay  investigated 
in  this  proposition,  is  called  an  hyperbolMm  cf  ffie  hypei^' 
bola. 

To  effect  the  quadrature  of  this  cutve^  let  the  area  be  a, 

dx 

A  ^fifdx  =  ay.  ^—^^, 

which,  by  integration,  gives 

A=ia^  .1. . 

*  a  —  x 

The  area  being  supposed  to  commence  &om  the  axis  of  ^^ 

no  constant  is  introduced. 


PEOP.    CCCXIII. 

(623,)    To  find  the  equation  of  the  curvey  whose  sub- 
tcmgent  varies  as  the  rectangle  v/nder  the  co-ordinates^ 

.    This  condition,  expressed  analytically,  is 

wdy 

which  gives   ' 

ady  —  ydx  =  0 ; 
which  integrated,  is 

y  =  b% 
b  being  the  base,  whose  modulus  is  a.    The  curve  sought  is 
therefore  the  logarithmic. 


PROP,  cccxiv. 


(624.)  To  find  the  equation  of  a  curve  whose  area  always 
equals  twice  the  rectangle  under  Us  co-ordinates. . 

r 

Let  the  co-ordinates  of  any  point  be  yx.    The  condition 
stated  in  the  proposition  is       -     ^ 
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which,  by  differentiation,  gives 

^dy  H-  f/dx  =  0. 

This  equation,  multiplied  by  ^,  and  integrated^  gives 

2xy^  =  a, 

a  being  an  arbitrary  constant,  which  is  therefore  the  equa- 
tion of  a  curve  possessing  the  proposed  property. 


PROP,  cccxv. 

(625.)  Tojind  the  equation  of  a  spiral  in  which  the  area  is 
proportional  to  the  logarithm  of  the  radiiis  vector. 

This  condition,  expressed  analytically,  is 

Jsf^dotf  =  ak ; 

by  differentiation, 

dz 
z^dotf  =  a  — 9 
z 

which,  integrated,  is 

2z^oo  =—  a, 
which  b  the  equation  sought. 


PEOP.  cccxvi. 

(626.)  J  rigid  angle  cab  is  given  in  positiofif  and  an^ 
other  right  angle  c'a'b'  is  so  moved,  tJiat  the  points  qf 
intersection^  p,  p',  qf  tlie  sides  qf  the  angles  respectively y 
shaU  be  always  at  a  given  distance  ap  =  li^Jrom  their 
vertices  ;  tojind  the  curve  described  by  the  middle  point  m. 
qf  the  intercept  A^r^  between  the  side  qf  tJie  angle  given 
in  position  and  the  vertex  qfthe  other  angle. 

Through  the  middle  point  g  of  pa  let  gf  be  drawn  per« 
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pendicular  to  it,  and  let  this  and  pa  be  assumed  as  axes  of 
co-ordinates.  Hence  if  the  angle  a'dp'  =  w,  and  AG  or 
Mp'  =  a,  we  find 

AD  =  2a  cot.  tiOy 

Sin.  tti 
p'e  =  a  sin.  or, 
ME  =  a  cos.  or. 


Hence  we  find 


X  =^2a  cot.  01  + 


9a 


—  a  sin.  w^ 


sin.  ctf 
^»  =  a(l  +  COS.  w). 
By  eliminating  oj  by  these  equations,  the  result,  after  re- 
duction, is 

which  is  the  equation  of  the  cissoid  of  Diocles. 

If  AG'  =  Ao,  and  g'e'  be  drawn  parallel  to  ab,  gg'  is  the 
diameter  of  the  generating  circle,  and  the  line  g'e'  is  the 
asymptote. 

PBOP.  cccxvit. 

(627.)  To  find  tJie  hem  of  the  intersection  of  a  tangent 
to  a  given  circle j  and  a  line  perpendicular  to  it  passing 
through  a  given  point  in  the  circle. 

Let  the  diameter  passing  through  the  given  point  be 
assumed  as  the  axis  from  which  the  values  of  the  ^gle  »  are 
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measured^  the  perpendicular  being  represented  by  z,  the 
oon(£tions  of  the  question  give  the  equation 

a  =  2r  COS.*  ioa  =  r(l  --  cos.  w), 
which  is  the  equation  of  the  cardicide. 

It  is  otherwise  evident  from  geometrical  constructicxiy 
that  the  cardimde  is  the  locus :  for  let  p  be  the  given  point 
on  the  drclei  p  the  intersection  of  the  perpendicular  and 
tangent.  Draw  p/i  and  ca,  and  on 
the  radius  pa  as  diameter  let  a 
drcle  be  described  intersecting  rp 
in  B,  and  draw  ba.  spcA  is  evi- 
dently a  rectangle,  and  therefore 
Bp  =  AC.  Hence  sp  is  constant, 
which  is  a  property  of  the  cardioide* 


PllOP.  cccxviii. 


(6S8.)  Tiufo  equal  paarabolaa  being  placed  in  iJhe  same 
plane,  and  so  as  to  totich  at  their  vertices,  let  one  of  them  be 
supposed  to  roll  upon  the  other ;  tojind  the  loci  ^itsjbcus 
and  vertex. 


tSB  AJMEBMAIC  GXOMETRT.. 

By  the  conditions  of  the  question,  it  appears  that  if  fitna 
the  vertex  v  of  the  fixed  patabola  a  perpendicular  yb  be 
drawn  to  a  tangent  through  any  point  p,  and  produced 
until  Vb  =  VB,  the  point  V  is  the  vertex  of  the  moveable 
parabola ;  and  if  xv'  be  produced  until  Vf'  s  yt,  f'  is  its 
focus;  and  ff'  being  perpendicular  to  pt,  and  bisected  by 
it ;  since  by  art  (258),  the  locus  of  c  is  the  vertical  tangent 
to  the  fixed  parabola,  the  locus  of  f'  is  its  directrix.  The 
equation  of  the  tangent  pt  bdng 

The  value  of  vb  is  a/  cos.  bvt*    Let  the  co-ordinates  of  the 
point  V  heyxy 

y  _^ 

"IT —  ir^ 

X        p 

Eliminating  y^/  by  these  equations,  the  result  is 

a?  +  y^x  —  ipy^  =  0. 
The  equation  of  the  locus  of  the  vertex,  which  is  therefore 
a  cissoidy  the  diameter  of  whose  generating  circle  is  ip* 

PROP,  cccxix. 

(629.)  77i^  ordinate  p'm  to  the  diameter  of  a  circle  being 
produced  until  the  rectangle  under  pm  and  the  absciss  am  is 
equal  to  the  rectangle  under  the  ordinate  p'm  and  the  did" 
meter y  to  find  the  equaJtion^  fig^f''^^^  omd  properties  of  tlie 
curve,  which  is  the  locus  of  the  extremity  of  the  produced 
ordinoite. 

The  origin  of  co-ordinates  being  at  a,  let  am  =  x, 
p'm  =  y,  pm  =  y,  and  ab  =  a.*  By  the  conditions  of  the 
question, 

ar/  =  yx; 


i 
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but  by  the  equation  of  the  drcle. 


Vx 


y  =  Vax  —  x\ 

Hence  the  equation  of  the  locus,  after  clearing  it  of  the 
radicaly  is 

which  solved  for  y,  is 

a  <s/o,  —  x 

Hence,  when  J7=a,  y=0, 
therefore  the  curve  intersects 
the  axis  of  x  at  b.  All  po- 
sitive values  of  x  greater 
than  a,  and  all  negative  va. 
lues  of  X  whatever,  give  im- 
possible values  of  y ;  but  all 
values  of  x  between  a  and  0 
give  real  values  of^:  hence 
the  curve  is  entirely  included 
between  the  parallels  through 
A  and  B.  Since,  for  every 
value  of  Xy  there  are  two 
equal  and  opposite  values  of 
y^  the  parts  of  the  curve  on 
each  side  of  ;the  axis  of  x  are 
symmetrical. 

By  differentiating  the  equa- 
tion of  the  curve,  we  find 

dy   ^        a^  a« 

dx   "^      2yx^  "■ ""  9xy/ax--x'*' 
Hence  the  subtangent  s  is 

s=  -  ^. 

Hence  follows  a  geometrical  construction  for  draining  a 

z 
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taneenL     Let  mf  =  {a,  snd  drew  re'  and  p*!  perpendicular 
to  it.     Then  tp  is  the  tangent. 

Also  -r-  —  «  when  x  =  0,  and  since  at  the  same  time 
ax 

u  =  00 ,  the  axis  of  ^  is  an  asymptote. 

Let  the  equation  be  differentiated  a  second  time,  and  the 

result  is 

d'y  _  a\3a—ix) 

4j-((W:-x«)' 
Hence  the  pmnts  whose  co-ordinates  9X%  x  =  ^y^  —  a 
axe  points  of  inflection ;  therefore  if  the  radius  cb  be  bisected, 
the  ordinate  passing  through  the  point  of  bisection  meets 
the  curve  at  the  points  of  inflection. 

Let  A  be  the  area  of  the  segment  pmb,  supposed  to  begia 
from  B, 


Lettht 

A  = 
angi 

■»  = 

'  r'CB  be  p ; 
A  =  k''Jr 

.io(I  +COS. 

y 


*•■  A  =  i^^yil  —  COS.  'p]dip, 
which,  by  integration,  gives 

A  =  ia.\ip  —  sin.  ip). 
No  constant  b  added,  since  a  and  f  are  nioultaneously 
evanescent. 

The  quantity  ^a^<p  is  equal  to  four  times  the  sector  p'cb, 
and  ifl*  an.  (p  is  four  times  the  triangle  p'cb,  and  therefore 
tlic  area  is  four  times  the  difference  between  these.  Hence 
the  area  pmb  is  equal  to  four  times  the  segmmt  p'b. 

The  entire  area  included  between  the  curve  and  its 
asymptote  b  therefore  equal  to  twice  the  area  d  tbe 
circle. 
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If  a  perpendicular  cd  to  ab  meet  the  curve  at  d,  the  line 
joining  d  and  b  will  be  a  tangent. 


•    •  •  • 


PROP,    CCCXX. 


(630.)  To  investigate  the  figure  cf  the  curv€y  whose 
eqttation  m  or*  —  a^x^  —  6  V  +  d^b^  —  c?*y  =  0. 

The  proposed  equation  may  be  expressed  thus : 


y  = 


e^ 


Hence  the  curve  meets  the  axis  of  x  at  the  points  r  r:  +  a, 
ar  =  —  a,  jr=+6,  a?  =  —  b;  and  if  a  >  ft,  for  all  values 
of  j7  >  a,  ^  is  positive,  and  continually  increases  for  all 
greater  values.  For  the  values  of  x  between  a  and  ft,  y  is 
negative,  and  positive  for  those  between  ft  and  0.  Hence  it 
is  easily  seen  that  the  figure  of  the  curve  is 


where  ab  =  +  ^j  ab'  =  —  ft,  ac  =  -f  a,  ac'  =  —  at^ 

The  equation  of  the  tangent  by  diiFerentiating  is  found 
to  be 

,      2^'{ar'*-^(a*+ft»)}^         ^ 

2/  -y  =  — ^ -^ -(^  -  ^; 

therefore  the  points  at  which  the  tangents  are  parallel  to  the 


axis  of  X  are  x  =  0,  x  =  ± 


'     2 


z^ 
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If  a  and  b  both  =  0,  the  four  points  a,  a',  b,  b'^  unite  in 
one,  and  become  a  point  of  undulation :  the  equation  of  the 

curve  becomes  in  this  case  y  =  — ,  which  is  one  of  the  nu- 

merous  family  of  parabolic  curves  represented  by  the  ge- 
neral equation  y  ss  ax*.  , 


PKOF.  cccxxi. 

(681.)  To  find  tlie  locus  of  the  intersection  of  the  tangent 
to  an  ellipse,  with  a  perpendicular  to  it  passing  through 
the  centre. 

The  equation  of  the.  ellipse  being 

and  that  of  the  tangent 

the  equation  of  the  perpendicular  to  the  tangent  from  the 
centre  is 

b^x^y  -  a^i/x  =  0. 

If  y  and  J^  be  eUminated  by  these  equations,  the  result 
will  be 

(j/»  +  x^y  -  a«ir*  -  6y  =  0, 

which  is  therefore  the  equation  of  the  locus  sought. 

To  investigate  the  figure  of  this  curve,  let  ^  =  0,  and  the 
corresponding  values  of  x  are 

a?  =  0, 

•c  =  +  ^> 

X  ss  —  O. 

In  like  manner  if  ^  =  0,  the  corresponding  values  of 
y  are 

y  =  o, 

3F  =    —  ft. 
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Hence  it  appears  t^at  the  four  yertioes  and  the  centre  are 
points  of  the  proposed  locus. 

If  the  equation  be  solved  for  ^^,  we  find 


trbere  c^  =  o*  —  6*. 

Hence  it  appears  that  for  each  value  of  x  there  are  four 

values  of  ^,  but  of  these  four  two  are  impossible.     For  since 

therefore 


Hence 


are  both  impossible  values  of  y,  except  when  a;  =  0,  whidi 
gives j^  ^  0.     Therefore  the  two  real  values  are 

The  parallels  to  the  conjugate  axis  of  the  ellipse  therefore 
meet  the  curve  in  but  two  points,  and  are  all  bisected  by  the 
transverse  axis,  which  is  therefore  an  axis  of  the  locus. 

By  differentiating  the  real  values  of  j/,  we  find 

Henceifa?=0,y=  ±  *,  "^  =  ©• 

Also  if  ^  =  0  and  ;r  =  ±  a,  ;^  =  4-  Hence  the  tangents 

through  the  four  vertices  of  the  ellipse  are  also  tangents  to 
the  locus  at  these  points. 

d.y 
Since  the  numerator  of  the  value  of  -^  consists  of  two 

&ctors,  a;  =  0  is  not  the  only  condition  on  which  it  may 
vanish,     if 
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<?«-2\/i/;*  +  c*j;'*=0. 


^^- 2^ * 

we  shal.  also  have  -p-  =  0.     This  value  of  x  is  impossible 

if  c  <  i,  Uut  real  if  otherwise.  Hence  if  e  >  i,  there  are 
six  points  at  which  the  tangent  to  the  locus  is  parallel  to  the 
transverse  axis ;  which  points  are  determined  by 


and  the  confesponding  values  of  y.  If  e  =  ft,  three  of  these 
points  unite  in  one^  and  form  a  point  of  undulation. 

If  e  <  ft,  there  are  only  two  points  where  the  tangent 
is  parallel  to  the  transverse  axis^  which  are  determined  by 
ar  =  0,  ^  =:  ±  ft. 

To  find  whether  the  tangent  through  the  vertex  of  the 
conjugate  axis  intersects  the  locus,  let  ft  be  substituted  for 
y  in  the  value  of  a:,  and  we  find 

a?  =  +  Vc^  —  ft*. 

Hence  if  e  >  ft,  the  tangent  intersects  the  curve  at  two 
points  determined  by  these  values  of  x. 

If  c  be  not  less  than  ft,  the  tangent  does  not  intersect  the 
curve. 

Of  the  two  factors  in  the  denominator  of  -r-»  one  cannot 

ax 

=  0,  therefore  the  value  can  be  infinite  only  when  y  =?  0 

and  *r  =  ±  a;  hence  the  only  points  at  which  the  tangent 

through  the  vertex  is  perpendicular  to  the  transverse  jotis 

are  the  vertices. 
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In  the  case  where  c  >  b, 
the  figure  of  the  locus  is  there- 
fore represented  thus. 


If  c  be  not  greater  than  4, 
the  figure  of  the  locus  is  repre- 
sented thus. 


It  appears  also  that  the  centre  is  a  conjoffate  point. 
When  c  >  b,  the  curve  has  four  points  of  inflection. 
To  determine  the  polar  equation,  let  z  sin.  oo,  and  z  cos.  ut 
be  substituted  for^  and  ^,  and  the  result  is 

«*  =  a*  COS.*  w  +  b*  sin.*  w. 

This  equation  bears  an  obvious  analogy  to  the  polar 
equation  of  the  ellipse  itself,  related  to  the  centre  as  pole, 
which  may  be  expressed 

1       COS.*  w      sin,*  (V 

'F~   "oT"^      b^    ' 

To  find  the  area  (a')  of  the  locus :  by  the  general  formula. 

a'  =  ifx^duf  +  c'. 
Hence  in  this  case 

a'  =  lay  COS.2  00  dta  +  ifty  sin.2  w  rfa;  -h  c' ; 

but  since 

d  sin.  a;  =  cos.  u)  dw, 
d  COS.  w  =  —  sin.  w  dw, 

we  have 

a'  =  4ay*cos«  Old  sin.  w  —  i6y*sin.  wd  cos.  w  +  c'. 
Let  circles  be  described  on  the  axes  of  the  ellipse  as 
diameters :  if  cp  =2  and  pod  =  w,  let  p,  /?',  be  the  points 
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where  the  radius  vector  meets 
the  two  circles,  and  let  f^Y 
be  parallel  to  cb,  and  pis.  to 
CD.  Then  —  a*  cos.  wd  an. » 
is  the  differential  of  the  area 
QV.p,  and  — - 1^  sin.  wdf  cos.  w 
is  the  differential  of  the  area 
AF//.    Hence, 

CPD  =  4(-6Ep  +  AF^)  +  C'. 

To  determine  c',  we  should  observe  that  when  cpd  =  0, 
that  is,  when  cp  coincides  with  cd,  the  point  p  will  coincide 
with  D,  and  j/  with  a.    Hence 

C'  ^  iGCD  =  0, 

•.•  c'  =  4gcd. 
Hence  we  find 

CPD  =  4:(CEpD  +  AFj/). 

Hence  we  find  the  entire  area  (a)  of  the  curve 

The  area  of  the  entire  curve  is  therefore  an  arithmetical 
mean  between  the  areas  of  the  two  circles,  and  is  equal  to 
half  the  area  of  the  circle  described  with  the  line  joining  the 
extremities  of  the  axes  as  radius. 

It  appears  from  this  that  the  curve  bpd  bisects  the  space 
ABGD  included  between  the  circles. 

The  transverse  aids  of  the  ellipse  being  supposed  fixed,  if 
the  conjugate  axis  be  continually  diminished,  the  ellipse  will 
uUimately  coincide  with  the  transverse  axis.  The  corre- 
sponding limit  of  the  locus  will  be  found  by  supposing 
6  =  0  in  its  equation,  which  gives 

( j/«  +  x^Y  —  a*ar«  =  0. 
This  equation  is  resolvable  into  two  factors, 

^*  +  ^*  —  «^  =  0, 
^*  +  ^*  +  flw:  =  0, 
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which  are  the  equations  of  two  circles  described  on  CD  and 
en'  as  diameters,  which  are  therefore  the  Hmit  of  the  curve 
in  this  case. 

If  the  ellipse  becomes  a  circle,  scil.  if  6  =  a,  the  equation 
of  the  locus  is 

{jf^  +  xj  —  aV  —  aY  =  0, 
which  is  resolved  into  the  factors 

y«  4.  a;ft  -.  a*  =  0, 

y«  4.  x«  =  0. 
The  first  gives  the  circle  on  the  transverse  axis^  and  the 
other  the  centre. 


PROP.  CCCXXII. 

(632.)  To  determine  the  locus  of  the  intersection  of  the 
tangent  to  an  hyperbola,  and  a  perpendicular  to  it  through 
tJie  centre. 

The  equation  of  the  locus  found  in  the  last  proposition 
becomes  in  this  case 

(^*  H-  J?*)*  -  «*ar*  +  6y  =  0. 

If  in  this  equation  j?  =  0,  it  is  necessary  that  ^  ~  0  also, 
therefore  the  conjugate  axis  can  meet  the  locus  only  at  the 
centre.    But  y  =  0  gives,  as  before, 

a:  =  +  a, 

a;  =  —  a; 

hence  the  locus  meets  the  tranverse  axis  at  the  vertices. 

It  appears,  as  before,  that  two  of  the  four  values  o(t/  are 
impos^ble,  and  that  therefore  the  perpendiculars  to  the 
transverse  axis  can  each  meet  the  curve  in  but  one  point, 
and  that  the  transverse  axis  is  an  axis  of  the  curve. 

It  appears,  as  before,  that  the  tangents  to  the  hyperbda, 
passing  through  the  vertices  of  the  curve,  are  also  tangents 
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to  the  locus  at  those  points ;  for  the  diffiBrential  co-efficient 
becomes,  in  this  case, 

which  becomes  infinite  when  y  —0  and  x^  =  a*. 

For  all  values  of  x^  >  a*,  y  is  impossible ;  therefore  the 
locus  is  included  between  the  vertical  tangents. 

To  find  the  value  of  -^  when  y  =  0  and  or  =  0,  we  are 

du 
to  consider  that  the  value  of  -^  consists  of  two  factors, 

Y'^^WW^)'     ^'"^  -  =  0  and  ,,  =  0.  the 

0  fl« 

fimner  assumes  the  form  -x-,  and  the  latter  becomes  t^.  To 

find  the  true  value  of  the  first  factor,  or  what  is  more  readily 
done,  of  its  square,  let  the  numerator  and  denominator  be 
both  differentiated,  and  we  find 

d{x^)        2(^6*  +  c*ar«)^ 


^(y*)      c«-2(ii*  +  c«a;«) 


which,  when  a;  =  0,  becomes  —  ;  therefore,  when  a:  =  0 

and  y  =  0, 

X  ^       b 

y  ""  ""  «  ' 
and  in  this  case,  therefore, 

^  __^        a 

dr  ""  ""  b  ' 
Hence  the  centre  is  a  multiple  pmnt.     The  tangents  to  the 
curve  at  this  point  are  perpendicular  to  the  asymptotes  of 
the  hyperbola.     The  equations  of  the   tangents  to  this 
point  are 


J 
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iy  —  007  =  0, 

To  determine  whether  these  tangents  meet  the  curve  again, 
let  V^y^  be  substituted  for  a^ar*  in  the  equation  of  the  curve, 
an4  ^^  becomes 

J^^  +   072   =  0, 

which  gives  ^  =  0  and  x  =  0.  The  tangents  therefore  do 
not  meet  the  curve  again. 

It  appears  from  this  investigation,  that  the  figure  of  the 
curve  is  like  that  of  the  lemniscata,  which  are  a  species 
of  it. 

Its  polar  equation  is 

«•  =  a^  COS.*  w  —  6«  sin.*  w, 
which^  when  a*  =  6%  becomes 

z^  =  a*  COS.  2a;, 
the  equation  of  the  lemniscata. 


PEOF.  CCCXXIII. 


(633.)  Given  tl\e  hose  and  rectangle  under  the  sides  of  a 
triangle f  to  determine  the  hcus  of  the  vertex. 

If  the  base  and  a  perpendicular  through  its  middle  point 
be  assumed  as  axes  of  co-ordinates,  the  condition  expressed 
in  the  proposition  is 

Vy^  +  (a?  +  ay  .   Vy  +  (x  ^  af  =  a*  +  i«, 
where  a  is  half  the  base,  and  a*  +  6*  =  the  rectangle.  This 
equation,  when  reduced  to  a  rational  form,  becomes 
Cj^«  +  xy  +  2a'(y  -  x^)  =  h\h'-  -f-  2a'). 
This  equation,  solved  fbr^*  and  o:%  gives 

3^*  =  -  (a«  +  o:«)  ±  V(a^  +  h^  +  4a  V, 
o?«  =  a«  -  y«  ±  v^(a«  +  h^Y  -  4ay. 
Hence,  for  each  value  of  x^  two  of  the  four  values  of  ^  are 
impossible,  and  the  other  two  are  real  and  equal  with  op- 
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posite  signs.  The  axis  of  x  is  therefore  an  axis  of  the 
curve.  When  a?  =  0,  j?  =  ±  6 :  the  axis  of  y  meets  the 
eiirve,  therefpre^  at  two  points  detennined  \pj  y  ^  +  6  and 
y^'-h.  ^ 

When  j^  =  0,  x—  ±  V2a*  +  h\  or  a?  =  ±  hj^. 
The  latter  values  are  impossible^  and  the  former  determine 
the  two  points  where  the  curve  meets  the  axis  of  x. 

All  values  of  a?*  >  2a*  +  i*  render  y  impos^ble ;  there- 
fore the  curve  is  included  between  the  parallels  to  the  axis 

of  ^  through  the  points  determined  by  j:  =  ±  ^/Sa"^  -f-  6*. 

If  the  equation  of  the  curve  be  differentiated^  the  re-' 
suit  is 

dy       x      a*—  (^*+J?*) 

dy 
If  X  =  0,  and  \*y  =  ±  6#  T"  ^  ^ » therefore  the  parallels 

to  the  axis  of  x^  through  the  points  determined  by  these 

values  oty  and  x,  are  tiangents. 

dm 

If  y  =  0,  and  •••  X  =  ±-v/2a*  +  6«,  the  valties  of  ^ 

are  infinite ;  therefore  the  parallels  to  the  axis  of  ^,  through 
the  points  determined  by  these  values  of  y  and  x,  are  tan- 
gents. 

To  determine  whether  the  tangents  through  the  points 
determined  by  x  =  0,  j^  =  +6,  meet  the  curve  again,  let 
b  be  substituted  fory  in  the  value  of  o:^,  and  we  find 

ar=:0. 


X  =  >/2(fl*  —  6*). 

The  latter  values  are  real,  =  0,  or  imaginary,  according 
asa*  >  4*,  a*  =  b\  or  a*  <  6«. 

From  these  circunistances,  it  appears  that  when  a*  >  V 
IS  represented  thus : 


ALG£BAAIC    GEOMETRY. 


S49 


If  c  be  the  origin,  and  a 
and  B  the  points  where  it 
meets  the  axis  of  x^  and 
Dy  E,  those  where  it  meets 
the  axis  of  y^  there  are 
points  of  inflection  on  each 
side  of  the  points  d  and  £. 

In  this  case  -^  =  0,  on  the  condition. 


a 


ft  — 


=  j^«  -h  ar«. 


The  points  (besides  d  and  e),  therefore,  where  the  tangent  is 
parallel  to  ab,  are  determined  by  the  intersection  of  a  circle, 
whose  centre  is  c,  and  radius  a  with  the  curve.  This  circle 
will  not  meet  the  curve  if  a»  <  6%  and  will  touch  it  at  d  if 

If  a*  be  not  greater  than  6*,  the  figure  of  the  curve  is 
similar  to  that  of  the  ellipse. 
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(634.)  Gvoen  the  base  and  area  of  a  trianffle,  to  find  tJie  locus 
oftlu  centre  of  the  inscribed  circle. 

Let  the  base  bb'  and  a  perpendicular  yy'  through  its 
middle  point  be  the  axes  of  co-ordinates. 

Since  the  area  of  the  triangle  is  given,  the  locus  of  the 
vertex  is  a  right  line  parallel  to  the  base,  at  a  distance  av 
from  the  base  such,  that  the  rectangle  under  av  and  ab 
shall  be  equal  to  twice  the  given  area.  Let  v  be  the  vertex 
of  the  triangle  in  any  position.  If  bp  and  b'p  bisect  the 
angles  vba  and  vb'a,  p  is  the  centre  of  the  circle  which 
touches  the  three  sides.  Let  tl\,e  co-ordinates  of  v  he^/^j 
and  those  of  p,  ^^r,  therefore 
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tan.  rBA  = 


tan.  t^b'a  = 


y 


y 


tan.  PBA  =  > 


tan.  pb'a  = 


a-fjr 


Bat  the  angles  vba  and  tb^a  are  respectiTeiy  eqnal  to  twice 
the  angles  fba  and  pb'a;  therefore,  bj  trrgonomefry. 
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2  tan.  PBA 


tan.  I7BA  = 


tan.  vwA  = 


1  — tan.*  PBA* 
2  tan.  pb'a 


1  —  tan^  pb'a* 

By  substituting  in  these  the  values  of  the  tangents  already 
found,  we  find 

y    _    %(a-h.r) 

Eliminating  or'  by  these  equations,  the  result,  arranged  by 
the  dimensions  of  the  variables,  is 

which  being  an  equation  of  the  third  degree,  shows  that  the 
locus  is  a  line  of  that  order. 

To  examine  the  figure  of  the  locus,  let  its  equation  be 
solved  for  each  of  the  variables,  and  the  results  are 

— (a«-a;«)-t  >v/(a2-.r2)  (6«— a:«) 


a/%  -y 

In  which  6*  =  a^  +  y^,  which  is  the  square  of  the  line  bv  ; 

•/  BV  =  b. 

To  determine  the  points  where  the  curve  meets  the  axis 
of  y,  let  X  =  Oy  which  gives 

yy -h2a*y-ay  =  0; 

a(a+i) 


3^=- 


y.  • 


a(6  — a)                   fl(a  +  6)       ,  ,        . 
Let  AD  =  — ^— y — ,  AD  = -J — ,  and  the  pomts  D  and 

d'  are  those  at  which  the  locus  meets  the  axis  of  ^.     These 
points  may  be  obviously  ibund  geometrically  by  bisecting 
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the  angle  vba  and  its  external  supplement;  the  bisectors 
will  meet  yy'  dt  d,  d'. 

If  AD  =  r,  and  ad'  =  —  r',  the  value  of  *  may  be  ex- 
pressed thus, 


^=\/ 


>(j^-^)Cy-Hr) 


%/-y 


By  the  value  of  ^^  it  appears  that  for  all  values  of  ^^  be- 
tween 6*  and  a*,  that  is,  <  6*  and  >  o*,  tjie  values  of  ^  are 
imaginary. 

Hence  if  ve  =  ve'  =  vb,  and  parallels  to  yy'  be  drawn 
through  the  four  points  e,  b,  e',  and  b',  the  curve  is  ex- 
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duded  from  between  the  parallels  through  £  and  b^  and 
also  from  between  those  through  e'  and  b'.  But  since  for 
all  other  values  of  x  the  values  of  ^  are  real,  a  part  of  the 
curve  is  included  between  the  parallels  bh  and  b'h';  and 
the  k^emaining  parts  of  it  extend  infinitely  in  opposite  di« 
rections  beyond  the  parallels  through  £  and  e'. 

Since  jy  =  y  gives  a:  =±,  b,  the  curve  passes  through  the 
points  £  and  e'. 

Since  ^  =  0  gives  x  —  ±  Oy  the  curve  passes  through  the 
points  B  and'  ^^ 

Since  for  all  negative  values  of  y  greater  thim  ad',  the 
value  of  x^  is  negative,  and  therefore  that  of  a;  is  ima^ 
ginary,  the  curve  cannot  pass  below  a  parallel  to.  the  axis  of 
X  through  b'. 

From  the  value  of  x^  it  appears  that  it  is  impossible  for 
all  values  of  y  between  r  and  ^y ;  and  hence  it  follows, 
that  the  curve  is  excluded  from  between  the  parallels  to  the 
axis  of  X  through  the  points  c  and  B,  ca  bmng  half  of  va, 
and  DA  being  equal  to  r. 

From  these  circumstances,  it  appears  that  the  part  of  the 
curve  included  between  the  parallels  bh  and  b'h'  is  inclosed 
ia  the  rectangle  kl',  whose  sides  are  parallel  to  the  axes  of 
coordinates,  and  that  the  curve  meets  this  rectangle  at  the 
points  B,  b',  d,  and  d'« 

Since  for  each  value  ofy  there  lure  two  equal  and  opposite 
values  of  a?,  the  axis  of  y  is  an  aiis  of  the  curve. 

If  the  equation  be  differentiated,  we  find 

This  vanishes  on  either  of  the  conditions, 

x  =  0, 

The  first  condition  indicates  that  the  parallels  to  xx' 
through  D,  d',  are  tangents  to  the  curve^     Th^  second  would 

A  A 
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parts  of  the  curve  by  the  motion  of  the  centres  of  the  circles 
touching  the  three  sides  of  the  triangle.  While  the  vertex 
f>  moves  m  the  direction  vu,  the  centre  of  the  circle  touching 
the  three  sides,  vb,  vb',  and  bb',  moves  through  dpb.  At 
the  same  time  the  centre  of  the  cnrcle  which  touches  t^  and 
BX,  the  producboiu  of  the  udes  b'v  and  bb',  and  also  the 
nde  Bv,  descnbes  the  asymptotic  hruicb  ex.  Also  the 
centre  of  the  drcle  touching  vb,  n'x',  and  b'p,  ia  describing 
the  infimte  branch  e'o',  and  finally,  the  centre  of  the  circle 
touching  BQ,  bW,  and  b'b,  b  describing  the  part  b'd'. 

In  like  manner,  white  the  vertex  of  the  triangle  is  taonng 
in  the  direction  vm',  the  centres  of  these  four  <^rcles  describe 
the  several  parti,  db',  b'n',  kc,  and  bV. 
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(^5.)  Tieogiven  curves  kvn's"  and  ^^'f,  one  related  to 
rectangular,  and  the  other  to  polar  co-ordinates,  OTid  re- 
presented bt/  tqaations  of  the  Jbrvu  Y^^x)  =  0,  z  =  f(iu), 
are  80  related,  that  if  the  airve  ws't"  be  lerapped  v,pon 
App'y,  tlu:  ordinates  pm,  p'm',  p''m'',  .  . .  preserving  their 
incHnatums  to  tlie  curve,  shall  be  equal  to  and  coincident 

with  the  radii  vectores  op,  ojJ,o^ the  points  p,  p', 

P',...  being  the  poaiti{ms  iff  the  points  p,  p*,  p",  .  . . .  jehen 
ike  curve  app'p"  is  lerapped  upon  Apj^p";  to  determine  the 
coitditions  by  uhich  the  equation  of  either  of  these  curves 
may  be^fimndji-am  ffiat  qfthe  other. 

By  the  condtdoaB  expressed, 
the  Imes  pm  and  op  are  equally 
inclined  to  the  tangents  at 
the  points  p  and  p ;  and  the 
same  b«ng  true  for  all  cor- 
responding points,  we  have 
the  condition 

A  A  3 
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dx      zdto 
dy  "  dz^ 
the  angle  ^  being  measured  from  the  axis  of  y :  but  since 

y  =  2f  and  dj/  =  dz,  \' 
zdw  =  dx. 
Hence  by  differentiating  the  equation  T{yx)  =  0,  and 
changing  y  into  %,  and  dx  into  zdoj,  and  eliminating  x^  we 
shall  find  by  integrating  the  result,  the  equation  z  =  F({tf). 
Also,  if  this  latter  equation  be  given,  a  similar  process  will 
discover  the  equation  v{jfx)  =?  0. 

It  is  evident  that  either  curve  may  be  supposed  to  pro- 
duce the  other;  apf'p''  by  being  bent  into  such  a  form  that 
the  points  m,  m',  m",  shall,  all  unite  in  the  origin  o,  and  the 
ordinates  become  radii  vectors,  will  produce  AppY\  or 
hfpj^T^  by  being  bent  into  such  a  form,  that  the  radii  vectors 
will  become  parallel,  and  their  extremities  lie  in  a  straight 
line,  omm'm"  pajssing  through  o  will  produce  app'p"- 

By  these  means  every  curve  related  to  rectangular  co- 
ordinates produces  a  corresponding  spiral  and  vv. 

Since  zd'^  =  djr,  and  »  =  y,  we  have  2*rf»  ^ydx. ' 

Hence  it  follows,  that  the  area  included  between  two 
ordinates  of  the  one  curve  is  double  the  area  included  be- 
tween the  two  radii  vectores  of  the  other,  which  are  equal  to 
those  ordinates.     Also,  since 

dy^  +  di«  =  dz^  +  zHw\ 
iThe  arc  of  the  one  intercepted  between  two  ordinates  is 
equal  to  the  arc  of  the  other  intercepted  between  the  cor- 
responding radii  vectores.     We  shall  apply  these  general 
principles  to  some  examples. 

P.  Let  the  curve  app'p''  be  represented  by  the  equation 

^'»  =s  ax. 
By  differentiating,  w^  find 

Twif^^dy  =  adx ; 
and  by  making  the  necessary  substitutions, 
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mz''*^dz  =  adw, 
which  being  integratted,  ^ves 

ffiz'^-i  =  (j;i  —  l)aa;. 

When  m  =  %  the  curve  is  the  common  parabola^  and  the 
corresponding  spiral  is  that  of  Archimed^s^  represjented  bj 
the  equation 

z  =  iota. 

Hence  if  ap  be  any 
arc  of  the  parabola, 
and  Pif  =  Apy  the  arc^ 
Ap  will  be  equal  to  ap, 
and  the  area  apm  will 
be  double  that  of  the 
segment  Ap,  and  there^- 
fore  the  segment  Ap 
will  be  one-third  of  the 
rectangle  Mm,  and  equ^l  to  the  area  Amp. 

It  appears  tlierefore  that  the  rectification  of  the  spiral  of 
Archimedes  .depends  on  that  of  the  parabola. 

^.  Let  the  curve  apf'  be  a  Une  of  the  second  degree 
related  to  its  axis  and  vertical  tangent  as  axes  of  co-ordina(;eS; 
wd  represented  by  the  equation 

by  differentiating 

^dy  +  —xdx  —  pdx  —  0, 

A 

which,  after  the  necessary  substitutions,  becomes 

dz 


du)  = 


\^F^)' 


When  A  is  infinite,  the  integration  of  this  gives 

z  =  ipw, 
<a  result  which  coincides  with  that  already  found,    OtbcTf 
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2b* 
wise  the  integraUpn,  after  substituting  —  for  j?,  gives 

B     ^ 

s  =  B  sm.  — (tf. 

A 

If  B  =  A,  this  equation  becomes   , 

z  ss  B  sin.  w. 
Hence  if  the  curve  app'  be  a  circle  whose  diameter  is  2b, 
the  curve  Appf  is  a  circle  whose  diameter  is  b« 

3^.  Let  the  curve  App/  be  the  logarithmic  spral  repre- 
sented by  the  equation 

z  =  a*'. 
By  differentiating,  we  find 

tan.  6  ,  dz  =i  zdw. 
By  the  proper  substitutions,  this  becomes 

tan.  My  =  dx; 
which  being  integrated  and  a  constant  introduced, 

'  (3^  —  y)  —  cot.  «  .  a:  =  0, 
^luch  is  the  equation  of  a  right  line. 

Hence  if  AppI  be  a  logarithmic  spiral,  app'  will  be  a  right 
line  touching  it  at  a,  and  if  pm,  f'm',  be  inflected  parallel  to  oa, 
and  equal  to  op,  opl,  the  arc  ppl  will  be  equal  to  pp',  and  the 
are&pop^  will  be  half  the  area  pmm'p^.  \Also  at  is  equal  to 
the  arc  of  the  spiral  continued  from  a  to  the  pole,  and  the 
triangle  aot  is  double  the  corresponding  area.  These  re- 
sults agree  with  those  found  in  art  (437),  (438). 


4P.  Let  the  curve  pp'p*^  be  the  equilateral  hyperbola  re- 
lated to  its  asymptotes,  and  represented  by  the  equation 
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^9 


jfx  =  m\ 
By  differentiating,  we  find 

ydx  4-  xdjf  =  0, 
which,  after  the  necessary  substitutions,  becomes 

z^dw  4-  m^dz  =  0 ; 
which  being  integrated,  gives 

z^M  =  im\ 
which  is  the  equation  of  the  lUutbS. 

Hence  if  pm  =  Ap,  and  f'm'  =  a//,  the  arc  pp'  =  'pp\  and 
the  area  pmmV  is  equal  to  twice  the  area  j^aje/  ;  also  the 
area  of  the  entire  htuus  continued  to  the  pole  is  equal  to 
half  the  space  included  between  the  hyperbola  and  its  asym- 
ptotes,  and  the  entire  length  of  the  lituus  is  equal  to  that  of 
the  hyperbola. 


'    8^.  The  preceding  is  only  a  particulat  case  'of  a  more 
general  class  of  curves  included  under  the  equation 

which,  differentiated,  gives 

j/^dx  -\-  myr^^xdy  =  0^ 
'.* ydx -{■  mady -=^0% 
which,  after  the  necessary  substitutions,  becomes 

(m  -f  l)«'^"'"'w  =  t/m'^"'"'. 
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SECTION  XXIII. 

Prcpositiotis  iUtLstratite  qfthe  application  of  the  preceding 
part  of  Algebraic  Geometry  to  various  parts  of  Physical 
Science* 

PBOP.  CCCXXVX. 

(636.)  A  right  line  of  a  given  length  being  drawn  per-^ 
pendicular  to  an  horizontal  plane j  to  find  the  vMture  of  (he 
curve  traced  out  by  the  extremity  of  its  shadow. 

The  meridian  line  being  assumed  as  the  fixed  axis,  and 
the  angle  which  the  shadow  r  makes  with  it  being  wj  and 
L  the  length  of  the  perpendicular.  Let  z  be  the  zenith 
distance  of  the  sun^  ^  its  polar  distance,  and  X  the  latitude. 
By  the  conditions  of  th^  question,  we  have  the  equation 

r  =  l'  tan.  z ; 
fmd  since  the  angle  m  is  the  sun's  azimuth,  yre  have  by  spher 
rical  trigonometry, 

cos.  m  —  cos.  z  sin.  A 

COS.  Uf  =    -r— r. 

sm.  z  COS.  A 
By  these  equations,  eliminajting  z,  the  result  is 

r  .  COS.  A  .  COS.  w  +  L  sin.  A  =  Vr*  -f-  l*  .  cos.  w. 
If  the  meridian  line  h&  taken  as  the  a?^is  of  jr,  an4  the 
intersection  qf  the  planes  of  the  horizon  and  prime  vertiq9i| 
as  the  axis  of  y,  and  this  equation  be  reduced  to  one  between 
rectangular  co-ordinates  yx^  the  result  is 

COS.*  «r  .  ^  4-  j(cOS.*  or  —  COS."  a)j?«  —  rin.  2a  .  LX 

+  (cos.*  w  —  sin.*  x)l*  =  0. 
^he  locus  is  thejr^gre  a  lipe  of  the  second  degree. 
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It  is  an  eUipse,  hyperbole^  or  parcAola^  according  ad 
COS.  w  >  COS.  Xy  COS.  m  <  cos.  X,  or  cos.  vs  =  cos.  A. 

In  other  words,  when  the  sun's  polar  distance  is  less  than 
the  latitude,  it  is  an  ellipse ;  when  it  is  greater,  an  hyperbola  ^ 
and  when  it  is  equal  to  the  latitude,  it  is  a  parabola. 

At  the  pole  cos.  A  =  0 ;  the  locus  is  therefore  a  drcle 
represented  by  the  equation 

y  +  X*  =  L*  tan.*  «r. 

At  places  within  the  polar  circle  the  locus  has  at  different 
times  of  the  year  all  its  varieties,  ioasmuch  as  the  sun's 
polar  distance  is,  at  different  times  of  the  year,  greater,  equal 
to,  and  less  than  die  latitude. 

At  the  polar  X^irde  the  locus  is  a  parabola  at  the  solstice, 
and  an  hyperbola  at  all  other  times. 

At  all  latitijides  less  than  66^^  the  locus  is  always  An  hyper- 
bola,  since  the  sun'^s  polar  distance  is  never  less  than  66^^  , 

At  the  equator  the  locus  is  the  intersection  of  the  planes 
of  the  prime  vertical  and  horizon  at  the  equinoxes ;  for  ^n 
^at  case  m  =  9(y>,  and  the  equation  of  the  locus  becomes 

a:  =  0. 


PEOP.  cccxxvn. 

(637.)  To  find  the  curve  described  by  the  vertex  qfihe 

eartJis  corneal  shadow. 

Let  the  semidiameters  of  the  sun  ^nd  earth  be  r,  r',  ^^ 
]^iZy  sfy  he  the  distances  of  the  vertex  of  the  shadow  and 
the   centre  of    the  earth    from   the     sun,    we  have    the 
^uations 

z  r 


2'  = 


7  -r— r'* 


2(H-ecos.tt>)' 
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the  latter  b^ng  the  polar  equation  of  the  earth's  orbit, 
elinuDating  tI^  the  result  is 

pr 
2(r  —  W)  (1  +  ^  COS.  fti)' 
Hence  the  vertex  of  the  shadow  describes  an  ellipse  similar 
to  that  of  the  earth,  and  whose  parameter  is 

r — r'* 

PKOP.  CCCXXVIII. 

(638.)  If  a  body  revolves  in  any  proposed  cvroe^  to  find 
{he  curve  of  a  Jixed  star's  aberration  as  seen  from  Ms 
body. 

As  the  aberration  is  in  direction  always  parallel  to  the 
tangent  to  the  orbit  in  which  the  body  is  supposed  to  move, 
and  in  quantity  reciprocally  proportional  to  the  perpendicular 
ftom  the  centre  of  force  upon  the  tangent,  the  nature  of  the 
curve  of  aberration  may  be  investigated  by  finding  the 
locus  of  the  extremity  of  a  line  drawn  from  the  centre^oi 
force  parallel  to  the  tangent,  and  such  that  the  rectangle 
under  it,  and  the  perpendicular  on  the  tangent,  shall  be 

constant. 

These  conditions  may  with  great  facility  be  reduced  to 
equations.  Let  f(^V)  =  0  be  the  equation  of  the  curve, 
the  origin  of  rectangular  co-ordinates  being  at  the  centre  of 
force,  and  yx  being  the  co-ordinates  of  any  point  of  the 
sought  locus,  the  condition  of  the  radius  vector  being 
idways  parallel  to  the  tangent,  gives  the  equation 

^=i^or 
dsi       x^ 

xdjf  — ydoi  =  0. 
Let  jk"  be  the  distance  from  the  origin  at  which  the  tan- 
cent  meets  the  axis  of  x.    By  the  equation  of  the  tangent 


Ik 
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^ ^"- 

Let  p  =  the  perpendicular  on  the  tangei^t 

and  therefore  we  find 

and  since  by  the  first  condition, 
therefore 

And  by  the  condition,  that  the  rectangle  under  the  perpen- 
dicular and  radius  vector  is  constant, 

The  locus  sought  will  therefore  be  found  by  eliminating 
^af  from  the  equations 

ody  —  yo;  =  w«     (1), 

ydaf  -  xdi/  =  0     (2), 

F(y^)  =  0     (3). 

PBOP,  CCCXXIX. 

(639.)  The  orbit  being  a  line  of  the  second  degree  with 
the  centre  ofjbrce  at  ffiejbcus^  to  Jlnd  the  curve  of  aber» 
rcttion. 

The  polar  equation  of  a  line  of  the  second  degree,  the 
focus  being  the  pole,  is 

.^^ P 


III  i« 


^(1-e  COS.  wy 

vihich  reduced  to  rectangular  co-ordinates,  and  arranged  by 
the  dimensions  of  the  variables,  is 
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y»  +  (1  -  e«y*  -  peJ  -  ip^  =  0. 
By  differentiating  this,  we  have 

dt/      pg— 2(1— g*)3?f 
da:^  ""  ^^  • 

Hence  equation  (2)  .of  the  l^t  proposition  becomes 
pea;  —  2(1  -  e/^)a;af  —  %y  =  0. 
By  means  of  this,  the  equation  of  the  orbit,  and  the  qua- 
tion  (1)  of  the  last  proposition,  eliminating  y  and  s/,  the 
result,  arranged  according  to  the  dimensions  of  the  tj^t 
riables,  is 

2^  +  (1  —  e^)a^  +  (2  -  g%2^*  +  4  — y^ 

wl^jph  is  obviously  resolvable  into  the  factors 

J/*  +  (1  -  e*)^*  =  0, 
„   •  4gw*  4m*(l— ^) 

y,  +  ^«  +  _j, ^r-^  =  o. 

The  former  ^ves^  =  0,  a?  =  0  sciL,  the  ori^n  of  the  cp- 
ordinates.  The  latter  is  the  equation  of  the  locus  sought, 
which  is  therefore  a  circle,  the  co-ordinates  of  whose  centre 

are  j?  =  0,  y  =  -r* ,  and  whose  radius  is .    rrom 

P  P         ^ 

which  it  also  appears  that  the  origin  of  co-ordinates  is  within 

the  circvimferencej  on  it,  or  outside  it,  according  as  ^  <  1/ 

=  1,  or  >1, 

Hence  it  follows  that  the  curv^e  p£  aberration  is  always  a 

circle  when  the  orbit  is  a  line  of  the  second  degree,  with  the 

centre  of  force  in  the  fpcus;  bijt  that  the  true  place  of  the 

star  is  within  the  circle  if  it  be  an  ellipse,  on  it  if  it  be  a 

parabola,  and  outside  it  if  it  be  an  hyperbola.    It  is  obvious, 

that  if  the  orbit  be  a  circle,  the  true  place  of  the  star  is  ii) 

tbeceotre 


J 


wn  .^ruiixirmr. 


231IH    ic^:;a:ii 


Thy  tliiBK'  <ifyimaiimh  on  omgHBdnc  'uSF-k.  i^"*— '" ■  3c 


c    _* 


1.-/7   -p-  3  VjI  =   L 
Br  ^wwimmnir  r  auL  XT  ixDIL  iUBK.  ivs-  :nii£ 
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'"I'^ 

k^^ 
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a*  ^  »  ^  'ft. 
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PROP.  CCCXXXII. 

(642.)  The  orbit  of  the  planet  being  supposed  a  tirck, 
tvith  the  sun  in  the  circumference^   to  find  tlie  curve  rf 
aberration. 
The  equations  iir  prop.  (688)  become  in  this  case 

a/y  —  j/x  =  m^, 
ytf  4-  xdi  =  rx^ 
y«  4-  J?'*  -  ^roi  =  0. 
Finding  values  for  'if  of  from  the  first,  and  substituting  them 
in  the  last,  the  result,  divided  by^"  +  ar*,  is 

T^x^  +  2rm*j^  —  w*  =  0, 
the  equation  of  the  curve  of  aberration,  which  is  therefore 
a  parabola,  whose  axis  is  the  axis  of  y,  and  the  oo^NxUnate 

of  whose  vertex  is  y  =  -^ — . 

PROP.  CCCXXXIII. 

(643.)  The  orbit  of  a  comet  being  supposed  parabclky  to 
find  the  place  of  perihelion  Jrom  two  distances Jrom  the  iti'f^ 
and  the  included  angle* 

Let  the  equation  of  the  orbit  related  to  the  axis  and 

focus  be 

_  _P 

*       2(l-cos.a;)' 
Let  the  two  distances  given  be  z\  «'',  and  the  corresponding 

» 

anomalies  «/,  cc",  hence 

P 


z'  = 


»"  = 


A> 


2(1  — cos.  fiw') 


2(l-cos.  w")' 
by  dividing,  we  find 

2'    _^  1  —COS.  w" 
2''  ""  1  —  COS.  cc/  ' 
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The  given  angle  under  J  and  ^  being  ^,  we  have 

a/  -f  w"  =  ^, 

By  eliminating  one  of  the  anomalies  by  these  equations,  we 
shall  find  a  value  for  the  other.  This  elimination  may  be 
effected  thiis, 

1  —  cos.  w'  =  2  sin.2  |«', 

1  —  COS.  »"  =  2  sin.-  4w''. 
Hence 

^-sl  ^  sin.  \o^ 
"^'"^  sin.  4a/' 

^  >x/5+ \/?' _  sin,  \oJ -f- sin.  ^oi" 
^75ir^7'~  sin.  4a;'-sin.  ia/'' 

'  ^  ^  V^l^-f  v^?  _         cot.  |(p 

'*  WW? "  ^^-  iC^'-c*^')* 
Hence  by  finding  the  value  of  w'  —  w'',  the  value  of  each 
anomaly  is  known. 

PEOP.  cccxxxiv. 

(644.)    The   parabolic    orbits  of  several  comets  having 
a  common  tangent^  to  find  the  locus  of  the  perihelia. 

Let  p  be  the  perpendicular  distance  of  the  common 
tangent  from  the  sun,  z  the  perihelion  distance,  and  :^  the 
distance  of  the  point  of  contact,  and  let  the  angle  under  p 
and  zhe  (fj.    By  the  polar  equation  of  the  parabola 

2z 
""  1—cos.  2w ' 
and  since  by  the  properties  of  this  curve  p  is  a  mean  pro^ 
portional  between  z  and  dj 

p*  =  zd, 
J  being  eliminated  by  these  equations,  the  result  is 

1—cos.  2a; 

^2  ^  P*  — • 
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the  latter  b^ng  the  polar  equation  of  the  earth's  orbit, 
eliminating  t!^  the  result  is 

pr 
"  2(r -W)  (1  +  ^  cos,  ft>)' 
Hence  the  vertex  of  the  shadow  describes  an  ellipse  mmilar 
to  that  of  the  earth,  and  whose  parameter  is 

r — r'* 

PBOP.  CCCXXVIII. 

(638.)  If  a  body  revolves  in  any  proposed  cwroey  to  find 
the  curve  qf  a  fixed  star's  aberration  as  seen  from  this 
body. 

'  As  the  aberration  is  in  direction  always  parallel  to  the 
tangent  to  the  orbit  in  which  the  body  is  supposed  to  move, 
and  in  quantity  reciprocally  proportional  to  the  perpendicular 
ftom  the  centre  of  force  upon  the  tangent,  the  nature  of  the 
curve  of  aberration  may  be  investigated  by  finding  the 
locus  of  the  extremity  of  a  line  drawn  from  the  centre^of 
force  parallel  to  the  tangent,  and  such  that  the  rectangle 
under  it,  and  the  perpendicular  on  the  tangent,  shall  be 
constant. 

These  conditions  may  with  great  facility  be  reduced  to 
equations.  Let  f(^V)  =  0  be  the  equation  of  the  curve, 
the  origin  of  rectangular  co-ordinates  being  at  the  centre  of 
force,  and  yj:  being  the  co-ordinates  of  any  point  of  the 
sought  locus,  the  condition  of  the  radius  vector  bang 
idways  parallel  to  the  tangent,  gives  the  equation 

j^^L  or 
dx^       x^ 

xdjf  '•^ydoi  =  0. 
Let  a-''  be  the  distance  from  the  origin  at  which  the  tan- 
gent meets  the  axis  of  ^.    By  the  equation  of  the  tangent 
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^-— ^-- 
Let|7  =  the  perpendicular  on  the  tangei^t 

P   "SSL  Jp 

and  therefore  we  find 

a^dt/ "--f/daf 

^""   Vd^^~+^ ' 
and  ance  by  the  first  condition, 

therefore 

And  by  the  condition,  that  the  rectangle  under  the  perpen- 
dicular and  radius  vector  is  constant, 

P\/^*     "*"     ^    =     *'**'• 

The  locus  sought  will  therefore  be  found  by  eliminating 
i/af  from  the  equations 

s^y—j/x^m^    (1), 

ydcd  -  xdj/  =  0     (2), 

F(y^)  =  0     (3). 

PROP,  CCCXXIX. 

V 

/ 

(689*)  The  orbit  being  a  line  of  the  second  degree  with 
the  centre  of  force  aJt  thejbcusy  to  find  the  curve  of  aber- 
rixiion. 

The  polar  equation  of  a  line  of  the  second  degree,  the 
focus  being  the  pole^  is 

p 

^       2(1-^  cos.  cc;)' 

which  reduced  to  rectangular  co-ordinates,  and  arranged  by 

the  dimensions  of  the  variables,  is 
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but  by  trigonometry, 


sin.*  a;  = 


1 — COS.  2uj 


% 
Hence  the  equation  related  to  rectangular  co-ordinates  is 

y*  +  ^*  —  1'^  =  0. 
The  locus  is  therefore  a  circle  described  on  the  perpendicular 
p  as  diameter. 

PROP,  cccxxxv. 

(645.)  The  parabolic  orbits  of  several  comets  intersecting  at 
the  same  pointy  to  find  the  locus  of  the  perihelia. 

Let  si  be  the  distance  of  the  intersection  of  their  orbits 
from  the  sun^  and  z  the  perihelion  distance,  and  oi  the  angle 
under  them.     By  the  polar  equation  of  the  parabola, 

/=  = . 

1— COS.  a; 

Hence  the  equation  of  the  locus  sought  is 

z  =  z'  sin.^  iouf 
which  is  the  equation  of  a  cardioide,  the  diameter  of  whose 
generating  circle  is  the  distance  si. 

PROP,  cccxxxvi. 

(646*)  Projectiles  being  thrown  Jrom  a  given  point  with 
the  same  velocity  in  different  directions^  to  find  the  loci  of 
the  vertices  andjbd  of  the  parabola  described  by  tfiem. 

Let  the  height  due  to  the  velocity  be  h,  and  the  angle  of 
elevation  £,  the  equation  of  the  path  of  the  prc^ectile  in  free 
space  is 

V  =  JT  tan.  e  — r-- 

•^  4h  cotf.*  fi 

The  axis  of  y  being  vertical,  and  x  horizontal,  let  the  co- 
ordinates df  the  vertex  bey/,  and  thdse  of  the  focus ^Jf"* 


To  find  j/,  let^  =  0,  and  or'  will  be  half  the  resulting  value 
of  ^:  hence 

'   or'  =  2h  sin.  e  cos.  e  =  H  sin.  &. 

To  findy,  let  of  be  substituted  in  the  equation  of  the  curvei 
and  we  find 

y  =  H  sin.*  e. 

The  values  oij/'x^  are  found  by  observing  that  3^  ^  af^  and 
the  line  drawn  from  the. origin  to  the  focus  is  equal  to  h 
and  the  angle  under  it,  and  the  axis  of  ^  is,  by  the  properties 
of  the  parabola,  bisected  by  the  direction  of  projection. 
Hence  we  find 

a^  =  H  sin.  2g  y  =  —  h  cos.  26. 

To  find  the  locus  of  the  vertices,  let  s  be  eliminated  by 
means  of  the  values  o(j/afy  and  the  resulting  equation  is 

4j/»  +  a/2  -  tey  =  0, 

which  is  the  equation  of  an  elUpse,  whose  conjugate  axis  is 
vertical,  having  its  extremity  at  the  point  of  projection,  and 
transverse  axis  horizontal.     To  find  the  magnitude  of  these 

axes,  let  a?'  =  0,  '.'y  =  h  ;  and  if  y  =  — ,  the  correspond- 
ing value  of  af  is  h.  Hence  the  conjugate  axis  is  equal  to 
H,  and  the  transverse  axis  to  2h. 

To  find  the  locus  of  the  foci,  let  s  be  eliminated  by  means 
of  the  values  of  yir",  which  ^ves 

ya  +  j/'*  =  H*. 

The  locus  sought  is  therefore  a  circle  whose  centre  is  at  the 
point  of  projection,  and  whose  radius  is  the  height  due  to 
the  velocity. 


B  ib 
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PBOP.  CCCXXXVII. 

(647.)  Several  projectiles  being  thrown  in  the  same  di- 
rection with  different  velodtieSj  to  fitid  the  lad  of  thm 
vertices  andjbci. 

To  find  the  locus  of  their  vertices,  let  n  be  eliminated  by 
means  of  the  values  o(  t/af  found  in  the  last  proposition. 
The  resulting  equati(Hi  is 

t/  =:  -^tan.  ff  .  af^ 
The  locus  is  therefore  a  right  fine  through  the  origin. 

To  find  the  locus  of  the  foci,  let  h  be  eliminated  by  means 
of  the  values  oi^af* ;  the  result  of  which  is 

y  =  cot.  2e  .  JJ^. 
Hence  the  locus  sought  is  a  strught  line  through  the  point 
of  projection,  and  inclined  to  the  vertical  line  at  an  angle 
which  is  bisected  by  the  direction  of  projection. 

PEOP.  cccxxxviir. 

(648.)  Given  the  velocity  and  direction  of  a  pryecHky  to 
find  ihe  point  where  it  will  meet  a  given  plancj  and  also  the 
time  qffiight. 

The  projectile  must  meet  the  given  plane  in  some  point 
of  the  intersection  of  the  ^ven  plane  with  the  vertical  plane 
in  which  the  projectile  moves.  Let  the  equation  of  this 
line  be 

y  =  tan.  m  ,  x  +  b; 
where  m  is  the  angle  at  which  the  plane  is  inclined  to  the 
horizon,  and  b  the  distance  of  the  point  where  it  meets  the 
axis  of  y  from  the  origin.     By  this  equation,  and  the 
equation 


y  =  tan.  e  .  a:  — 


or* 


4h  cos.^  s 


i,» 


we  find  the  co-ordinates  of  the  point  sought  are 
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^  =  2h  — ^^sin.  (e— w)+  5sin.'(ff-TDr) cos.*tDr|^  \ 

To  find  (t)  the  time  of  flight.  Let  m  =  16^'^  inches. 
Since  the  vertical  through  the  projectile  moves  uniformly 
with  a  velocity  expressed  by  2  cos,  «  v^nm,  we  find 


T  = 


2  COS.  e  x/nm 
Hence 


T  =   ?^'*-!  sin.(f~or)4-  i  8in.«(6-ar) cos.^>^> 

m  COS.*  «^il  I  H  ^J 

being  the  time  of  flight  expressed  in  seconds. 

PROP,  cccxxxix. 

(649.)  Given  the  velocity  of  pryecHUm^  tojind  the  angle 
of  projection^  cU  wfiich  the  distance  of  the  point  where  the 
profedUe  meets  a  given  plane  shall  be  a  maximum. 

This  problem  is  in  effect  to  investigate  the  value  of  b, 
which  renders  the  value  of  x  in  the  last  proportion  a 
maximum.    For  this  purpose,  let  it  be  differentiated,  and 
its  differential  equated  with  cypher ;  the  result  of  which  is 
COS.  f  cos.  (fi  —  or)  --  sin.  e  sin.  (c  —  w)  —  a  sin.  s 
cos.  «  an.  (g — m)  cos,  (g— qr)  ^ 

R 

where  r  =  i  sin.*  (*  —  ^)  —  "^  cos.*  m  j-    . 

This  equation  gives  the  sought  value  of  f ;  but  to  extricate 
it,  requires  some  trigonometrical  artifice.     Observing  that 
cos.  s  cos#  (fi  —  or)  —  sin.  «  sin.  (s  — •  w)  =  cos.  (2fi  —  tar), 
multiplying  by  r,  and  substituting  for  R*  its  value,  the 
equation  becomes 
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coB«(S<  —  ^)\  B  +  8in.(e— w)  l  ^ sin.  6co8.*«r  =  0, 

.     ^  ^       6      ffln.£Cos.*zQr 

^  ^       H      COS,  (2fi—  w) 

By  equating  this  with  the  other  value  of  R,  and  squaring 
and  expunging  the  terms  which  mutually  destroy  each  other, 
we  have 

cos,*  (2g  —  w)  +  2  sin.  (e  —  w)  cos.  (26  —  w)  sin.  b 

H fflin,^  f  cos/  w  =  0. 

H 

But  by  trigonometry, 

2  sin.  (£  —  ot)  sin.  e  =  cos.  «r  —  cos.  (2e  —  tar). 

By  this  substitution,  the  expression  being  cleared  of  the 
terms  which  destroy  each  other,  and  divided  by  oo8.fir, 
becomes 

COS.  (2£  —  or)  -I sin.*  fi  COS.  j3  =  0. 

By  trigonometry, 

COS.  (26  — .  w)  =  COS.  2e  cos.  w  -f  an.  26  an.  «r, 
COS.  2e  =  cos*  6  —  jttn.2  6, 
sin.  26  =  2  sin.  6  cos.  6. 

Making  these  substitutions,  and  dividing  by  cos.  m  cos.'  s, 
and  arranging  .for  solution,  we  find 

tan.*  6  +  2  .  7 .  tan.  m  tan.  s  +  ■= =  0; 

which  solved,  gives 

tan.  6  =  -—7  .   J  tan.  w  +  J  sec.*  m |  *  I 

which  ^ves  the  required  value  of  e. 
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The  cause  of  the  two  values  of  s  is  obvious ;  for  the  an^e 
of  elevation  being  the  same,  the  projectile  may  be  thrown 
either  tq)  or  down  the  plane^  and  one  of  the  values  of  the 
elevation  gives  the  maximum  range  «<p  the  plane^  and  the 
other  donm  it. 

If  the  projectile  be  thrown  from  one  point  to  another  on 
the  same  plane,  b  =  0,  and  the  formula  for  the  range 
becomes 

.       cos.  fi  rin.  (e  — w) 
X  =  4h  • 

cos.  Iff 

In  this  case  also  the  maximum  range  is  givoi  by  the  eleva- 
tion resulting  from 

tan.  s  =  tan.  m  ±  sec.  m ; 

but  by  trigonometry, 

sin.  or  + 1  ,         -^^^. 

tan.  m  ±  sec.  or  = =  tan.  -L-ivr  -f-  9(r). 

cos.  or 

Hence  the  direction  which  produces  the  greatest  range  is 
that  which  bisects  the  angle  under  the  plane,  and  the  vertical 
through  the  point  of  projection. 

It  is  observable,  that  if  s  and  if  be  two  angles  of  elevation 
so  related  that 

g  +  e'  =  90^  +  or, 

we  shall  always  have 

cos.  €  sin.  (e  —  or)  =  cos.  J  sin.  {J  —  or). 

Hence  two  such  elevations  always  pve  equal  ranges  with 
the  same  velocity  of  projection ;  and  if  appears  from  the 
way  these  angles  are  related  to  the  value  of  f ,  giving  the 
maximum  range,  that  any  two  directions  of  projection, 
equally  inclined  to  that  which  gives  the  maximum  range, 
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will,   with   the    same  velocity  of  projection,    give  equal 
ranges. 

It  ako  appears  from  what  has  been  ssdd,  that  the  elevation 
which  produces  the  greatest  range  on  the  horizcm  is  45^,  and 
that  complemental  elevations  give  equal  ranges. 


PEOP.  CCCXL. 

(650.)  To  find  the  loctis  of  the  empty  Jbci  of  the  orbits  of 
several  planets  having  a  common  point  of  inter  section^  and 
at  tftat  point  having  the  same  velocity' 

Let  the  distance  of  the  point  of  intersection  from  the  sun 
be  D,  and  the  distance  of  the  same  point  from  the  empty 
focus  d'.     By  the  properties  of  the  ellipse, 

D  +  d'  =  2a, 
where  a  represents  the  semitransverse  axis. 

Since  the  velocity  at  the  point  of  intersection  is  the  same 
in  all  the  orbits^  the  osculating  circles  at  those  points  must 
have  a  common  chord  passing  through  the  sun.  Let  this  be 
c.     By  the  properties  of  the  ellipse, 

c  = . 

A 

Eliminating  a,  we  find 

,  CD 

d'  = 


4d— c" 

Hence  the  value  of  d'  is  constant,  and  therefore  the  locus  of 
the  empty  focus  is  a  circle  with  the  common  point  as  centire, 
and  jd'  as  radius. 
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PHOP.  CCCXU* 

(661.)  To  investigcUe  t/iejigure  of  Ae  earth  Jhm  the 
horizonial  paralkuv  of  ihe  moon  accurately  observed  at  the 
same  time  in  different  latitudes. 

Let  <|>  be  the  latitude^  and  r  the  corresponding  semi- 
diameter  of  the  earth,  and  let  the  equation 

a*  sin.*  <p  +  ft*cos.«  ^ 

be  assumed  as  that  of  a  meridian,  a  representing  the  equa- 
torial, and  b  the  polar  semidiameters.  Also  let  r'  be  the 
semidiameter  corresponding  to  another  latitude  <|/,  *•* 

a«  sin.«  ^+6«  cos.*  f 

Dividing  one  of  these  equations  by  the  other,  and  supposing 
a  as  mi,  we  have 

r*  _  m^  sin/  f^-f  co8>'  ^ 
f*^  "^  wi*  sin."  ^-|-co6.*  <p  " 

Hence,  observations  of  two  horizontal  parallaxes  at  given 

r 
latitudes  will  give  the  value  of  -j-;  from  whence  that  of  f», 

or  the  relation  of  the  equatorial  and  polar  diameters,  is  easily 
found. 

Therefore,  assuming  the  earth  to  be  an  oblate  spheroid, 
we  can  find  its  axes.  And  the  truth  of  the  assumption  may 
be  proved  by  every  pair  of  observed  parallaxes  giving  the 
same  value  of  m. 
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PROP.  CCCXLII. 


(658.)  A  perfictljf  flexible  and  inelastic  chain  cftmifin^ 
densitTf  and  Sickness  bdnff  suspended Jrom  two  fixed  piAnts^ 
tojiftd  the  cwrve  into  which  it  willjbrm  itself  by  the  effid 
f^its  own  weight 


Let  the  fixed  points  a  and  b  be  the  points  of  saspen8i0n9 
and  the  horizontal  and  vertical  lines  through  a  being  taken 
axes  of  co-ordinates,  let^^  be  the  co-ordinates  of  any  point 
p,  and  let  the  «rc  ap  be  «.  The  part  ap  of  the  chain  may 
be  considered  ^  a  rigid  body  retained  in  a  state  of  equi- 
librium by  three  forces,  scil.  the  weight  of  the  chain  s  acting 
in  the  vertical  direction,  the  tension  a  at  the  pcnnt  a  acting 
in  the  direction  of  a  tangent  at  that  point,  and  the  tension  t 
at  the.  point  p  acting  in  the  direction  of  the.  tangent  at  the 
point  p. 

Let  the  angles  under  the  t^ngients  at  the  ^ints  a  and  Vf 
and  a  horizontal  line,  be  respectively  a  and  w. 

By  the  principles  of  Statics,  since  the  forces  all  act  in  the 
same  plane,  their  component  parts  in  the  direction  of  each 
axis  of  co-ordinates  must  be  in  equilibrio*  Hence  we  have 
the  equations 
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a  COS.  a  —  ^  COS.  tir  =  0, 
a  sui.  a  —  ^  sin.  or  —  ^  =s  0. 

Eliminating  t  by  these  equations,  the  resulting  equation 
solved  for  tan.  tor,  ^ves  ^ 

ami.  a— « 

tan.  w  =  ; 

a  COS.  a 

but  in  general  tan.  w  =  -~^,  •.• 

dy       a  sin.  a— 8 
dx  "^     a  COS.  a    ' 

which  IS  equivalent  to  the  differential  equation  of  the  cate- 
nary found  in  (546).  By  a  comparison  with  this,  it  appears 
that  the  curve  sought  is  a  catenary,  whose  axis  is  vertical. 


PROP.  CCCXLIII. 


(65S.)  A  flexible  cmd  elastic  chain  is  aUached  to  tioo 
fixed  points^  toflnd  the  cutve  into  whidi  it  wiUform  itself 
bj/  its  own  gravity. 

The.  chain  being  supposed  of  uniform  density  and  thick- 
ness, let  the  ratio  of  any  assumed  length  of  it  to  the  length 
of  the  same,  when  extended  by  the  tension  ^,  be  1  :  1  +  et. 
Let  the  tension  at  the  lowest  point  be  equal  to  the  weight  of 
a  length  c  of  the  unextended  chain.  Let  s!  be  any  length 
of  the  unextended,  and  s  of  the  extended  chain.  The  axes 
of  co-ordinates  being  vertical  and  horizontal,  we  have  by  the 
conditions  of  the  question 

ds  =  di(l  +  et). 
The  forces  which  keep  s  at  rest  are  P,  the  tension  <,  2®,  the 
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tension  e»  S%  the  weight  J  of  the  chain.     These  forces  are 

therefore  as  the  sides  of  a  triangle,  which  are  parallel  to 

their  directicms,  that  is,  as  dx^  dj/j  ds;  hence 

t        ds        .  sf       du 
—  —  T— ,  and  —  =  -y^. 
c       ax^         c       dx 

By  differentiating  the  latter,  and  eliminating  dsf^  we  find 

d^y  ^         ds 

da^"  cdx  +  (^eds' 

dy  .i._i» 

Now  if  ^  =  i^j  •••  (fe  =  a/1  +/>*  .  dxj  \' 


dp  __       a/1  -f /^ 

and  dy  =  — f^     +  c^epdp. 

a/1+p* 

By  int^ation  we  find 

^  =  c/  |/)  +  a/1  +p*  I  +  c*^, 

j^  =  c  a/1  +f  +  ic«6p«. 
The  integral  being  assumed,  so  that  when  p  =  0  we  have 
a:  s=  0,  y  =  c. 

In  these  equations  the  variable  p  b  the  tangent  of  the 
angle,  which  the  curve  at  the  point  yx  makes  with  the 
horizon. 

By  the  elimination  of  p,  we  should  find  the  equation  of 
the  curve  expressed  between  the  variables  ^x. 

To  express  the  equation  between  s  and  p,  we  should 
observe  that 


ds  —  y/\  -\-  p^  dx. 
In  which  the  value  of  dx  already  found  being  substituted, 
and  the  result  integrated,  gives 

«  =  cp  +  icH\p^TTy  +  l[p  V  y/TTf) \ 
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P&OP.  CCCXLIV. 


(654.)  A  given  orbit  is  described  by  a  body  round  a  given 
point  as  centre  qfjiyrccy  and  from  am/  point  in  it  the  body  is 
projected  with  the  velocity  in  the  orbit  in  a  direction  ifnme- 
diat^  opposed  to  the  action  of  the  force ;  to  find  the  locus 
qfffke  point  at  which  it  shaU  cease  to  recede  Jrom  the  orbit. 

Let  D  be  the  distance  of  any  point  in  the  orbit  from  the 
centre  of  force,  and  H  the  distance  at  which  the  body  shall 
cease  to  recede  from  the  curve.  Since  in  moving  through 
H  —  D  the  body  loses  the  velocity  with  which  it  is  pro- 
jected, it  would  acquire  the  same  velocity  in  moving  through 
the  same  space  in  the  opposite  direction.  Hence,  if  v  be  the 
velocity  in  the  curve, 

V*  =—  4sm/vdi>, 

where' Sm  is  the  velocity  communicated  by  the  unit  of  £nce 
in  the  unit  of  time.     Let  the  law  of  the  force  be  such  thkt 

the  force  being  unity  at  the  distance  unity.     Hence,  by  in- 
tegrating, we  find 

n  ^ 

If  c  be  the  chord  of  the  osculating  circle  passing  through 
the  centre  of  force,  since  v  is  equal  to  the  velocity  in  the 
curve,  we  have 

v2  =  mFC  =  ^^""^c, 

which  combined  with  the  former,  gives 

The  values  of  c  and  d,  known  by  the  equation  of  the  given 
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orbit,  give  the  equation  sought.  ^  We  shall  give  a  few  ex- 
amples of  the  application  of  this  formula. 

1.  Let  the  orbit  be  an  ellipse^  the  centre  of  force  bebg 

the  focus.     In  thist  case  n  =  —  1,  and  c  =a  — -^ 

where  a  expresses  the  semitransverse  axis:     Hence 

H  =  Sa. 
The  locus  is  therefore  in  this  case  a  circle^  whose  radius  is 
equal  to  the  transverse  axis  of  the  orbit. 

2.  If  the  curve  be  an  ellipse,  the  centre  being  the  centre 

of  force.     In  this  case  n  =  2,  c  =  ^  where,  b'  is  the  se- 

midiameter  conjugate  to  d.    Hence 

H*  =  D*  -f  b'^  =  A*  +  B«, 
A  and  B  being  the  semiaxes.  The  locus  is  therefore  a  circle, 
whose  radius  is  equal  to  the  line  joining  the  extremities  of 
the  axes. 

3.  If  the  curve  be  a  circle,  the  centre  being  the  ooitre  of 
force,  the  formula  becomes 

H"  =  (1  +  |-)D". 


paop.  cccxLv. 


(655.)  A  given  orbit  is  described  round  a  given  point  as 
centre  qfjorccy  and  a  bodi/  being  placed  ai  amf  point  in  Ae 
orbU,  is  moved  by  the  action,  and  in  the  direction  qf^ 
JbrcCy  until  it  acquires  the  vehcitj/  it  xoouid  have  in  the  orbit ; 
tojind  the  locus  qfihe  point  ai  which  this  velocitj/  shall  be 
acquired. 

Let  H  be  the  distance  at  which  the  velocity  shall  be  ac- 
quired, and  D  the  distance  of  the  pcant  in  the  orlHt  from 
the  centre  of  force.     As  before, 
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n  ^  /» 

V*  =  WID""^  .  c, 

The  values  of  d  and  c  resulting  from  the  equation  of  the 
given  orbit  being  substituted,  give  the  locus  sought 
To  apply  this  formula  to  some  examples:  , 

!•  If  the  curve  be  a  circle,  with  the  force  at  the  centre, 

H"  =  (1  -  -|-)D". 

2.  If  the  curve  be  a  circle,  with  the  force  on  the  circum- 
ference, let  its  equation  be 

jz  =  ^  cos.  cu. 

Since  in  this  case  af  =  d,  and  n  =  —  4,  and  c  =  d  =  5r,  •/ 

3 

H  =  2^  .  r  COS.  »5 

which  shows  that  the  locus  is  a  circle  toudiing  the  given 
one  internally  at  the  centre  of  force,  and  whose  radius  is 

r 

2^ 

3.  If  the  curve  be  an  ellipse  or  hyperbola,  the  force  being 
at  the  focus.     Let  the  equadon  be 


z  = 


2(l+^cos.»)' 
In  this  case  z  =  d,  «=—  1,  c  = -,  a  being  the 


semitransverse  axis,  *.* 

2ajs 


H  = 


4a— jsr' 
Substituting  for  Zy  this  becomes 
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t 

2(1+^  COS.  tJy 


H  = 


where 


y  = 


4a*-ft«' 


6  being  the  semioonjugate  axis  of  the  ^ven  orbit.  The 
locus  is  therefore  an  ellipse  or  hjrperbola,  whose  parameter 
and  eccentricity  are  j/  and  ^,  and  whose  transverse  axis 
coinddes  with  that  of  the  given  ellipse. 

4.  If  the  g^ven  orbit  be  a  parabola,  the  force  being  at  the 
focus.     In  this  case  c  =s  4d^  -.* 

H  =  4d, 

P 

.     •     XT     — »  * 

4(1  —  cos,  w)' 

The  locus  is  therefore  a  parabola,  whose  axis  is  coincident 
with  that  of  the  given  orbit,  and  which  has  the  same 
focus. 

5.  If  the  orbit  be  an  ellipse,  with  the  force  at  the  centre. 

In  this  case  w  =  2,  c  =  —r-,  n  =  a',  •.• 

H«  =  a»  -  i'*  =  2rf«  -  (o«  +  A»). 
And  since  by  (178), 

62 


rf«  = 


1  —  ^2  COS.'^o; 


the  equation  of  the  locus  sought  is 

2b^ 

H*  =  r— — (a«  +  6*), 

1— ^COS.*tt;  '' 

which  is  the  equation  of  a  curve  of  the  fourth  degree,  similA^ 
in  figure  to  the  lemniscata. 

For  the  hyperbola  the  equation  becomes 
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H«  = 


-2*« 


1— ^cos.«  w 
which,  when  of'  =  6^,  becomes  - 

26* 


-  (a^  -  60, 


H«  = 


2cos.«  fti-r 
which  is  the  equation  of  an  equilateral  hyperbola. 

6.  If  the  given  orbit  be  the  logarithmic   spiral  repre- 
sented by 

In  this  case  d  =  js,  c  =  S^:,  and  n  =  —  2,  •/ 

1  1 

H  =  — -z  =:  —=jaf»>, 

a/2  V2 

Hence  the  locus  sought  is  also  a  logarithmic  spiral. 
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(656.)  A  nuUerial  point  is  mooed  by  its  awn  weight  on  a 
curve^  the  plane  of  which  is  vertical;  to  determine  tf^per- 
pendictdar  pressure  on  the  curve. 

Let  AY  the  axis  of  y  be  vertical, 
and  AX  that  of  x  horizontal ;  and 
let  the  co-ordinates  of  any  point 
p  be  yx.  Let  the  velocity  v  at 
p  be  that  which  would  be  ac- 
quired in  falling  freely  from  the 
horizontal  line  en ;  and  it  follows 
from  the  principles  of  Mechanics, 
that  the  veloraty  at  every  point  will  be  that  which  would  be 
acquired  in  falling  from  the  same  line.    Henoe,  if  ac  =  y, 

V*  =  4wi(y  -  y), 
m  h&ng  the  space  described  freely  in  the  unit  of  time. 

The  pressure  exerted  by  the  moving  point  at  p  in  the 
direction  of  the  normal  is  the  effect  of  two  causes;  1^,  the 
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weight  g  of  the  moving  point  resolved  in  the  direction  of 
the  normal,  and  S^,  the  force  ariaing  from  the  angular 
swing  of  the  point  round  the  centre  of  the  oscukting  drde. 
The  former  is 

g  •  sm.  fl  =  g  . J, 

where  9  is  the  angle  at  which  the  tangent  at  the  point  p  is 
inclined  to  the  horizon.     The  latter  is 

where  r  is  the  radius  of  the  osculating  circle,  the  value 
of  which  being  substituted  for  it,  gives 

These  two  forces  being  united,  ^ve  the  whole  pressure, 

*     dx  €  1 

p^g. jJdy*  +  diif  +  2(y  --  y)dhi\ 

It  is  evident  that  when,  the  curve  is  convex  towards  the 
horizon,  these  two  forces  act  in  conjunction,  and  when  con- 
cave, in  opposition.  The  formula  thus  determined,  how- 
ever, accommodates  itself  to  these  cases  by  the  sign  of 

To  determine  the  point  at  which  the  pressure  is  equal  to 
the  wdght,  let  p  =  g,  which  gives 

(dy^  +  dx^)^  -  (dj^»  +  dx'^)dx  -  2(j/  '-Jf)d!^  .dx^^^ 

If  part  of  the  pressure  arising  from  the  wmgfat  resc^v^  ^ 
the  direction  of  the  normal  act  in  oppontion  to  the  ^ 
arising  from  the  centrifugal  force,  which  will  be  always  ^ 
case  when  the  curve  is  concave  towards  the  horizon ;  when 
these  become  equal,  the  pressure  on  the  curve  will  vanish) 
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and  the  foody  will  fly  oiF  in  the  path  of  a  projectile.  To 
detennine  this  point,  let  jt?  =  0>  \* 

These  general  formulae  serve  for  the  determination  of  the 
pressure  when  the  equation  of  the  curve  is  ^ven,  or,  when 
the  law  of  the  pressure  is  ^ven,  the  species  of  the  curve 
may  be  found  by  integration.  We  shall  proceed  to  ^ve 
some  examples. 

1.  Let  the  curve  be  a  circle,  the 
point  commencing  its  motion  from  the  ex* 
tremity  (b)  of  the  horizontal  diameter. 
The  equation  of  the  circle  being 

J/»  +  a:*  =  r^, 

dx"      y^ 
d^  r* 

dx^  ""      ^ ' 
By  these  substitutions^  and  observing  that  y  =r  0,  we  find 

In  this  case,  the  part  of  the  wmght  of  the  moving  pmnt  re- 

solved  in  the  direction  of  the  normal  is  £" .  -^j  and  there- 

fore  the  part  arising  from  the  centrifugal  force  is  twice  this. 
It  follows  also  that  the  pressure  at  the  lowest  point  d  is 
equal  to  three  times  the  weight  This  result  evidently  gives 
the  tension  of  the  string  in  a  common  pendulum ;  for  the 
perpendicular  pressure  being  exerted  in  the  direction  of  the 
radius,  is  the  force  which  would  draw  the  radius  wene  it  tbe 
string  of  a  pendulum. 

The  point  p  at  whidi  the  pressure  is  equal  ta  the  weight, 
is  found  by  taking  cm  =:  }r,  and  drawing  mf. 

%.  Let  the  curve  be  a  dtrcle,  the  poiht  commencing  its 

c  c 
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motion  with  a  pren  velocity  from  the  extremitjr  d  of  &e 
vertical  diameter. 

Let  the  velocity  at  d  be  that  which  would 
^         be  acquired  in  falling  through  cd,  and  let 
AC  =  y.    In  this  case,  making  similar  sub- 
stitutions, we  find 

To  find  the  point  at  which  it  will  fly  oflT,  we  have 

Hence  if  cm  =  j^AC,  p  will  be  the  point. 

If  y  =  r,  that  is,  if  c  coincide  with  d,  we  have 

8.  Let  the  curve  be  the  cycloid,  having  its  axis  vertical, 
and  the  point  commence  to  move  from  the  vertex  with  a 

given  velocity. 

€_  Let  the  velodty  at  d  be 

that  which  would  be  acquiied 
in  falling  through  en,  and  let 
^      AC  =  y .    By  diflTerentiating 
the  equation  of  the  cycloid  twice,  we  have 

doc'^ 


y 


y 


,2» 


which  being  substituted  in  the  general  formula^  gives 


lb  determine  die  point  where  it  will  fly  off,  we  have 


y  =  ^y- 


Hence  if  ca  be  bisected  at  u,  the  paralld  MP  determiBestbe 
point 
^  If  y  =:  2r,  and  therefore  the  initial  velocity  be  nothing, 
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the  point  where  it  vill  fly  joff  is  determined  by  a  ptraDel  id 
the  base^through  the  middle  point  of  the  axis. 

If  the  eottvea^ity  of  the  cydbid  is  turned  towards  the  horizon, 
y  beooin«0  negative,  and  the  formula  for  the  pressure  becomes 

When  y  =  0,  this  becomes 

p  ^-^  s  .  — ===•  —  —  ^  COS.  9. 

The  negative  sign  pcnnts  out  that  the  pressure  is  exerted 
against  the  concavity,  and  not  the  convexity.  This  result 
Aow$  diat  the  pressure  is  twice  that  which  would  be  exerted 
if  the  body  were  quiescent  on  the  curve.  At  the  lowest 
pcHpt  the  pressure  therefore  is  equal  to  double  tk^  weight. 

These  results  apply  to  the  ten^m  of  the  string  in  th^ 
cycloidal  pendulum  ;  and  it  may  in  general  be  observed^  that 
the  formula  for  the  pressure  always  applies  to  the  tension 
of  a  string  to  which  the  movii^  point  may  be  supposed  to 
be  attached,  and  which  ip  wound  off  from  the  evolute  of  the 
proposed  curve  (34@). 

A  change  of  sign  in  the  formula  for  the  pressure  indicates 
a  change  in  the  direction  of  the  pressure,  the  poative  sign 
indicating  a  pressure  on  the  ocmyexity,  and  a  negative  on 
the  concavity.  The  sign  changes  at  the  point  where  the 
two  forces  already  mentioned  are  equal  aiid  opposite,  and  at 
that  point  the  movmg  point  will  fly  off,  unless  it  be  sup- 
posed to  change  its  position  to  the  concave  side  of  the  curve 
in  whidb  the  formula  ocmtiiftues  to  represent  ti»9  pressun^. 
Thus,  in  the  second  example,  if  the  point  at  p,  where  it 
would  fly  off,  be  supposed  to  be  changed  to  the  concave  side 
of  the  curve,  the  formula  continues  to  represent  the  pressure^ 
and  we  thus  find  the  pressure  at  b 

2V 


P  =  -g 


c  c  2 


388:  AXfiEBBAIC   GEOHETBV. 

In  this  case,  if  y  =  r,  the  pressure  at  b  is  equal  to  twice  the 
weight 

In  like  manner,  in  the  third  example  we  find  the  pressure 
at  B  infinite.  This  is  accounted  for  by  the  cusp  at  b 
through  which  it  would  require  an  infinite  foi^^e  to  carry  the 
moving  point. 

PBOF.  CCCXLVII. 

(657.)  To  determine  a  curve  suchj  tiuxt  a  material  point 
constrained  to  move  in  it  by  ihe  force  qfgraxity  will  descend 
VfUh  an  uniform  vertical  tehcUy. 

Let  the  uniform  yertical  vdodty  be  a,  and  the  point, 
bong  supposed  to  begin  its  motion  firom  the  axis  of  Xy 

the  velocity  at  any  point  yx  of  the  curve  will  be  Sv^gy, 
which  bdng  resolved  in  the  vertical  direcdon,  pves 

a 
which  bdng  int^rated,  gives 

wUch  by  a  transfiurxoadon  of  ongok  may  be  reduced  to  the 
ram 

d»  CM^  ww^t » thaefiire  die  semfcaliigi  |MB«bolfc 
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(658.)  A  right  line  ab,  Jixed  at  a  to  an  Tumzontal  line 
,  is  moveable  round  a  in  a  verticci  plaiie  passing  through 
AX,  to  determine  the  locus  of  the  pwnt  p,  so  assumed^  that 
tTie  time  of  descent  of  a  body  through  pa  shall  he  the  same 
at  aU  elevaiions,  theJHction  being  supposed  proportional  ta 
ihe  pressure. 

Let  the  space  which  a 
body  will  descend  through 
freely  in  a  vertical  di- 
rection in  the  time  of 
falling  through  pa  be  5, 
and  let  ae,  perpendicular 
to  AX,  be  equal  to  s. 

By  the  principles  of  Mecha^ici|,  if  t  be  the  time  of  falling 
through  Sj 

m 
where  m  =  16-1-'^  feet,  and  t  being  expressed  in  seconds. 

If  unity  express  the- weight  of  the  body,  and  w  =  pax, 
ihe  pressure  on  ap  is  expressed  by  cos.  w,  and  the  part  of 
the  weight  acting  in  the  direction  pa  by  the  sin.  w.  Let  the 
fHction  be  a  cos.  a;,  a  being  constant  Hence  if  f  be  the 
whole  force  in  the  direction  pa,  we  have 

F  =  sin.  w  —  a  cos.  w. 
This  ex[Mression  will  be  somewhat  simpler  by  assuming 
an  angle  9  such,  that  tan.  9  s=  a,  which  substituted  in  the 
above  equation,  gives 

F  =  sin.  cti  —  tan.  9  cos.  a;, 

sin.  (ci;— d) 

or  F  =  2 — . 

COS.  9 

Now  if  pa  =  Zf  we  have 
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Z  =  mFT\ 

Substituting  for  f  and  t  their  yalues  found  above^  we  have 

z  =c z  *  sin.  (w  —  9), 

COS.  6  ^  ^' 

wMch  is  the  equation  of  the  locus  of  p. 

If  a/  3=  -5-  +  9  --  tt',  '•'  COS.  w'  =n  sin.  (cc  —  9),  by  which 
the  equation  becomes 

5f  = i  COS.  a;* 

cos.  9 

which  is  the  equation  of  a  circle  whose  centre  is  placed  on  the 

line  from  which  the  values  of  a/  are  measured,  and  whose 

diameter  is  equal  to x- 

^  cos.  9 

Hence  the  locus  may  be  thus  constructed.     Let  ad  be 

drawn»  making  the  angle  ead  =  d,  and  through  £  draw  ae 

perpendicular  to  ed.    Hence  ad  = -.,  and  dap  as  a/. 

The  circle  described  on  ^the  diameter  da  is  therefore  the 
locus. ' 

The  segment  ape  is  the  only  part  of  the  circle  which  will 
fulfil  the  conditions  of  the  proposition.  For  in  the  other  seg- 
tnent  the  tangent  of  9  would  be  negative,  which  would  be 
equivalent  to  supposingthe  friction  to  act,  not  in  oppo^Uon  to, 
but  in  conjunction  with  the  force  down  the  hue.  Strictly 
speaking,  therefore,  the  locus  sought  is  the  segment  of  a 
circle  described  upon  ae  containing  an  obtuse  angle,  whose 
|«Dgent  expresses  the  ratio  of  the  fricticMl  to  the  pressure^ 


AiaXBBAlC   GSOMSTftYi 


991 


PROP.  CCCXLIX. 


(659-)  Two  weights  (a  and  b)  are  connected  hy  a  string 
which  passes  aoer  a  fixed  pyUey  (p)  ;  one  (a)  hangs  verti- 
cdUy  ;  the  other  (b)  is  supported  upon  a  curoCj  die  plane  of 
which  is  vertical;  to  determine  the  point  on  the  curve  aA 
which  the  weights  will  be  in  equUibrio. 

Let  PH  and  ub  he  x  and  j^,  and 
p6  =  r.  If  X  be  the  result  of  the 
forces  acting  on  b,  resolved  in  the 
vertical,  and  y  their  result,  resolved 
in  the  horizontal  directions,  by  the 
principles  of  Statics,  the  condition  of 
equilibrium  is 

xdx  +  Yflfy  =  0; 
but  these  forces  are  a  acting  in  the  di- 
rection6p,and6acting  vertically ;  hence 
we  find 


Y  =  -a—. 


X 

X  =:  b  ^  a  — . 

r 

Hence  the  equation  of  equilibrium  becomes 

r 
but  since 

•/  rdr  =  ydy  +  xdr^ 
therefore  the  equation  becomes 

bdx  -^  adr  =  ^0 ; 


S&2 
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or  if  the  cunre  be  represented  by  a  polar  equation, 

dx  =  COS.  wdr  —  r  sin.  ta  dou, 
%•  (i  COS.  w  —  a)dr  —  br  an.  ut  dto  =zO. 

Either  of  these  equations  comlnned  with  that  of  the  curve 
are  sufficient  to  determine  the  point 

Ex.  1.  If  the  curve  be  a  circle  whose  centre 
is  in  the  vertical  line  passing  through  the  pulley, 
and  which  is  therefore  represented  by  the 
equation 

or  r»  —  9afx  =:  a*  -  a/% 
•/  rdr  —  afdx  =  0, 

which)  combined  with  the  general  formula,  gives 

oaf 


r  = 


*  • 


Hence  if  cp  =  a/,  c  being  the  centre,  cp  :  p6  : :  6 :  a,  which 
determines  the  position  of  b. 

If  a  :  b  ::  ^oi'"  — -  b^  :  ^,  the  equihbrium  will  take  place 
when  p6  is  a  tangent 

If  a  =  i,  */  a:'  =  r,  a  circle  described  with  pc  as  radius, 
and  p  as  centre,  gives  the  point. 

£j?.  %  Let  the  curve  be  an  hyperbola,  whose  tranverse 
axis  coincides  with  the  vertical  passing  through  the  pulley, 
and  so  placed  that  the  pulley  is  at  the  centre. 

Let  the  equation  of  the  curve  be 

Ay  —  B«a?«  =   -  A«B«, 
%•  f*  =  ^V  —  B«, 


where  e  = 


^/A«-|-B» 


.     By  differentiating,  we  find 


rdr  =  e^xdx. 
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By  thb  equalkm  and 

ftdr- 

-  adr 

=  0, 

the  differentials  being  eliminated. 

we  find 

^x  = 

b 

—  r. 
a 

• 

If  d;  =  r  cos,  0/,  we  find 

1 

t%f\a         t.t      a^ 

b 

A« 

.»• 


Let  PD  be  the  asjrmptote  to  the  curve,  and  let  vpd  =  9, 
and  Tpi  =:  w,  therefore 


cos.  »  =s  —  COS.*  9, 

a 
which  determines  the  sought  point. 

If  a;  =  0,  the  sought  point  is  at 
an  infinite  distance^  or  what  amounts 
to  the  same  thing,  the  weight  rests 
in  equihbrio  on  the  asymptote. 

As  cv  cannot  be  greater  than  9. 

d 
Hence,  ^  ~r  >  cos.  9,  the  equilibrium 

is  impossible. 
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(660.)  To  find  the  centre  ofgraxAty  of  the  arc  or  area  of 
any  plane  curve,  its  equation,  related  to  rectangular  co* 
ordinatesj  being  given. 

By  the  prindples  of  Mechanics,  if  any  number  of  particles 
of  matter  y,  p",  2^,  be  placed  in  the  same  plane,  the  per- 
pendicular distance  of  their  centre  of  gravity  from  any  line 
in  that  plane  is  equal  to  the  sum  of  die  products  of  the 
particles  into  their  respective  distances  from  that  line  di< 


Oi^v 
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\ided  by  the  sum  of  the  particles.  Henoe,  if  the  sum  of  the 
prodacts  be  represented  by  B(pif),mth  respect  to  the  axis 
o{xy  and  by  6{px),  with  respect  to  the  axis  of  ^,  and  the 
sum  of  the  particles  by  s(p),  the  co-ordinates  tx  of  the 
centre  of  gravity  are 

"8(P) 


8(p) 


(1). 


The  numerators  of  these  expressions  are  called  the  statical 
momenta  of  the  particles  with  respect  to  the  respecUve 
axes. 

If  therefore  it  be  required  to  find  the  centre  of  gravity  of 
an  arc  (o),  we  have  p  =  da,  and  s(jd)  =  a,  •.* 

^^ft/da' 


Y  = 


Jf  it  be  required  to  find  the  centre  of  gravity  of  an  area 
(a'),  we  have  dj/dx  =  p,  wAJdydx  =  d :  hence  we  find 

Jpiy^  1(3). 

^^Mfodydx^C 
Jfdxdy  J 

If  the  area  be  intercepted  be- 
tween two  values  of  t/,  scil. 
PM  =  y,  and  p'm'  =  t/ ;  these 
formulse,  integrated  for  y,  be- 
come 


%fydx 
fxydx 


(4), 


the  integrals  bang  taken  between  the  Dmits  y  and  y. 
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If  the  area  be  intercepted  between  pnt  =  x,  and  jjfm  =  3^9 
the  formuUe  integrated  for  x  become 


In  both  the  systems  of  values  (4)  and  (5)^  one  of  the 
variables  must  be  eliminated  by  means  of  the  equation  of 
the  curve  and  its  diiFerential,  and  the  results  integrated 
between  the  required  limits  ^ve  the  co-ordinates  of  the 
centre  of  gravity. 

If  the  axis  of  a;  be  an  axis  of 
the  curve,  and  the  centre  of 
gravity  of  the  area  intercepted 
between  two  ordinates  pjp,  and 
py  must  be  upon  the  axis 
AX,  and  in  this  case  the  formulae 
(4)  become 

Jydx  3 

And  if  the  axis  of  ^  be  an  axis,  and  the  centre  of  gravity  of 
a  similar  area  be  sought,  we  have 

X=:0,  1 

It  is  plain  that  these  systems  of  formulae  ere  independent  of 
the  angle  of  ordination. 

We  shall  proceed  to  apply  these  foimulsB  to  some  ^^ 
amples. 

1^  To  find  ilie  centre  of  gravity  of  a  given  straight  Jme. 

The  given  line  itself  being  axis  of  Xy  the  formulae  (2) 
become 
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Y  =  0, 

the  centre  of  gravity  is  therefore  at  the  point  of  bisection. 

2®.  To  find  the  centre  of  gravity  of  a  circular  arc. 

<  •  .     .      . 

Let  the  axis  of  jt  be  the  radius  bisecting  the  arc,  and  the 
origin  being  at  the  centre,  the  equation  is 

^  +  a;®  =  r*, 

V  dy^  +£&«=—  .dy^\ 

but  {dy^  +  dx^)  =  da«,  and  the  formulae  (2)  become 

y  =  0, 

__  %ry 
a 

Let  3w  be  the  angle  subtended  by  the  arc  at  the  centre^ 
=  r  sin.  fty,  a  s=  ^o; ;  hence 


•  • 


sm.  w 
X  =  r * 

Hence  in  general,  **  The  centre  of  gravity  of  a  circular 
aro  is  that  point  of  the  bisecting  radius,  whose  distance  from 
the  centre  is  to  the  radius  as  the  sine  of  half  the  arc  is  to 
half  the  arc,  or  as  the^  chord  of  the  arc  is  to  the  arc  itself.^ 
And  it  follows  from  this,  that  **  The  centre  of  gravity  of  a 
'semicircle  is  at  that  point  of  the  bisecting  radius  whose 
distance  from  the  centre  is  a  third  proportional  to  the  dr^ 
eumlerence  and  the  diameter."* 


\  . 
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8^.  To  find  the  centre  qfgratAtj/  qf  the  arc  ^a  ct/ckid, 

which  is  bisected  at  the  vertex. 
The  ori^n  of  coor- 
dinates being  at  the  ver- 
tex V,  let  aa'  be  the  arc,  ^- 
y  being  its  middle  point. 
The  centre  of  gravity 
must  lie  upon  the  axis 
vc  =  8r,  and,  by  the  properties  of  this  curve,  if  the  origin 
be  at  the  vertex, 


VA  =s  SVJiry, 
•••  aa'  =  4  V^ryj 


'.•  (to  =  2  A/2r 


dif 


point 


By  this  substitution,  the  formulae  (2)  become 

X=:0. 

Henee,  if  V97»  ==  4-vm,  the  point  m  is  the  centre  of  gravity r 
The  centre  of  gravity  of  the  entire  cycloid  is  at  the  poii 
of  trisection  of  the  axis  next  the  vertex. 

-4^.  To  find  the  centre  of  gravity  qfthe  area  intercepted  by 
.  two  parallels  intersecting  the  sides  of  a  given  angle. 

Let  AX  be  assumed  bi*    y 
secting  the  parallels,  and 
AY  parallel  to  them. 

The  equations  of  the      ^ 
sides  of  the  angle  are  -^ 

y  =  ±  flwr, 
which  substituted  for  y  in  (6),  gives 

""  ^  "^fkd^  -  ^^"^  "  "^^^ 
the  integration  being  effected  between  the  limits  a:'  =  am 
and  X  =  am'. 
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If  J?'  =33  0,  the  formula  ^ves  the  centre  of  grarity  of  the 
triangle  ap'^'^  for  which 


j%.   •—  ■w-i2>» 


Hence,  <'  If  the  parallel  sides  of  a  trapezium  be  bisected, 
and  the  line  joining  their  middle  points  trisected,  the  [XHUt 
of  trisection  next  to  the  greater  of  the  two  parallel  sides  ig 
the  centre  of  gravity  of  the  area." 

Also,  ^*  The  centre  of  gravity  of  a  triangle  is  the  point 
where  the  bisectors  of  the  sides  drawn  from  the  opposi|;e 
angles  intersect." 

6®.  To  find,  the  centre  of  gravity  cfthe  area  intercepted  he- 
tween  two  parailel  chords  of  a  circle. 
Axes  of  co-ordinates  being  assumed,  with  the  origin  at  the 
centre  parallel  and  perpendicular  to  the  ^ven  chords,  the 
equation  of  the  circle  is 

y«  +  X*  s=  r*, 
•/  xdx  =  —  ydy. 
This  substitutioQ  bang  made  in  the  formulas  (6),  gives 

Jyd^f    ' 

but  '^fi^dx  =5  ■  a     ,  the  integral  being  flssumftd  between 

the  limits  y  =  pm,  andy  =  p'm, 
and  fydx  5=;  pm'  »=  ipp',  there- 
fore i{ij/  ^  a, 

8a      • 
Or  if  the  angle  jpcx  :^  »,  lai 
^cx  =  «/,  we  find 

a  =  r«{(a/  —  w)  —  sin.(«/  -  a;)cos,  (a/  +  w)}> 
which  substitutions  give 

^  ~   3"  •  (oZ-w)— sin.  (w'-w)  cos.  (w'+fip)' 
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If  tti=  0,  the  formula  gives  the  centre  of  gravity  of  the 
segment  p'xp',  which  is  determined  by 

__  ,  sin.'  a/ 

^    '  tt/— sin.ct/cos.  o/* 

It 
In  this  case,  if  a/  =  -^9  the  result  becomes 

which  determines  the  centre  of  gravity  of  a  semicircle. 
Hence  ''  the  centre  of  gravity  of  the  area  of  a  semicircle  is 
that  point  in  the  bisecting  radius,  whose  distance  fixim  the 
centre  is  a  third  proportional  to  three  times  the  circimi- 
ference  and  the  diagonal  of  the  circumscribed  square." 

6°.  To  determine  the  centre  tf gravity  of  {he  area  inter' 
cepted  between  two  parallel  chords  of  a  parabola. 

Let  the  diameter  to  which  those  chords  are  ordinates  be 
the  axis  of  x,  and  the  tangent  through  its  vertex  the  axis  of 
i/y  the  equation  will  be 

... »  =  d.. 
P 

This  substitution  in  the  formulas  (6)  ^ves 

which  bdmg  integrated  between  the  limits  y  =s  fm,  and 
y  =  p'm',  gives 


I£y  =  0,  the  result  is 


—   3        ll 3«» 


P 
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Hence  the  centre  of  gravity  of  the  parabolic  segment  PAp  is 
detennined  by  assuming  ac  equal  to  three-fifths  of  am. 

T^.  To  determine  {he  centre  tf gravity  qffhe  cerea  i9iier- 
cepted  between  two  paralkl  chords  of  an  ellipse  or  Ay- 
pcrbcla. 

Let  the  diameter  bisecting  those  chords  and  its  con- 
jugate be  assumed  as  axes  of  co-ordinates,  and  the  equation 
of  the  curve  is 

ahf  -I-  fi^a?»  =  a«6% 

which  being  substituted  in  (6),  ^ves 

x=  -  -^.— ^.sm.yjr; 

where  a  expresses  the  area  intercepted  between  the  parallel 
chords,  and  yx  the  angle  of  ordination.  This  being  in- 
tegrated between  the  usual  limits,  ^ves 

If  y  =  0,  this  becomes 

2aV*      . 

which  determines  the  centre  of  gravity  of  an  elliptic  or 
hjrperbolic  segment        ^ 
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If  the  curve 'be  an  ellipse,  andy  =  by  the  formula  be- 
comes 

«a«ft     . 
x=  -g^.sin.yar; 

but  in  this  case,  the  area  being  that  of  the  semiellipse,  be- 
comes A  =  {joiV^i  cl  and  V  b»ng  the  semiaxes;  and  once 
ah  sin.  yx  =  clh\  the  formula  becomes 

4a 

Hence  the  centre  of  gravity  is  independent  of  the  dia- 
meter 25,  and  therefore  all  semiellipses,  bisected  by  the  same 
semidiameter,  have  the  same  centre  of  gravity,  and  which  is 
determined  in  the  same  manner  as  that  of  a  semicircle. 

8°.  To  find  the  centre  tf  gravity  of  the  area  intercepted 
between  two  parallels  to  one  asymptote  of  an  hyperbola  t^- 
minated  in  the  other  asymptote. 

The  equation  of  the  hyper-         Xj 
bola,  related  to  its  asymptotes, 

is 

yx  =  m«, 
•.•  ydx  =  —  xdi/y 

•••  xydx  =  -  x^dy  = -^. 

Also,  y'dx  =s  —  yxcb/  =  —  m^dy.  Making  the  substitutions 
in  the  formulae  (4), 

""--"^  'ygd? 
"" "         '  fydx  ' 

1)  I) 
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but/ydr  =  -fxAy  =  -  i»y  -^  =  -  «%  +  c   The 

f(Mrmul«  being  integrated  betwem  the  limits  y  ^  vu,  and 
y  =  PM,  give 


Y  = 


X  = 


yy  '  /y-/y 


9°.  To  determine  the  cmtre  of  gravity  of  the  area  fnUrr 
eepted  between  parallels  to  the  axis  qfj  of  a  parabolic  curve 
represented  by  the  equation  y"  =  cT^^x. 

By  diiferentiatioD, 

1-V  <^  =  dip. 

By  this  substitudonf  the  formulas  (4)  become 


Y  = 


X  s 


2to+1  •  flr-*(y*+»-y"+»/ 

If  j^  =  0,  the  values  become 

^  =  8(m+S)  *"^' 

The  examples  4°  and  6<*  are  cases  <^  this. 
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PROP.  CCCLI. 

(661.)  To  investigate  the  centres  of  gyrcOicm  and  per- 
cussion or  oscillation  of  an  arc  or  area  of  a  plane  curve. 

Let  aBcd  be  a  body  move- 
able on  on  axk  bd,  and  g  its 
centre  of  gravity,  and  let  cf 
be  drawn  through  the  centre 
of  gravity  perpendicular  to 
the  axis  s]>.  In  revolving  on 
the  axi%  let  the  body  be  sup- 
poBed  to  strike  a  fixed  ob- 
stacle at  any  distance,  fx  =  J  from  the  axis  of  rotation,  with 
any  farce  J";  there  is  a  certain  point  in  the  line  fs,  at  which^ 
if  the  whole  mass  of  the  body  were  concentrated,  the  line  fe 
would  strike  the  obstacle  at  £  with  the  same  fonre;  this 
p<Hnt  is  called  the  centre  qfgyraJtion. 

If  the  angular  velocity  at  the  moment  of  impact  be  given, 
the  force  (y*)  with  which  the  body  will  strike  the  obstacle 
at  £,  will  be  a  function  of  the  distance  ((2).  But  since  the 
moving  force  of  the  entire  mass  is  independent  of  the  point 
of  impact,  and  the  same  at  whatever  distance  the  obstacle 
may  be  applied,  the  whole  of  it  cannot  be  in  all  cases  ex** 
pended  on  the  obstacle.  What  is  not  expended  upon  it 
must,  from  the  nature  of  inertia,  be  exerted  upon  the  fixed 
axis,  which  therefore  sustains  an  equivalent  shock.  The 
entire  moving  force  of  the  mass  is  then  equal  to  the  sum  of 
the  forces  of  the  impact  on  the  obstacle  at  £,  and  the  shock 
upon  the  axis  of  rotation.  There  is  a  certidn  point  in  the 
line  EF,  at  which,  if  the  obstacle  were  placed,  it  would 
reodive  an  impact  equal  to  tlxe  whole  moving  force  of  the 
tevolving  mass,  and  at  which  therefore  the  axis  would  suflPer 
no  forcct    This  point  is  called  the  centre  (^percussion* 

The  detwoaination  of  the  centre  of  percussion  involves  that 
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of  Spontaneous  rotation.  As  a  fixed  obstacle  at  the  centre 
of  percussion  would  destroy  all  the  moving  force  of  the  body, 
without  producing  any  eflFect  on  the  axis  of  rotation,  it  fol- 
lows, that  a  force  applied  at  the  same  point  upon  the  body 
supposed  quiescent,  would  produce  a  rotatory  modon  round 
BD.    Relatively  therefore  to  any  pcMiit  not  cmnidding  with 

the  centre  of  gravity,  there  is  a  corresponding  centre  of 
spontaneous  rotation^  which  may  be  determined  by  con- 
sidering the  foj^mer  as  the  centre  of  percussion,  and  thence 
determining  the  axis  of  rotation. 

The  centre  of  percussion  possesses  also  a  still  more  re- 
markable property.  If  the  axis  of  motion  be  horizontals 
and  the  body  vibrate  as  a  pendulum^  the  time  of  its  vibra<« 
don  will  be  the  same  as  that  of  a  single  particle  suspended 
at  the  centre  of  percussion.  From  this  property,  the  centre 
of  percussion  is  more  generally  called  the  centre  of  oscXda^ 
Hon.     We  shall  now  proceed  to- determine  these  points. 

Let  p  be  any  partiqle  of  the  body,  and  z  its  distance  fVom 
the  axis  of  motion,  and  let  w  be  the  angular  velocity  on  the 
axis  of  motion  at  the  moment  of  impact ;  the  velocity  of  the 
particle  p  will  therefore  be  zca^  and  its  moving  force  pxw. 

The  quantity  of  this  which  acts  at  the  point  £  is'^--=-.    As 

the  whole  impact  upon  the  obstacle  at  e  is  composed  of  the 
forces  of  all  the  particles  in  the  body,  the  value  of /*may  be 
thus  expressed : 

ws(p:^) 
J  "       d     ' 
where  s(pz')  signifies  the  sum  of  the  products  found  by 
multiplying  every  particle  of  the  .body  by  the  square  of  its 
distance  from  the  axis  of  rotation. 

The  quantity  s{/7»*),  whicl^is  called  the  moment  afmer^a 
of  the  body  with  respect  to  the  axis  on  which  it  is  supposed 
to  revolve,  is  of  considerable  importance  in  all  theorems  re- 
lating to  the  motion  of  a  body  upon  a  fixed  axis.     The 
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detennination  of  its  yjalne  depends  upon  the  figure  and  mass 
of  the  body,  and  the  line  on  which  it  is  supposed  to  revolve. 
We  diali  presently  give  the  methods  of  determixnng  it  where 
the  partides  of  the  body  form  any  line  or  plane  surface. 

Let  o  be  the  distance  of  the  coitre  of  gyration  fmm  the 
axis  of  rotation.    By  the  conditions  of  its  definition,  we  find 

whei:e  If  expresses  the  mass  of  the  body.    Henoe, 

^     ""        M      ' 

that  is,  ^'  the  square  of  the  distance  of  the  eentre  of  gyration 
firom  the  axis  of  motion  is  found  by  dividing  the  moment  of 
inertia  by  the  mass  of  the  body.** 

It  appears,  therefore,  that  the  same  body  may  have  dif- 
ferent centres  of  gyration  correspon£ng  to  difierent  axes  of 
motion.  Of  these,  that  which  corresponds  to  ai^  axis  passing 
through  the  centre  of  gravity  is  called  the  principal  centre 
of  gyration.  A  reniturkable  relation  subsists  between  the 
position  of  this  and  any  other  centre  of  gyration.  Let  J 
express  the  distance  of  any  particle  p  from  the  axis  of 
motion  passing  through  the  centre  of  gravity,  and  d  the 
distance  between  this  and  any  other  axis  parallel  to  it.  It 
is  obvious  that 

;2«  =  2'*  +  i)«  +  9.1^7!, 
'.'  pz^  =  p^^  +  pjy*  -f  Snpa/, 
•••  s(pz^)  =  s(ps^^)  +  s(pD*)  +  2dsCp^'). 

If  g'  be  the  distance  of  the  principal  centre  of  gyration 
from  the  centre  of  gravity, 

M 

Hence,  since  g*m  =  s(p»*),  and  g'*m  =  s(pz'*),  and  as  s(j9j8'^ 
is  the  statical  moment  of  the  body  with  respect  to  a  line 
through  the  centre  of  gravity,  and  therefore  s(p:^)  =  0, 
we  find 
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Henoe  the  centre  of  gyration,  with  respect  to  anj  axis,  an 
be  found  if  the  centre  of  gyration,  with  jespect  to.aa  lUQi 
peralld  to  it  through  the  centre  of  gcavity,  be  giyen. .  . . 

To  determine  Ae  centre  of  perciisaioD,  it  will  be  neoessazj 
to  estimate  the  shock  sustained  by  the  axis  of  rotation  by 
the  impact  of  the  body  on  the  point  £.  Let  this  be/. 
Now,  if  the  entire  moving  force  «f  the  mass  be  f,  the 
condition 

aiust  be  fulfilled.  As  the  moving  force  of  the  whole  matt 
k  composed  of  the  moving  forces  of  its  parts^  the  value  off 
may  be  found  by  conadering  that  the  mpving  force  of  any 
particle  p  is  pzw^  and  ther^ore 

•/  W8(pz)  =   -^  ^f. 


vy^=.{s(;.)^?^f^}. 


This  equation  expresses  the  shock  sustained  by  the  axis  of 
rotation.  To  determine  the  centre  of  percussion,  i  must  be 
assumed  of  such  a  value  as  to  fulfil  the  condition 

Let  dus  value  be  l  ;  *.* 

that  is,  '*  the  distance  of  the  centre  of  percuadon  firom  the 
aus  of  rotation  is  found  by  dividing  the  moment  of  inertia 
by  the  statical  moment.^ 

^  It  is  not  difiScult  to  prove  that  the  centre  of  percussion  is 
also  the  centre  of  oscUlation. 

Let  the  axis  of  motion  be  conceived  to  be  placed  in  an 
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horiionlal  pontba,  and  the  foroe  of  gravity  acting  on  the 
body  will  oause  it  to  have  a  modoa  of  yibiation.  The  bodj 
bong  supposed  to  haive  descended  fnm  aaj  podtioD^  let  it 
be  soffpmed  to  have  aequiied  an  aogidar  vebctty  ctf,  when 
the  angular  distance  of  its  centre  of  gravity  from  a  vertMMil 
pasnng  through  the  axis  of  motion  is  <p^  and  let  the  angular 
distance  of  any  particle  p  from  the  vertical  be  ^.  The  part 
of  the  force  <^  gravity  {g)  which  acts  in  accelerating  the 
particle  j9  is  g  sin.  tfr,  and  therefore  the  force  in^ressed  on 
the  pertide  is  gp  fan.  ^.    In  the  equation 

JS  =  ws(pz*) 

i£gs{pz  sin.  tfr)  be  substituted  for,yS^  and  ^  for  w,  the  re- 
sult is 

gB{px  on.  ^)  =:  MB  sin.  fy 

dut 

Also,  since  w  =  —  ■^,  •.•  ow  =:  — ^.    Hence, 

gTMD  sin.  ?>  :5=  -  -^^pe'y 

Multiplying  both  sides  of  this  equation,  by  idf^  and  int&- 
gratingi  the  vesult  is 

%fMD  COS.  ^  +  A  =  ^8(p««)  ;, 

or,  S^D  cos.  ^  +  A  ==  CU^  .  B(pz% 
To  determine  the  constant  a,  let  ^  be  the  value  of  f  when 

SgUD  cos.  ^  +  A  ==  0. 

Subtracting  this  equation  from  the  former,  and  solving  for  w^ 

£a^D  (cos.  p— pos,  ^) 
fgf*  —  ■■■—..  ■         , 

This  equation  determines  the  angular  velocity  acquired  by 
the  body  in  falling  from  a  quiescent  state  through  the  angle 


w^,= 
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^  -^  ^.  To  determine  the  distance  of  a  single  partidep 
from  the  a^ds,  which,  in  moving  through  the  same  angle 
would  acquire  die  same  velodty,  let  d- be  its  distance. 

To  apply  the  general  formula  just  found  to  this  case;  ire 
must  suppose 

M  =  p,  D  =  £?,  and  s(/72f*)  t=:  pfi.     Hence, 

^pd  (cos.  (p  —  COS.  <p^ 

Dividing  the  former  equation  by  this,  we  find 

HencC;  a  point  placed  at  the  distance  l  from  the  centre  of 
motion  would  vibrate  in  the  same  time  as  the  body  itself. 
The  calculation  of  the  time  of  vibration  of  any  pendulous 
body  is  thus  reduced  to  the  case  of  a  simple  pendulum. 
Since  sijnz^)  =  mg%  and  also 

•.•  L  =  +1). 

By  this  formula,  the  centre  of  oscillation  may  be  imme- 
diately found  from  the  principal  centre  of  gyration. 
From  the  formula 

it  follows,  that  ^^  the  distances  of  the  centres  of  gravity, 
gyration,  and  oscillaUon,  from  the  centre  of  motion,  are  in 
continued  proportion." 
Also,  since 

g'* 

L  —  D  =  — , 
D 

it  follows,  that  '^  the  distance  between  the  centres  of  gravity 
and  oscillation  is  a  third  proportional  to  the  distances  be- 


tween  the  centres  of  gravity  and  motion^  and  between  the 
principal  centre  of  gyration  and  the  centre  of  gravity.*' 

If  the  axis  of  suspension  be  changed  to  the  centre  of 
oadllaUon^  let  l'  be  the  distance  of  the  new  centre  of  oscil- 
lation^  and  d'  the  distance  of  the  centre  of  gravity  from  the 
new  axis  of  motion.     Hence, 

g'« 


L'=^+i>'; 


G« 


but  d'  =  L  —  j>  =  — •     Therefore, 

D 

g'« 

L'=D+— , 

or,  l'  =  L ; 
that  is,  the  former  point  of  suspension  becomes  the  new 
centre  of  oitoillation.    The  centres  of  oscillation  and  rotation 
are  therefore  convertible. 

In  applying  these  principles  to  the  arcs  and  areas  of 
plane  curves,  we  shall  confine  ourselves  to  the  case  where 
the  axis  of  rotation  is  in  the  plane  of  the  curve. 

I.  To  determine  ilie  moment  of  inertia  of  {he  arc  of  a 
plane  curve  revolving  round  an  cucis  in  its  own  plane. 

Let  the  axis  of  motion  be  taken  as  axis  of  ^,  and  a  per- 
pendicular to  it  as  axis  of  x,  and  let  s  equal  the  arc.  In 
this  case,  p  =:  ds,  and  z  =:  x;  therefore, 

s(p««)  :=^fai^ds. 
Ex.  1.  If  the  revolving  line  be  a  right  line  represented  by 
the  equation 

y  —  tan.  p  .  a:  +  6  =  0. 
By  differentiating,  we  find 

dy  —  tan.  9  .  dr  =  0, 

•/  ds  =  ^dgf  +  dai*'  =  sec.  (p  .  dxy 
.    •/  s(p»*)  =  sec.  (^afdx. 
Int^ating  this  between  the  limits  x  and  of, 
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s(p^-)  =  aec.  9  .  — g— , 

-;r  and  a!  being  the  values  of  x  for  the  extremities  of  the 
line. 
If  the  length  of  the  line  be  X,  we  find 

H  =  sec.  <f{x  —  j/), 
•••  s(/i2«)  =  4m(j:*  +'  «'x  +  «'*). 
Hence  we  find  the  centre  of  gyration 

And  since  the  centre  of  gravity  is  the  middle  point  of  the 

line 

n  :^i{x  +  af), 

which  detennines  the  centre  of  oscillation. 

If  the  line  be  parallel  to  the  axis  of  y,  «  =  or',  v 

L  S5  ar. 

The  centres  of  osdllation,  gyration,  and  gravity,  therefore^ 
coincide  in  this  case. 

If  the  axb  of  j^  pass  through  the  middle  point  of  the  line 
X  =  —  d/,  hence, 

.    Ew.  %  Let  the  revolving  line  be  the  arc  of  a  circle  repre- 
sented by  the  equation 

X 

•.•  s(jw»)  =  rfxdy. 
Hence,  tf  aa'  be  the  arc,  and  tx* 
the  axis  of  rotation,  ya?4^  is  the 
aiesLpAA'j/.    To  express  this,  let 


Acx  =  f,  and  a'cx  =  ^,  *.• 

;?AAy  =  cAp  +  caa'  —  ca'//, 
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•••ySrdfjf  =  ir«  {^  —  ^  +  sin.  ^  cos.  f  ^  An.  (ff  cos. ^} 
%•  8(p2«)  =  4r»  {<p  —  /  +  T  sin.  2p  — i  sin.  2f'}. 
Let  the  length  of  the  arc  aa'  be  m^  and 

To  find  the  centre  of  gyration,  we  have,  therefore. 


=1  -f^fl  +  ^P-*?-'^^"-  ^P'^ 


The  distance  of  the  centre  of  gravity  from  the  centre  of  the 

drcle  being 

sin.  i(9—fi 

Its  distance  from  the  axis  of  rotation  is 

2  sin.  4(?-pO  cos.  i(9  +  ^ 

sin.  ^— sin.  <p^ 

Hence,  for  the  centre  of  oscillation,  we  have 

— '  1   i       <p  — ^  sin,  gy— «6in.  2^'  7 

^  *"  *^c  sin.  p-sin.  9'      2rin.  (p--<2sin.  p'3* 
If  the  point  x  bisects  the  arc  aa',  we  have  ^  =  —  9^,  and 
the  several  formulae  become 

^(P^)  =  ir»{2?>  +  sin.  2^}, 

V^    .   an.  2^> 

»n.  ^ 

D  =  r , 

C    p        nn.itf\ 

If  V 

For  the  semicircle  yxy',  ^  =  — >  and  ^  = ^,  and  the 

formulae  become 
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For  the  whole  axde  these  become 

s(psfi)  =  r%, 
G»  =  ir\ 

D  =:0, 
L  =  00. 

JEJor.  3.  To  determine  the  moment  of  inertia  of  a  cycloidal 
arc  tenmnated  at  the  vertex^  and  revolving  on  ^ts  base. 

The  base  being  assumed  as  axis  of  w,  and  the  axis  b^ 
expressed  by  a^ 

\'  as  =^  —  Va.  — -^ — ) 


Va-7/ 


To  integrate  this,  let  a  —  j/  =  y,  •.•  dy  ■=.  ^  dy, 

V  s(p;5»)  =  ^/a  {a«  ./^  +^V  -  ^^/S/^^y} 

No  constant  is  supplied,  as  the  arc  is  supposed  to  terminate 
at  the  vertex;  and  if  the  vertex  be  taken  as  the  middle 
point  of  the  arc,  the  expresuon  becomes 

In  this  formula  it  should  be  observed,  that  %f  is  measured 
upon  the  axis  from  the  vertex. 

Since  5=4  y/ajf^  we  find 

G»  =  a«  +  -jy*  -T«y; 
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and  since  d  =  a  -<  -jy , 
For  the  whole  cyclmd  if  =  a,  and  the  formulae  become 


I.    =^, 


Hence  it  appears  that  the  time  of  vibratio;^  of  the  entire 
cycloid  is  equal  to  the  time  of  vibration  of  a  shnple  pen- 
dulum,  the  length  of  which  is  equal  to  four-fifths  of  the 


axis. 


II.  To  determine  the  moment  of  inertia  of  the  area  qfa 
plane  curve  revolving  on  an  axis  m  its  awn  plane. 

As  before,  let  the  axis  of  motion  be  assumed  as  axis  of  y, 
and  a  perpendicular  to  it  as  axis  of  x,  and  let  a  be  the  area. 
Since  p  =i  dA  =  dj/dx,  we  find 

8{pz^)  =Jfx''dj/dx, 
which  being  integrated  for  y,  ^ves 

s  (;?«')  =fx^i/dx, 
either  of  the  co-ordinates  x  or  y  being  eliminated  by  means 
of  the.equation  of  the  curve,  and  the  result  integrated  for 
the  other,  the  integral  so  determined,  taken  between  proper 
limits,  will  be  the  moment  of  inertia  sought. 

Ex.  1.  To  determine  the  mo- 
ment of  inertia  of  the  area  of  a 
right  angled  triangle  revolving 
round  one  of  the  sides  of  the  right 
angle.  1 

Let  BA  =  y,  and  ac  =  jt',  the  equation  of  bc  is 

^y + y*^ ""  y ^ = 0, 
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which,  by  integration,  gives 

No  constant  is  added,  the  area  being  supposed  =  0  when 
/r  =  0.  The  integral,  as  it  stands^  expresses  the  moment  of 
inertia  of  the  trapeziam'  BpmA,  in  which  hm  sz  x.  To  i^ 
termine  that  of  the  triangle,  let  ir  3=  j/,  */ 

And  since  the  area  of  the  triangle  is  ^y^,  we  find 
but  D  =  •jo:' :  hence 

Ex.  2.  If  the  triangle  be  supposed  to  move  on  an  axis 
passing  through  c,  perpendicular  to  ca,  to  determine  the 
moment  of  inertia. 

In  this  case,  if  the  co-ordinates  of  the  point  b  be  ^faf^  the 
equation  of  cb  is 

if 

•••  »(P*  >  =  ^  •  T' 

which,  extended  to  the  entire  area,  gives 
Since  the  area  =  4^^;  and  n  =  |j?',  we  find 

L  =  y. 

Ex.  3.  If  the  curve  be  a  parabola  of  any  order  represented 
by  the  equation 
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I 

By  substituting  this  value  in  the  general  fonnula,  and  in- 
tegrating 

P 


Since 


<p^ = ^  •  ^"• 


but  D  =    — "s* :  hence 

_  fn+2 
w+8 
In  the  conunon  parabola  m  =  4,  *•* 

G«  =  ^\ 
L  =  ^d?. 

Ex,  4.   Let  the  curve  be  a  circle  represented  by  the 
equation 

y  -f  a^  -  r*  =2  0, 

If  j;  =  r  COS.  fy  and  tf  =  r  an.  ^^  this  becomes 
s(/>z')  =  rysin.*  f  cos.*  pd^, 
which  being  integrated,  ^ves 

8{ps^)  =  4/^1  sin.*  f  cos.  ^  —  i  sm.  ^  cos.  p  +  4?  [  ; 

no  constant  being  added,  this  expresses  the  moment  of 
inertia  of  the  area  included  by  the  sine,  versed  one,  and 
arc.  To  express  that  of  the  segment  contained  by  the  arc, 
the  dboid  of  whidi  is  fh/,  it  becomes 

s(pa«)  =  4r*|sin.'  f  cos.  ^  -  ^-sm.  p  cos.f  +  if^ 

> 
If  A  be  the  area  of  the  segment 

A  =  r*((p  —  an.  <p  cos.  f ). 
Hence  we  find 
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^  C  Sin-^  ^  COS.  «      > 

C.  *       0— sin.  «>  COS.  0  3 


^-'SID.  ^  COS.  <p 

Extending  this  tx)  the  semicircle,  let 


?  = 


2'    • 


but  in  this  case. 


o«=ir*; 


4r 

VL-    jg. 


PROP.  CCCLII. 


(66S.)  A  vessel  sails  between  two  lighi4iou8es:  tofindAe 
trade  Ae  must  describe  so  as  to  recwoe  an  equal  qum^tgrf 
each. 


The  inten^ty  of  the  lights  being  expressed  by  m,  m',  and 

m     w/ 
the  distances  z^  sf^  the  quantities  of  li^t  will  be  --r-,  -^  ; 

hence  we  have 


This  equatMMi  bdng  expressed  with  relatioii  to  lectaiigolsr 
axeSji  one  of  which  is  the  line  joining  the  hgfat-hoases, 


••{y  +  (*  -  *0'}  =  «•'{>•  +  (X  -  *V)}. 

jr',  «",  being  the  dislancps  of  the  fi^t-hoaaes  fiom  the 
on^n  of  CQ-ordinatfs.  This  equation,  idiea  disposBd  ac- 
cording to  the  dimensions  of  the  Taiiabks,  is 

j^  +  jt*-    \^     .     »g  -f zr— =  0- 
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When  m  and  m!  aie  not  equals  this  is  the  equation  of  a 
circle^  the  centre  of  which  is  on  the  axis  of  x  at  the  distance 

■^ —  from  the  origin.     But  if  m  =  m\  it  is  a  right 


m 


perpendicular  to  and  bisecting  the  right  line  joining  the 
light-houses. 

PROP.   CCCLIII. 

(663.)  To  find  the  image  fyfa  straight  line  in  a  spherical 

reflector. 

Let  c  be  the  centre  of  the  reflector, 
and  cv  that  radius  which  is  perpen- 
dicular to  the  stroightlineAB^andF  the 
principal  focus.  Let  ca  =:  a,  cf  =  h^ 
ACB  =  mi  and  il  being  the  image  of 
any  poiat,  let  cb'  =  z. 
'  By  the  prindples  of  optics, 

BF  .  b'f  =  CF», 

which  gives  the  equation 

COS.  w  ^ 

which  solved  for  2,  is 


z  = 


iH C06.M 

a 

Hence  the  image  is  a  line  of  the  second  degree^  whose 
species  depends  on  the  distance  of  the  straight  line  from  the 
centre  of  the  reflector ;  if  this  distance  be  less  than  half  the 
radius,  the  image  is  an  ellipse ;  if  equal,  a  parabola ;  and  if 
greater,  an  hyperbola. 
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PROP.  CCCLIV. 

(664.)  To  find  the  image  of  a  straight  line  made  by  a  1cm. 

Let  c  be  the  centre  of 
the  lens,  and^  as  in  the  last 
proposition,  let  CA  =  a, 
CF  =  by  ACB  =  w,  cb'  =  z. 
By  the  principles  of  optics, 
as  before,  we  find 

b 


z  = 


1  H cos.» 

a 


Hence  the  same  conclusions  follow  as  in  the  last  proposidon. 


PROP.  CCLV. 


(665.)  To  find  a  refracting  curve  siudiy  thai  pa^aUel 
homogeneous  fay  a  incident  on  it  shaU  be  all  refracted  to  tlie 
same  point. 


Let  the  inddent  rays  pr  be  parallel  to  ax,  and  let  pn  be 
the  normal  to  the  point  p.  By  the  principles  of  optics,  the 
sine  of  the  angle  of  incidence  bears  an  invariable  ratio  to  the 
sine  of  the  angle  of  refraction,  the  medium  being  supposed 
of  uniform  density.  Now,  the  angle  pnx  is  the  angle  of 
incidence,  and  the  angle  apn  is  the  angle  of  refraction, 
therefore 


Sm.  APN 


=  971. 


sm.  PNX 
m  being  constant.    By  (827)  we  find 
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dz 

tan.  APN  = T- 

zdof 

where  z  =  ap,  and  eo  =b  pax.    Hence 

sin.  PNX  =  sin.  to  cos.  apn  H-  cos.  oj  sin.  apn. 

By  these  substitutions  in  the  first  equation^  the  result  is 

dz  dz 

•—  ^  tn  (—5-  COS.  uj  —  sin.  «;)• 

or  cfe  =  m(oos.  wdz  +  zd  cos.  w), 
which|  by  integration,  gives 

z=^  mz  cos.  CO  +  mCy 

mc 

or  z  =  r . 

1  — m  cos.  M 

This  is  the  equation  of  a  line  of  the  second  degree,  whose 

eccentridty  is  m,  and  whose  axis  coincides  with  ax,  and 

whose  foais  is  a.  The  curve  will  be  an  ellipse  or  hyperbola, 

according  as  m  <  1,  cm:  m  >  1,  that  is,  according  as  themys 

are  supposed  to  pass  into  a  denso-  or  rarer  medium. 

The  value  of  c  remains  indeterminate,  which  shows  that 

any  curve  having  the  eccentricity  equal  to  m,  whatever  its 

axes  may  be,  will  fulfil  the  proposed  conditions. 

PROP.  CCCLVI. 

(666.)  To  determine  the  caustic  by  refaction  qf  a  given 

c^irve. 

Let  apc  be  the  curve,  f 
the  focus  of  incident  rays, 
FP  being  a  ray  incident  at  p  ; 
if  po  be  normal  to  the  curve, 
its  reflection  pb'  will  make 
the  angle  opb'  =  opb.  Now,  O 

by  the  principles  of  optics,  if  o  be  the  centre  of  the  osculating 
circle,  and  the  lines  ob,  ob',  be  perpendicular  to  pb,  pb',  and 
the  intercepts  pb,  pb',  be  bisected  at  6,  V^  the  corresponding 
pointy  of  the  caustic  is  found  by  taking  VfdL  third  propor- 

E  E  S 
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tional  to  F&  and  &p.  Since  op  is  the  radius  of  the  osculaUng 
circle,  PB^must  be  half  the  chord  which  coincides  with  the 
inddent  ray;  let  this  chord  be  c,  and  let  fp  =  ;e',  and 
vf=:v.    By  the  concUtions  already  expressed. 

From  this  equation,  that  of  the  curve  and  the  known  value 
of  c,  the  locus  ofy*may,  without  difficulty,  be  determined* 

If  the  incident  rays  be  parallel,  z'  is  infinite,  therefore,  in 
this  case,  the  formula  becomes 

V  =  Jc. 

PEOP.  CCCLVII. 

(667.)  To  find  Hie  caustic  when  tlte  reflecting  curve  is  a 
circle^  ihejbcus  qf  incident  rays  being  an  Us  wcumference. 

In  this  ^se  c  ^  s/  =  pf,  therefore 

as'  "^• 

Since^  =  ^fp,  a  parallel  to  cp 
through  f  will  intercept  en 
equal  to  a  third  of  the  radias, 
therefore  D  is  a  fixed  pomt.  Let 
fk  be  perpendicular  to  cp,  and 
join  DA.  It  is  obvious  that  j>fK 
is  a  right  angle,  and  once  de 
and  PA  bear  the  same  ratio  to 

DF  and  AF,  the  angle  daf  is  right.    Let  the  angle  pfe  be 

ft/,  and^E  SB  tti,  and  cp  =  r,  and  i>^=  z, 

2  =  DA  sin.  ft/, 
DA  =  ^r  sin.  u)\ 


V  = 


• . 


—    4 


jsr  =  l^r  Sin 


2  J  * 

*      W    9 


and  since  a/  =  ^o;,  the  equation  of  the  caustic  is 

«  =  ^r  sin.*  \w, 
or  ar  =  |.r(l  —  cos.  w). 
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which  is  the  equation  of  a  cardioide,  whose  base  is  a  circle 
ooncentrical  with  the  given  circle,  and  the  radius  of  which 
is  one-third  of  the  radius  of  the  given  circle. 

If  th^rdbre  cd  =  -f  of,  and  a  circle  be  described  with  c  as 
centre^  and  cd  as  radius,  the  cardioide,  whose  base  is  this 
circle,  is  the  caustic. 

PEOP.  CCCLVIU. 


(668.)  To^find  ff^  causik  by  reflecHcn,  tehm  ffte  refiecik^ 
curve  is  acirck,  and  parattel  rays  are  incident  in  the  plane 
of  the  circle. 

Let  CK  be  a  radius 
of  the  circle  drawn 
perpendicular  to  the 
incident  rays ;  and  let 
FA  be  a  ray  incident 
at  Aand  let  caf = cab, 
AB  will  be  the  reflected 
ray;  and  if  ca  be  bisected  at  d,  and  db  be  drawn  per* 
pendicular  to  ba,  the  point  b  will  be  the  focus  of  an  inde- 
finitely small  pencil  of  rays  incident  at  a,  and  parallel  to  fa. 
The  object  is  therefore  to  determine  the  locus  of  the  point  b. 

Let  BE  and  bg  be  drawn  parallel  to  ck  and  af 
respectively.  And  let  bg  =  o?,  cg  =  jfy  ac  =  r,  and 
ACK  =  ^.    By  what  has  been  stated,  we  find 

AB=:^r  sin.  ^, 

AE  =  AB  .cos.  (*-.2p)=:  —AB  .  COS.  2f  =  —  ^r  8m.^cos.2^, 

V  AE=  —  4r  sin.  <p  cos.  2^, 
B£=AB  .  sin.  (ii'-2^)=AB  sin.  2f, 

V  BEss^r  sin.  <f  sin.  2f . 

But  ance  0?  =  AF  —  AE,  andy  =  CF  — GF,andAF=  ran.  p, 
CF  =  r  cos.  ^,  '.• 
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X  :=•  r  sin.  f  •\-  ir  sin.  f  cos.  2^, 

y  =.  r  COS.  ^  —  4^  sin.  f  sin.  Sf ; 
but  by  trigonometry, 

sin.  <p  COS.  %p  :=  4(6in-  3?  *"  ^*  ?)> 
-^  sin.  9  sin.  2j)  =  ^(cos.  3^  —  cos.  ^). 
Making  these  substitutions,  we  find^  after  reduction, 

j7  =  ( *.r  +  ^r)  sin.  ^  +  ^r  sin.  3^ 

y  =  (4r  -h  ^r)  cos.  (^  -¥  ^r  cos.  8^. 

By  comparing  these  equations  with  those  of  epicycloids  in 
(507),  it  is  obyious  that  the  caustic  is  an  epicycloid,  the  base 
of  which  is  eoncentrical  with  the  given  circle,  its  radius 
being  half  that  of  the  given  drcle,  and  the  radius  <^  the 
generating  circle  being  one-fourth  of  the  radius  of  the  given 
circle. 


PBOF.  CCCLIX. 


(669.)  To  find  the  caustic  by  reflection^  ffhe  reflecting 
curve  bring  the  common  cycloid^  and  the  incident  rays  being 
parallel  to  its  axis. 


Let  c  be  the  centre  of  the  base  of  the  cycloid,  and  let  fa 
be  a  ri^  inddent  at  Af  and  da  being  the  normal  to  the 
point  A,  let  DAF  s  DAB,  and  let  db  be  drawn  perpendicular 
to  DB,  the  point  b  will  be  the  focus  of  reflection  of  a  small 
pencil  of  parallel  rays  incident  at  a  in  the  direction  fa.  For, 
unce  by  the  properties  of  the  cycloid  already  proved,  da  is 
half  the  radius  of  the  osculadng  circle  {iQ2),  the  pencil  of 
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rays  parallel  to  af  must  be  brought  to  a  focus  at  b.    The 
object  is  therefore  to  find  the  locus  of  the  point  b. 

Let  BG  and  be  be  parallel  to  af  and  ck  respectively,  and 
let  AF  =  y,  CF  =  af^  BG  5=  y,  and  cg  =  ar,  and  6af  ss  p. 
Since  ba  =  af,  and  baf  =  2daf,  we  have 

y--3^=ycos-2f, 

tii  -^x  :=.jf  an.  2^ ; 
but  cos.  2^  = ,  and  sin.  2?  = — ^. 

T  T 

Making  these  aubstitiitioii%  and  finding  the  values  of  y  and 
j/,  ire  have 

/»  -  ary  =  -  fy, 

•,•  a:'  =  a?  +  ^/ry  ±  Vry  —  y. 
Making  these  substitutions  in 

y  -  f*  COS. :^— 2 r  =  0, 

r 

which  is  the  equation  of  th6  cycloid  when  the  origin  is  at 

the  middle  point  of  the  base,  the  result  is 


•^ 


>v/r^  —  ry —  r  cos.  "■         ^  "    ■■  ■  »=  U» 


Now,  if  ^±^^2^::^  =. «,  CO.. « =.  i^^.  V 

COS.  2ai  =  2  COS.*  w  —  1  ==  1  —  -f-, 


and  hence  we  find 


y-  \T  COS. 4r  -  0, 

which  is  evidently  the  equation  of  a  cycloid  described  upon 
half  the  base  of  the  given  one,  and  which  is  therefore  the 
caus&c  sought. 
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PBOP.  CCGLX. 


(670.)  Tajind  the  caustic  In/  reflection,  ffie  reflecting 
curve  bdng  the  logarithmic  spiral,  and  ihejbcus  ofiwAdefoi 
rays  being  at  its  pcie. 

Let  p  be  the  pole  of  the 
spiral,  and  fx  the  line  ^ven 
in  position,  from  which  the 
ang^  AFX  sr  w  is  measured, 
PA  being  a  ray  incideDt  at  a; 
kt  AC  be  the  radius  of  the 
osculating  circle.  By  the  pro- 
perties of  this  spiral,  p  is  the 
middle  point  of  the  chord  of 
the  osculating  circle,  and  */  cpa  is  a  right  angle;  and  if  p 
be  the  focus  of  incident  rays  by  the  prtndples  of  optics,  the 
focus.  B  of  reflected  rays  is  found  by  drawing  ba,  making 
CAB  equal  to  cap,  and  cb  perpendicular  to  ab.     The  angle 
at  which  the  radius  vector  is  inclined  to  the  tangent  being  9> 
let  the  equation  of  the  spiral  be 

J  =  fl"'. 
And  let  pb  =  %,  and  bpx  s  ^,  and  bpa  =  0,  we  find 

*  ^^  "^x  sec*  "y 
•.•  z  =  2co8.6  a"^, 
which  is  the  equation  of  a  logarithmic  spir^  similar  to  the 
^ven  one^  and  which  is  therefore  the  caustic  sought. 
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SECTION  XXIV. 


Praxis. 


(1.)  Given  the  base  and  the  sum  of  the  sides  of  a  triangle 
to  determine  the  loci  of  the  points  where  the  angles  of  Uie 
inscribed  square  meet  the  sides,  and  also  that  of  the  centre 
of  the  inscribed  square. 

(2.)  In  a  right  angled  triangle  given  in  magnitude  and 
positian,  one  of  the  sides  containing  the  right  ang^e,  to  find 
the  locus  c^the  omtre  c^  the  inscribed  circle. 

(8.)  Given  the  base  and  vertical  angle  of  a  triangle,  to 
determine  when  the  sum  of  the  indes  is  a  maximum, 

(4.)  To  determine  the  greatest  ^pae  inscribable  in  a 
given  triangle^  and  touchiqg  one  of  the  udes  at  a  given 
point 

(5.)  To  find  the  greatest  triangle  inscribahle  in  a  orcle. 

(6.)  To  find  the  least  triangle  which  can  be  circumscribed 
about  a  drcle. 

(7.)  To  find  the  greatest  rectangle  inscribaUe  in  a  circle* 

(8.)  To  find  the  least  quadrilateral  which  can  be  circum- 
scribed round  a  cude. 

(9*)  Given  in  portion  two  sides  of  a  triangle,  and  a  point 
through  which  the  tlurd  side  passes,  to  determine  the  tri- 
angle so  that  the  sum  of  the  sides  given  in  position  shall  be 
a  minimum. 

(10.)  On  the  same  conditions,  to  construct  the  triangle  so 
that  the  area  shall  be  a  mimmum. 

(11.)  Given  the  base  of  a  triangle,  the  ratio  of  the  sum  of 
the  squares  of  the  ddes  to  the  rectangle  under  them,  to  find 
the  locus  of  the  vertex. 
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(IS.)  Given  the  base  of  a  triangle,  and  the  ratio  of  the 
sum  of  the  squares  of  the  sides  to  the  difference  of  their 
squares^  to  find  the  locus  of  the  vertex. 

(13.)  A  triangle  of  a  ^vea  area  has  an  angle  given  in  po- 
sition, to  find  a  curve  to  which  the  opposite  side  is  always  a 
tangent. 

(14.)  The  sum  of  the  circumferences  of  an  epicycloid  and 
h3rpocycl(Md,  described  with  the  same  base,  is  independent 
of  the  magnitude  of  the  base  when  thmt  generating  circles 
Are  equal. 

(15.)  To  determine  when  an  epicycloid  is  an  algebraic, 
and  when  a  transcendental  curve. 

(16»)  To  determine  the  nodes  of  an  epltrocfaoidy  the  de- 
scribing point  being  outside  the  ctrcumferenod  o£  the  gene- 
rating circle* 

(17.)  Tb  determine  the  inflections  of  an  epitrochoidy  the 
describing  po«st  being  within  the  gen^ating  circle* 

(18.)  A  circle  being  described  condentriscal  with  the  base 
of  an  epitrochoid)  and  with  a  radius  equal  to  the  differenae 
between  the  sum  of  the  radii  o£  the  base  and  generating 
circle,  and  th^  distonce  of  the  descrilnng  pmnt  from  the 
centre  to  the  generating  circle,  to  determine  the  points  when 
the  ejHtrochcHd  meets  this  circle,  and  the  position  of  the 
tangent  to  the  epitrochoid  at  thefie  points* 

(19.)  To  determine  the  position  of  the  tangent  to  ao  eja- 
cycloid  at  the  points  where  it  meets  the  b^se* 

(SOtf)  To  apply  investigations  similar  to  the  preceding  to 
hjrpotrochoids  and  hypocycloids. 

(21.)  To  deduce  the  equations  of  cycloids  in  general  from 
those  of  epitrochoids. 

(22.)  To  exhibit  the  ^ff^rent  analogies  between  eptxo- 
choids  and  cycloids. 

(2S.)  Two  lines  of  the  second  degree  b^ng  given,  a  right 

» 

line  touches  one  of  them  and  cuts  the  other,  and  tlmnigh 
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the  pmnts  of  section  two  taogents  are  drawn  to  determine 
the  locus  of  their  point  of  intersection. 

(24.)  To  determine  the  curve  in  which  the  perpendicular 
from  the 'Origin  on  the  tangent  is  always  equal  to  half  the 
normal  through  the  point  of  contact 

(25.)  To  find  the  curve  in  which  the  ncMrmal  bears  a  given 
ratio  to  the  part  of  the  axis  of  Xy  intercepted  between  it  and 
a  given  point. 

(26.)  To  find  the  equation  of  the  curve  in  which  the 
radius  of  curvature  varies  as  the  inclination  of  the  tangent 
to  a  line  given  in  poution. 

(37.)  To  determine  the  locus  of  the  vertex  of  a  triangle 
constructed  on  a  given  base,  one  of  the  angles  at  the  base 
differing  from  twice  the  other  by  a  given  angle. 

(S8.)  The  vertices  of  two  angles  given  in  magnitude  are 
^ven  in  position,  and  the  pcnnt  of  intersection  of  one  pair  of 
sides  describes  a  right  line,  to  find  the  curve  described  by 
the  point  of  intersection  of  the  other  sides. 

(29^)  To  determine  the  curve  whose  tangent  is  always 
equal  to  the  part  of  the  axis  interested  between  it  and  tiie 
origin* 

(30.)  If  the  ordinate  to  the  axis  of  a  line  of  the  second 
degree  be  produced  until  the  produced  part  equals  the 
normal,  to  find  the  locus  of  its  extremity. 

(3L)  To  inscribe  an  ellipse  in  a  giv^i  parallelogram,  so 
that  its  area  shall  be  a  maximum. 

(32.)  If  two  sides  of  a  triangle 
ABC  be  divided  into  the  same 
number  of  equal  parts,  and  the 
points  of  division  of  one  side, 
beginning  from  the  base,  be 
joined  with  those  of  the  other 
side,  be^nning  from  the  vertex, 
to  find  the  curve  on  which  the 


428  ALGEBRAIC  G£OM£TBY. 

intersections  of  every  pair  of  consecutive  Knes  taken  in  this 
order  are  placed. 

(33.)  If  on  two  sides  of  a  triangle  abc,  equal  parts  be  as- 
sumed, to  find  the  curves  on  which  the  points  p  of  inter- 
section of  every  pair  of  lines  joining  the  successive  pcxnts  of 
divimon  are  placed. 


(34.)  To  explain  and  prove  the  principle  of  the  Pcnr- 

For  a  description  of  this  instrument,  see  Hutton's  Mathe- 
matical Dictionary. 

(35.)  To  determine  the  area  and  inflection  of  a  curve^  in 
which  y  varies  as  the  square  of  the  sine  of  x. 

(36.)  A  circle  revolves  in  its  own  plane  uniformly  round 
a  point  on  its  circumference,  and  at  the  same  time  a  point 
on  the  circumference  revolves  round  the  centre  with  the 
same  angular  motion,  to  find  the  curve  traced  by  this  point 

(37.)  The  length  of  a  circular  arc  is  given,  to  find  such 
a  radius  that  the  area  of  the  segment  may  be  a  maximum. 

(38.)  To  find  the  point  in  an  ellipse,  where  the  part  of 
the  tangent  between  the  point  and  a  perpendicular  from  the 
centre  is  a  maximum. 

(39.)  To  find  where  the  intercept  of  the  tangent  between 
a  perpendicular  from  the  focus  of  the  ellipse  and  the  point 
of  contact  is  a  maximum. 

(40.)  From  a  given  point  to  draw  a  line  intersecting  an 
ellipse,  so  that  the  part  intercepted  within  the  curve  may  be 
a  maximum. 


ALGEBBAIC   GEOMETRY.  4S9 

(41.)  To  find  the  greatest  ellipse  inscribable  In  a  semi- 
circle. 

(48.)  An  angle  of  a  triangle  being  given  in  magnitude 
and  position.  Mid  the  sum  of  the  containing  sides  being 
omstanty  to  find  the  curve  to  which  the  nde  opposite  to  it  is 
always  a  tangent. 

(43.)  An  angle  of  a  triangle  being  ^ven  in  magnitude 
and  position,  and  the  difference  of  the  containing  sides  being 
given,  to  find  the  curve  to  which  the  opposite  side  is  always 
a  tangent. 

(44,)  To  find  the  least  triangle  which  can  be  included  by 
a  tangent  to  a  given  curve  and  the  axes  of  co-ordinates. 

(4S.)  To  find  the  greatest  parallelogram  which  can  be 
included  under  the  co-ordinates  of  a  point  in  a  curve. 

(46.)  Given  the  length  of  the  arc  of  a  semicubical  para- 
bola, to  find  when  the  area  included  by  it,  and  the  co- 
ordinate of  its  extremity,  shall  be  a  maximum. 

(47.)  To  determine  the  curve  which  shall  intersect  similar 
and  concentric  ellipses  at  right  angles. 

(48.)  To  determine  the  curve  which  shall  cut  any  number 
of  ellipses  or  hyperbolas,  having  the  same  centre  and  vertex 
at  right  angless. 

(49.)  To  determine  the  locus  of  the  points  of  contact  of 
concentric  circles,  touching  similar  and  similarly  posited 
concentric  ellipses. 

(60.)  To  describe  a  circle  with  a  g^ven  centre,  and  touch- 
ing a  given  parabola. 

(51.)  To  draw  a  tangent  to  an  ellipse,  so  that  the  int^- 
cept  of  it  between  the  axes  shall  be  a  minimum. 

(52.)  To  express  the  area  of  the  sector  of  an  ellipse  con- 
tinued by  the  axis  and  the  radius  vector  in  terms  of  the  ec- 
centric anomaly. 

(68.)  If  a  portion  be  assumed  on  the  ordinate  to  the  axes 
of  an  ellipse  equal  to  the  semiconjogate  diameter,  to  find 
the  locus  of  its  extremity. 
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(64.)  To  dircumscribe  a  given  ellipse  by  a  triangle  whose 
area  shall  be  a  minimum. 

(55.)  Two  points  b  and  c  and  a  cirde  b^g  giiren^  to  de* 

(;  termine  a  point  v  on  the  circle  from 
which  right  lines  being  drawn  to  the 
centre,  and  to  the  two  given  pmnts, 
the  sines  of  the  angles  afo  and  apq, 
which  the  radius  forms  with  the  lines 
to  the  given  points  shall  be  in  a  ^ven  ratio. 

(56.)  A  point  and  two  right  lines  are  given  in  position^  to 
determine  the  equation  of  a  circle,  whidi,  passing  through 
the  givtti  point  and  touching  ooe  of  the  given  lines,  will  in- 
tersect the  other,  so  that  the  part  of  it  intercepted  within  the 
circle  shall  have  a  given  magnitude. 

(57.)  Two  diameters  of 
a  drcle  being  drawn,  in- 
OP  tersecting  perpendicularly, 

>•  from  the  extremity  b  of 
one  of  them  a  right  line 
is  drawn,  meeting  the 
other  at  any  point  a,  the 
given  circle  at  p',  and 
through  the  points  a  and  f'  parallels  to  the  diameters  are 
drawn  intersecting  at  r ;  to  find  the  locus  of  the  point  p  of 
intersection  of  these  parallels. 

is  (58.)  Two  angles  are  inscribed  in  the 
same  segment  of  a  line  of  the  second 
degree,  whose  sides  intersect  at  the  pcnnts 
p  and  p' ;  a  right  line  passing  through  p 
and  p'  always  passes  through  a  fixed 
point;  to  determine  this  pcrint 

(59.)  Given  the  base  of  a  triangle, 
and  the  vaticn  of  tiie  sum  of  the  squares  of  the  sid^  to  the 
sum  of  the  sqvares  of  the  segments  of  the  base,  intercepted 
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between  the  perpendicular  and  its  extremities^  to  find  the 
locus  pf  the  vertex. 

(60.)  Given  the  base  of  a  triangle,  and  the  ratio  of  the 
rectangle  under  the  sides  to  the  rectangle  under  the  seg- 
ments of  the  base  intercepted  between  the  perpendicular  and 
its- extremities,  to  find  the  locus  of  the  vertex. 

(61.)  To  determine  the  axes  of  co-ordinates,  to  which  a 
line  of  the  second  degree  must  be  related,  in  order  that  the 
sum  of  squares  of  the  values  of  y,  which  correspond  to  the 
same  value  of  j:,  may  be  invariable. 

(62.)  To  determine  the  conditions  under  which  the  sum  of 
themth  powers  of  the  values  of  ^,  corresponding  to  the  same 
value  of  Xj  shall  be  the  same  for  all  points  of  the  curve. 

(68.)  To  determine  for  all  algebraic  curves,  the  condition 
under  which  the  product  of  all  the  values  of  ^,  for  the  same 
value  of  X,  is  invariable. 

(64)  To  determine  for  all  algebraic  curves,  the  condition 
under  which  the  sum  of  the  products  of  every  n  values  of  y, 
for  the  same  value  of  x  shall  be  invariable,  n  being  an  in- 
teger less  than  that  which  marks  the  degree  of  the  equation. 

(65.)  The  ordinate  (pm)  to  the  dia- 
meter of  a  circle  being  produced  until 
the  produced  part  (pp^)  equ^s  the  chord 
(pb)  of  the  arc  intercepted  between  the 
ordinate  and  the  extremity  of  the  dia- 
meter, to  investigate  the  figure  and  pro-     ' J — iT^ 

perties  of  the  locus  of  the  extremity  (p')  of  the  produced 
part 

(66.)  The  ordinate  to  the  diameter  of  a  circle  being  pro- 
duced until  the  whole  produced  ordinate  (mp^)  equab  the 
tangent  of  the  arc  (pb),  to  find  the  locus  of  the  extremity  p' 
of  the  produced  ordinate. 

(67.)  The  ordinate  to  the  diameter  of  a  circle  being  pro- 
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duced  until  it  becomes  equal  to  the  secant  of  the  arc  (pb),  ta 
find  the  locus  of  its  extremity. 

(68.)  The  ordinate  to  the  conjugate  axis  of  an  ellipse  or 
hyperbola  being  produced  until  the  produced  part  is  equal 
to  the  line  connecting  the  extremity  of  the  ordinate  with  the 
focus,  to  find  the  locus  of  the  extremity  of  the  produced 
ordinate. 

(69*)  To  investigate  the  line  or  lines  represented  by  the 
equation 
y^  —  ai/^x  H-  x^y  —  ax^  +  bx^  -f  hif^-^cy  -f  cox  +  6c=0. 

(70.)  To  determine  the  locus  of  the  equation 
ys  —  xy*  +  yx^  -^  xi^  ^  %rxy  +  2ra?«  =  0. 

(71.)  To  determine  the  locus  of  the  equation 
y^  +  y*«*  —  py'^x  —  px^  —  ry  +  pr^x  =  0. 

(7S.)  To  determine  the  locus  of  the  equation 

€?y^  -  a^h^x  —  ah'a^y  +  V^x?  +  a^V^y  —  a*¥x  =  0. 

(78.)  To  determine  the  figure  and  inflections  of  the  curve 
represented  by  the  equation 

S      I 

07*  —  ay  +  cb^x^  =  0. 
(74.)  To  determine  the  figure  and  inflections  of  the  locus 
of  the  equation 

a:*  —  ay«  +  a^x  =  0. 
(76.)  To  determine  the  figure  and  inflections  of  the  locus 
of  the  equation 

iafi  -  8aa?*  +  110  a^x^  -  180  oV  +  ^  =  0. 
(76.)  To  determine  the  figure  and  quadrature  of  the  locus 
of  the  equation 

(77.)  To  determine  the  inflection  of  a  curve  in  which 

(78.)  To  determine  the  locus  of  the  vertex  of  a  triangle 
on  a  ^ven  base,  the  square  of  the  altitude  of  which  varies 
as  the  quote  of  the  segments.  And  to  show  the  inflections 
of  this  locus. 
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(790  7o  ^^i  ^^^  curye  in  which  the  rectangle  under 
perpendiculars  from  two  ^ven  points  on  the  tangent  is  of  a 
donstaUt  magnitude. 

(80.)  To  find  the  curve  in  which  the  subnormal  h 
constant. 

(81.)  To  find  the  curve  in  which  the  perpendicular  from 
the  ori^n  on  the  tangent  is  constant 

(82.)  To  find  the  curve  in  which  the  perpendicular  from 
the  origin  on  the  tangent  varies  in  the  subduplicate  ratio  of 
the  radius  vector. 

(88.)  To  find  -the  curve  in  which  the  locus  of  the  inter- 
section of  the  perpendicular  through  a  ^ven  point  and  the 
tangent  is  a  right  line. 

(84.)  To  find  the  curve  in  which  the  locus  of  the  inter- 
section of  a  perpendicular  through  a  given  point  with  the 
tangent  is  a  circle.    ^ 

(85.)  To  find  the  curve  in  which  the  locus  of  the  ex- 
tremity of  the  polar  subtangent  is  a  straight  line. 

(86.)  To  find  the  locus  of  the  intersection  of  tangents  to 
an  elHpse  or  hyperbola  which  intersect  at  a  given  angle. 

(87.)  Two  tangents  to  an  ellipse  or  hyperbola  intersect 
the  transverse  axis  at  angles^  the  difference  of  which  is  ^ven, 
to  determine  the  locus  of  thdr  point  of  intersection. 

(88.)  Investigate  the  figure  and  properties  of  the  class  of 
curves  included  under  the  polar  equation  s^  =  cos.  ncv. 

(89.)  If  three  right  lines  in  the  same  plane  move  angu- 
larly round  three  fixed  points,  and  two  of  the  three  points  of 
intersection  describe  right  lines,  the  third  will  describe  a  line 
of  the  second  degree ;  to  determine  its  species,  centre,  axes, 
&c. 

(90.)  If  three  lines  revolve  round  three  fixed  points  in  the 
same  manner,  and  one  of  the  points  of  intersection  describes 
a  line  of  the  mth  order,  and  another  one  of  the  nth  order, 
the  third  will  describe  a  line  of  the  mnth,  neither  of  the  lines 
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of  the  mth  or  nth  order  b^g  8up|)oeed  tp  pesB  throu^  ihe 
centres  of  rotation. 

(91-)  To  determine  the  locus  of  the  intersection  of  the 
rectangular  tangents  to  the  cardioide. 

(9S.)  The  line  joining  the  points  of  contact  of*  rect* 
angular  tangents  to  the  cardioide  passes  through  a  fixed 
point. 

(03.)  To  determine  the  equation  of  the  class  of  curves 
distinguidied  by  the  property,  that  tangents. through  the 
extremities  of  a  chord  pasdng  through  a  given  point  shall 
intersect  at  a  gpiven  an^b. 

(94.)  To  determine  the  equation  of  a  dto  of  curves  in 
which  all  chords  drawn  through  a  ^ven  ipcmt  are  of  a  given 
length. 

(96.)  To  determine  the  inflectimis  of  the  carve  lepre^ 
sented  by  the  equation 

Ay  +  -bW  =  a'b*. 

(96.)  To  find  the  multiple  point  x>f  the  curve  repre- 
sented by 

ay«  .  x\b  +  jr)  =  0. 

(97.)  To  determine  the  singular  point  of  the  curves 
represented  by  the  equations 


y'  + 

ax  + 

a^(a^- 

9  = 

a 

/ 

y*  = 

pxy 

c^  = 

(jr«- 

6»)(««- 

«•), 

y»= 

px^ 

y= 

pXy 

y= 

px\ 

*♦ 

-  tufx",  +  bif' 

=  0, 

if* 

+  5^- 

'9ay^ 

+.«6x^ '. 

=  0, 
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«♦  -  2ag^  -  Say  -  2ci*«^  ^^^  «♦  =c  0, 

^  z=  (a?  —  a)^  (a:  —  6) 
y  +  oar*  -  i«jry«  =  0, 
ay  -  2a6j?*y  —  a:*  =  0, 
2  =  a  sin.  2uf. 

(^.)  Gi^ea  the  ^ngle  of  elevation  at  which  a  cannon  is 
fix^j  to  find  the  strength  of  the  charge  necessary  to  make 
the  ball  strike  a  given  plane  perpendicularly. 

(090  To  find  the  deviation  which  will  require  the  least 
quantity  of  powder  to  cause  a  ball  of  a  given  weight  to 
atr&e  a  given  object. 

(IQO.)  Tyiro  piroles,  described  uppn  the  same,  vertical  plane, 
with  (heir  qentres  in  the  sameKorizontal,  are  ^ven  in  mag- 
mtude  and  portion,  to  determine  a  point  from  which  tan- 
gents to  the  (wo  drdes  w;!!  be  described  by  falling  bodies 
in  the  same  time,  and  to  find  the  locus  of  all  such  points. 

(101.)  To  find  the  point  in  a  planet^s  elliptical  orbit, 
where  its  velpdty  is  an  harmonic  mean  between  its  velocities 
at  the  apsides. 

(lOS.)  To  det^mine  the  points  in  the  moon's  elliptic  orbit, 
where  her  angular  velocity  round  the  remote  focus  is  ac- 
curately equal  to  her  angular  velocity  on  her  axis. 
'  (IO34)  To  find  t\ie  latitude  at  which  the  vertical  line  is 
most  incline4  to  the  line  drawn  to  the  centre. 

(104.)  Infll  curves  described  by  a  body  moving  rpund  a 
centre  of  force,  the  velocity  of  the  body  is  equal  to  that  of  a 
body  in  the  equi(Ustwt  circle  at  that  point  at  which  the 
angle  under  the  radius  vector  and  tangent,  or  tlie  angle  of 
projection,  \s  a  minimum. 

(106.)  A  body  being  supposed  to  fall  from  any  distance 
towards  a  centre  of  force,  the  law  of  which  is  the  inverse 

F  F  2 
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square  of  the  distance;  if  a  cydcnd  be  described  on  the  line 
of  descent  as  axis,  the  ordinate  to  the  axis  wUch  passes 
through  the  body  is  always  proportional  to  the  time  of  its 
&11,  and  the  tangent  of  the  angle  at  which  ihis  ordinate  is^ 
inclined  to  the  curve  represents  the  acquired  velodty. 

(106.)  In  the  hyperbolic  spiral  the  centripetal  and  centri- 
fugal forces  are  equal. 

(107.)  To  express  the  times  of  the  successive  revolutions 
of  the  radius  vectoi*  passing  through  a  body  moving  in  a 
logarithmic  spiral,  and  also  the  time  of  arriving  at  the 
centre. 

(108.)  To  apply  the  same  investigations  to  a  body  movihg 
in  an  hyperbolic  spiral. 

(109.)  A  body  revolves  in  an  ellipse  or  h3rperbola,  the' 
centre  of  force  being  at  the  focus,  the  place  of  the  body 
being  given,  to  determine  the  ratio  of  its  velocity  to  that  of  a' 
body  moving  in  a  drcle  at  the  same  distance. 

(110.)  In  the  same  case,  the  place  of  the  body  being  given,'- 
to  determine  the  ratio  of  the  centripetal  to  the  centrifugal^ 
force. 

(111.)  In  the  same  case,  to  determine  the  maximum  para- 
centric velocity  by  means  of  the  polar  subtangent. 

(113.)  In  the  same  case,  to  determine  the  point  at  which 
the  velocity  is  a  geometrical  mean  between  the  velocities  atf 
the  apsides. 

(118.)  In  the  same  case,  to  determine  the  point  at  which 
the  angular  velocity  equals  the  mean  angular  velocity. 

(114.)  To  determine  the  curve  afiPected  by  a  repulidve 
force,  parallel  and  proportional  to  the  ordinate. 

(115.)  To  determine  the  curve  in  which  the  attractive 
force  is  proportional  to  the  ordinate. 

(116.)  A  body  is  moved  in  a  cycloid  by  the  attraction 
of  the  points  of  the  base,  to  determine  the  law  of  the  at- 
traction. 
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(117.)  To  detennine  the  period  in  this  case,  and  show  its 
analogy  to  the  periods  of  bodies  moving  in  a  line  of  the 
second  degree  with  the  force  at  the  focus. 

(118.)  Jets  of  water  spout  from  apertures  at  the  same 
depth  below  the  surface  of  the  reservoir  at  different  eleva- 
tions; to  determine  the  locus  of  their  points  of  greatest 
ascent  without  regard  to  the  resistance  of  the  air. 

(119.)  Jets  of  water  spout  from  apertures  at  different 
depths,  but  with  the  same  elevation,  to  determine  the  locus 
of  their  highest  points. 

(120.)  Given  the  place  of  the  aperture,  to  determine  the 
direction  of  the  jet,  so  that  the  area  included  by  the  curve 
and  its  chord  shall  be  a  maximum. 

(121.)  Jets  of  water  at  the  same  depth  below  the  surface 
in  the  reservoirs  spout  with  different  elevations,  to  determine 
the  locus  of  their  focL 

(122.)  Jets  of  water  at  different  depths  spout  with  the 
same  elevation^  to  determine  the  locus  of  their  foci. 

(123.)  What  would  happen  to  the  earth  if  the  sun's  mass 
were  diminished  one  half.' 

(124.)  If  all  the  bodies  of  a  system  but  one  be  quiescent^ 
and  that  one  describe  any  given  curve,  to  find  the  curve 
which  the  centre  of  gravity  of  the  system  Will  describe. 

(125.)  Rays  diverging  fi'om  a  luminous  point  are  re- 
fracted by  a  spherical  surface,  to  find  the  point  at  which 
each  refracted  ray  intersects  the  4^™^^!^  ^^  ^^^  sphere 
passing  through  the  luminous  point. 

(126.)  An  object  is  placed  between  two  mirrors,  the 
planes  of  which  are  not  parallel,  to  find  the  line  on  which 
all  the  imi^s  are  placed. 


NOTES  ON  PART  I. 
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Art  13. 

Thb  method  of  determiniiig  the  number  and  order  of  the 
terms  of  a  general  equation  is  explained  in  Sect.  XXI. 

Art.  14, 

In  the  general  equation  of  the  right  line,  and,  indeed,  in 
every  general  equation,  the  constant  oo-effidents  a,  b,  &c. 
must  be  supposed  to  represent  such  quantities  as  render  the 
entire  equation  homogeneous ;  that  is,  so  that  all  the  terms 
which  compose  it  shall  be  composed  of  the  same  number  of 
linear  factors.  Thus,  in  the  general  equation  of  the  first 
degree,  if  c  be  supposed  to  represent  a  line,  a  and  b  must 
represent  numbers.  In  th^  general  equation  of  the  seccmd 
degree. 

Ay*  +  Bxy  +  cx^  -f  Dy  +  Eo:  +  F  =  0, 

if  F  be  supposed  a  quantity  of  two  linear  dimensions,  and 
therefore  to  represent  a  surface,  all  the  other  terms  must 
also  represent  surfaces ;  therefore  d  and  £  must  represent 
lines,  and  a,  b,  and  c,  numbers^  If  7  be  a  quantity  com- 
posed of  three  linear  factors,  d  and  e  must  be  quantities 
composed  of  two,  and  a,  b,  and  c,  of  one. 

It  may  be  observed,  that  in  the  equation  of  a  right  line, 
the  inclination  to  the  axes  of  co-ordinates  depends  on  the 
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value  of  — ,  and  the  points  where  it  meets  the  axes  on 
—  and  — . 

A  B 

Art  15. 
If  the  axes  of  eo-oKdinates  be  rectangular^  sin.  1y  =  cos.  £r> 

and  therefore =  tan.  ir. 

Act*  28,  et  seq. 

It  may  be  interesting  to  students  accustomed  to  geometrical 
investigations,  to  see  how  some  of  the  formulae  found  in 
this  section  analytically  may  be  obtained  by  geometrical 
prineiples.  The  apfdication  of  geometrical  principles  to  esta- 
blish formulae  is  not,  however^  a  habit  in  which  the  young 
analyst  should  indulge;  it  sometimes  appears  to  give  greater 
facility  and  clearness  than  the  analytic  process,  but  in  many 
mof'e  cas^  it  embarrasses  aind  perplexes  the  student,  and 
always  contracts  and  particularises  his  conclusions. 

The  result  of  art.  (^)  may  be  found  geometrically  Uius. 

Let  the  equations  of 
the  lines  be  as  in 
the  text.  We  have  by 
the  similar  triangles 
CAB  and  cMi, 

CA  :  AB  : :  CM  :  hi. 
And  by  the  similar  triangles  dhi/  and  c'mi, 

c'a  :  ab'  : :  c'm  :  mi. 
Hence,  by  compounding  the  ratios, 

CA  X  AB^  tdA  X  AB  ::  caiidM; 
but  by  (17), 

c        ,  c' 

CA  = ,      c'a  = r, 

b'  b'  ' 

C  ,  c' 

BA  = ,      b'a  =  —  —7. 

a'  a' 


AiaSBBAIC  GBOMXTEY.  448 


Hence  we  find 


cd      cd  c  d 

a'b     ab'  b  b' 

And  by  diviiion^ 

cd       cd      cd       d        c  d 

a'b       ab'  '  ab*  *■  b'        w  *         b'* 

thence  the  value  of  or. 

In  a  similar  way  the  value  of  y  may  be  found. 

The  result  of  art  26  may  be  thus  found  geometrically: 

Let  p'  be  the  given 
point  through  which 
the  Ene  is  required  to 
pass,  and  whose  co-or- 
dinates are  ^af.  Let 
p  be  any  point  on  the 
right  line,  the  co-ordinates  of  which  are  yx.  Since  the 
angles  VF^m  and  p'pin  are  idways  the  same,  the  species  of 
the  triangle  vm^  is  independent  of  the  position  of  the  point 
p,  and  therefore  die  ratio  piti  :  p'm  is  independent  of  it  Let 
this  constant  ratio  be  a  :  1,  *.* 

vm  :  p'm  ::«:!, 
or  y  -^  1/  :  X  -^  xf  : :  a  :  1, 

and  if  a  := ,  we  have 

a  ' 

If  the  right  line 
be  required  to  pass 
through  two  points 
p'p"^,  we  have  the  ratio 
pm" :  pW  always  the 
same  as    pW  :  p'W, 


MM  J! 


At&EBltAlC    geometry; 


because  the  triangle  rm^r^  i^  always    similar  to  pWp'': 
hence 

ory  — y  \  X  ^  aP  wjf  —  y^:  ^ —  ^» 
or  (jt'  —  a/')  (y  —y)  -  (y  -y)  (j?  -  a:*)  i=  0. 
The  formula  in  art  50,  for  the  length  of  the  perpendicular, 
may  be  found  thus : 


Let  p  be  the  point  from 
which  the  perpendicular  is 
supposed  to  be  drawn  to  the 
line  CD.  The  triangles  PDm 
and  BAG  are  manifestly  si- 
milar; therefore 


PD  :  pm  : :  CA  :  bc, 

or  PD  ;  PM  —  mm  : :  CA  :  bc. 

c  c  .     ■ 

But  cA  =•• ,  and  ba  = ,  and  hence 

B  A    . 


BC  =  — ^/A2^-B«; 
AB 

but  also,  since  the  equation  of  the  line  cd  is 

Ay  +  Ba:  -h  C  =  0. 
If  or  =  j/,  andy  =  mot,  we  have 

^a}-\-  c 

aV+boZ  +  c 

V  PM  =   -^ ' . 

A 

And  by  these  substitutions,  the  proportion  becomes 

Aw'+Ba^'-fc            c       c 
PD  :  -^ '-*- •  — 


A 

PD  =  — 


B        AB 
Ay  +  BoZ  +  C 


^/A«+B^ 


The  preceding  examples  show  the  student  how  some  of 
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the  results  may  be  obtiuned  'geomdtrically.  They  also  give 
striking  proofs  how  inferior  both  in  brevity  and  fadlity  that 
method  is  to  the  analytic  process* 

Art.  57. 

A  formula  is  said  to  be  symmetrical  with  respect  to  any 
quantitiesi  when  their  denominations  being  interchange^ 
the  formula  remains  unchanged.  Thus,  in  the  value  of  a,  i£ 
the  denominations  of  the  three  sides  be  changed,  the  formula 
remains  the  same ;  for  example,  let  c  be  changed  into  dj 
vice  versa. 

__  dcd*  - 

*"    4a' 
which  is  the  same  as  before.     Or  if  e  be  changed  into  tP^ 
and  vice  versa^  the  formula  still  remains  the  same. 

Art.  69. 

This  proposition,  with  the  various  modifications  of  which 
it  is  susceptible,  is  j^ven  by  Apollonius  (see  note  on  art.  89) 
in  his  treatise  De  Locis  PlaniSy  a  remarkable  collection  of 
curious  properties  of  the  circle  and  right  line.  This  treatise 
was  first  restored  by  Fermatj  though  his  work  was  not  pub^ 
lished  until  after  his  death.  Schooten  afterwards  published 
a  work  on  the  same  subject;  but  his  demonstrations  are  alge- 
bridcal  in  many  cases,  and  not  in  the  spirit  of  the  original. 
The  best  work  extant  on  the  subject  is  Robert  Simpson's 
JpoHonii  Loca  Plana  restitiUay  an  excellent  specimen  of  the 
style  of  the  ancient  geometry. 

Art.  80,  et  seq. 

A  more  general  definition  of  diameters  of  a  curve  will  be 
found  in  Section  XXI. 

We  shall  here  explain  the  algebraical  principles  assumed 
in  this  and  the  following  articles.  ^ 

In  an  equation  of  the  form 
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01*  ^  Aar4-  c  s= 
the  valu€9  of  ^  b,  and  e^  being  supposed  gpiven,  the  »ga  of 
m  will  depend  on  that  of  Ot.and  tjie  natuie  of  the  yaluet  of 
X  which  render  m  =  0. 

1^  Let  the  values  of  x,  which  render  m  x=  0,  be  real  and 
\iliequal,  and  be  represented  by  of  and  a^.  The  above 
equation  may,  by  a  well  known  property  c^  equations,  be 
expressed  thus : 

See  Wood's  Algebra,  Part  II. 

If  «r^  be  considered  the  greater,  ax^d  of  the  lesser  root,  all 
values  oi  X  >  of  and  <  a/'  must  give  the  factors  x^^af 
and  X  —  aP  different  fflgns,  and  therefore  render  their  pro- 
duct nc^tive ;  and  all  values  of  x  >  x^^  or  <  afy  must  give 
these  factors  the  same  sign,  and  therefore  render  their  pro- 
duct positive.    Hence,  for  all  values  of  x  between  the  ropts 

$/  and  47*)  —  must  be  negative,  and  therefore  m  apd.a  must 
have  different  signs;  and  for  all  values  of  x  beyond. the 

anrt 

limits  of  and  af\  the  quantity  —  must  be  positive,  and 

therefore  m  and  a  must  have  the  same  sign. 

2^,  If  the  values  of  x  which  reader  m  =  0  be  impossible, 
let  the  equation 

be  solved  for  ar,  and  we  find 


— 6±  a/6*— 4ac+4a?7i 

X  sa  I  .1  ■  •■■..  r        ■  III  .1.1    '  •  I  , 

2a 

Since  the  value  of  x  is  by  supposition  impossible,  when 
m  s  0,  we  have  the  condition 

5»  —  4ac  <  0, 
and  therefore  am  >  0,  and  hence  a  and  m  must  always  have 
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the  same  agn,  and  therefore  the  quantity  —  must  be  po- 

mtive  for  all  real  values  of  or,  whether  positive  or  negative. 

3^  If  the  values  of  ^,  which  render  m  s=  0^  be  real  ^d 
equal.    The  equation  can,  in  this  case,  be  reduced  to 

Hence,  for  all  values  whatever  of  ar,  except  that  which  gives* 
HI  =  0,  the  value  of  —  must  be  positive,  and  therefore  m 

and  a  must  have  the  same  sign. 
In  an  equation  of  the  form 

Ad?  +  c  =  «w, 
the  agn  of  m  will  depend  on  that  of  i,  and  the  value  of  ^ 
which  renders  m  =  0.    Let  this  be  jcf,  and  we  find 

Hence  the  equation  may  be  expressed 

b{r —  x')  =:  m. 

m 
Hence  it  appears  that  all  values  oi  x  <  of  render  — 

negative ;  and  all  values  >  a/  render  —  positive,  and  there* 

fore  in  the  one  case  m  and  a  have  different  signs,  and  in  the 
other  the  same  sign. 

These  prindples  may  be  applied  to  the  cases  in  the  text, 
by  suppoang  a  =  b^  —  4ac,  and  b  =  2(bd  —  Sab),  or 
=  2(be  —  2cd),  and  m  =  k%  or  =  r'«. 

It  may  be  observed,  diat  the  condition  b^  —  4ac  =  0 
renders  the  first  three  terms  of  the  general  equation  a  com- 
plete square. 

Art.  89. 

It  should  be  remembered,  that  these  conditions  involve 
the  supposition  that  a  and  c  are  finite. 
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The  curves  represented  bj  the  general  equation  of  the 
second  degree  .are  the  same  as  those  which  are  produced  by 
the  section  of  a  conical  surface  by  a  plane,  as  will  be  shown 
in  the  second  part  of  this  work.  They  have  hence  been 
called  Cofiic  Sections.  These  curves  originated  in  the  Pla* 
tonic  school.  Some  suppose  Plato  himself  to  have  first  con- 
caved them ;  others  M enechme,  a  distinguished  geometer  of 
that  time,  and  a  pupil  of  Plato.  The  first  properties  which 
were  discovered,  were  those  of  diameters  and  their  ordinates, 
the  centre  and  foci,  the  parallelism  of  the  diameters  of  a 
parabola,  the  value  of  the  subtangent,  the  properties  of  the 
lines  from  the  foci  in  (217)|  and  the  dmilar  property  of  the 
fiarabola  in  (^5),  the  property  proved  in  (209),  and  tlie 
properties  of  the  asymptotes  of  the  hyperbola. 

Even  at  so  early  a  period  as  the  time  of  Plato,  Menechme 
displayed  a  considerable  knowledge  of  the  properties  of 
the  conic  sections  in  his  solutions  of  the  famous  problem 
of  the  duplication  of  the  cube  by  the  intersection  of  two 
parabolae,  and  by  the  intersection  of  a  parabola'  and  hy- 
perbola. Aristffius,  the  teacher  of  Euclid,  and  pupil  of 
Plato,  also  at  that  time  wrote  two  works,  one  consisting  of 
five  books  on  the  Conic  Sections,  the  other  condsting  also  of 
five  books  on  Solid  Loci.  Pappus  prescribes  these  books  as 
a  study  for  his  son  in  geometry.  These  works  were  un- 
fortunately lost  in  the  general  wreck  of  letters. 

The  prindpal  treatise  which  the  ancients  have  handed 
down  on  the  properties  of  lines  of  the  second  degree  is^  that 
of  ApoLLO^t^ius  PEEGiEUS,  who  flourished  about  the  middle 
of  the  third  century  before  the  Christian  era.  He  was 
distinguished  among  the  andents  by  the  tide  of  The 
Great  Geometer,  and  was  deddedly  the  second  geometer 
of  antiquity.  According  to  Pappus,  it  would  appear  that 
he  was  not  so  liberally  endowed  with  the  quahties  of  ttie 
heart  as  those  of  the  head.     He  represents  his  character  at 
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marked  by  arrogance,  envy,  and  as  seizing  with  avidity 
every  opportunity  of  trampling  upon  the  claims  and  lower- 
ing the  merits  of  others.  His  principal  work  is  the  treatise 
on  Conies.  He  defines  the  lines  of  the  second  degree  by  the 
section  of  the  cone.  The  treatise  consists  of  eight  books, 
the  first  four  of  which  have  been  handed  down  in  the 
original  Greek ;  the  fidh,  sixth,  and  seventh,  we  Iiave 
through  an  Arabiq  version,  and  the  eighth  has  been  lost. 
Halley  has  attempted  to  restore  the  eighth  book  in  his 
^ition  of  Apollonius.  The  last  four  books  contain  the 
principal  discoveries  of  Apollonius,  the  subject  of  the  first 
four  having  been  previously  known.  Among  his  dis- 
coveries are,  the  first  notion  of  osculating  circles  and  evb- 
lutes,  the  results  of  prop,  lii.,  prop,  lxxiii.,  and  several 
proportions  relating  to  maxima  and  minima^ 

Art.  132. 

Tlie  method  of  determining  the  equation  of  a  tangent 
used  here  is  the  invention  of  Descaet£s.  It  is  not  con- 
fined in  Its  application  to  curves  of  the  second  degree,  but  is 
generally  applicable  to  all  curves. 

Let  the  equation  of  any  curve  be 

F(t/x)  =  0 ; 

when  F(ya?)  means  any  function  of  the  variables  t/x.  And 
let  the  equation  of  a  right  line  intersecting  this  curve  be 

Eliminating  y  by  these  equations,  the  result  will  be  an 
equation  involving  only  x,  the  roots  of  which  will  be  the 
values  of  x  for  the  points  where  the  line  intersects  the 
curve.  If  two  of  these  points  unite,  two  of  the  roots 
will  be  equal,  and  the  line  will  become  a  tangent.  The 
method  by  which  Descartes  determined  the  condition 
under  which  two  x)f  the  roots  would  be  equal,  was  by  as- 
suming an  equation  of  the  same  degree,  having  two  equal 

G  G 
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]:t)0t8,  and  comparing  with  it  the  -proposed  equation.  In 
the  case  of  lines  of  the  second  degree  this  ingenious  artifice 
is  rendered  unnecessary,  the  solution  of  the  equation  being 

sufficient. 

This  method  of  determining  the  equation  of  a  tangent  is 
that  which  appears  in  the  letters  of  Descartes.  That  which 
he  gives  in  his  Geometry  is  somewhat  different,  and  nearly 
as  follows.     Let 

y  +  (a?  —  afY  -  fS  =  0 

be  the  equation  of  a  circle,  the  centre  of  which  is  on  the 
axis  of  X.  Let  y  be  eliminated  by  means  of  this;  equation 
and  that  of  the  curve,  and  the  roots  of  the  resulting  equa- 
tion will  be  the  values  of  x  for  the  points  where  the  circle 
meets  the  curve.  The  centre  of  the  circle  being  supposed 
fixed,  and  the  radius  r  arbitrary,  let  it  be  supposed  to  have 
such  a  value  as  will  render  two  of  the  roots  of  the  equation 
equal ;  the  circle  will  then  touch  the  curve,  and  will  there- 
fore have  the  same  rectilinear  tangent.  The  value  of  r, 
which  renders  the  roots  equal,  may  be  found  by  the  ardfice 
mentioned  above. 

These  methods  are  both  founded  on  the  same  principle; 
and  though  we  cannot  but  admire  the  ingenuity  they 
display,  yet  they  must  in  general  yield  to  the  more  simple 
and  diriect  method  furnished  by  the  Caleultis.  We  have 
used  one  of  them  here,  as  it  is  thought  desirable  that  the 
study  of  a  part  of  algebraic  geometry  should  precede  that  of 
the  CcdcidiLS. 

Art  154.- 

The  principle  on  which  the  solution  of  this  problem  de- 
pends is,  that  if  the  relation  between  the  coordinates  of  any 
two  points  upon  a  right  line  be  expressed  by  the  same  equa- 
tion (^  the  first  degree^  that  equation  will  express  the  re» 
lation  between  the  co-ordinates  of  any  pdint  on  the  right 
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line,  and  is  therefore  the  equation  of  that  right  line.  This 
principle  is  evident  from  the  consideration  that  two  points 
are  sufficient  to  determine  a  right  line.  ^ 

Art.  162. 

The  names  ellipse^  hyperbola^  and  parabolay  originated 
from  a  property  expressed  by  the  equation  , 

^  is  positive  for  the  ellipse^  negative  for  the  hyperbola^ 

and  =  0  for  the  parabola.  Hence  the  proper  equations' of 
these  three  curves  are 

j^«  =  px. 

By  these  equations  it  appears  that  the  square  of  the  semior-^ 
dinate  to  the  diameter  falls  short  of  the  rectangle  under  the 
parameter,  and  absciss  in  the  ellipse,  and  exceeds  it  in  the 

P 
hyperbola  by  the  quantity   ^a:* ;  and  in  the  parabola  the 

^umre  of  the  ordinate  is  equal  to  the  rectangle  under  the 
parameter  and  absciss.  Hence  the  names  ellipse  (defect^ 
hyperbola  (excess),  and  parabola  (equality). 

The  parameter  was  formerly  called  the  latus  rectum. 
The  ancients  called  the  focus  punctum  comparatiofiis. 

Art.  168. 

This  beatitifid  property  was  discovered  by  ApoUonius, 
and  is  one  of  the  propositions  of  the  seventh  book  of  hiiS 
Conies. 

cgS 
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Art.  189. 

This  corollary  points  out 
a  method  of  drawing  geome- 
trically a  tangent  to  an  eU 
lipse,  or  hyperbclaj  from  a 
point  outside  it  Let  h  be 
the  point.  Draw  hc  to  the  centre,  and  take  ci,  a  third 
proportional  to  hc  and  ca,  fuid  draw  di  an  ordinate  to  the 
diameter  ca,  the  line  dh  will  be  the  tangent. 

Art  196. 

This  proposition  proves  the  disc  of  a  planet,  except  Yih&k 
in  opposition  or  superior  conjunction,  to  be  a  figure  bounded 
by  a  semidrde  and  semiellipse,  the  ratio  of  the  axes  being 
that  of  the  cosine  of  the  angle  subtended  by  the  earth  and 
sun  at  the  planet  to  radius. 

Art.  206. 

In  the  equilateral  hyperbola,  if  a  represent  the  semiaxis, 
and  a'  any  semidiameter, 

A* 

sra.  0  =  — r. 

A* 

Art.  207. 

The  result  of  this  proposition  was  discovered  by  Apol-^ 
lonius,  and  is  contuned  in  the  seventh  book  of  his  conies. 

Art.  209. 

By  an  extension  of  this  property,  Descartes  invei&ted  a 
class  of  curves,  of  which  the  ellipse  is  a  particular  instance, 
and  which  have  been  called  the  aoals  tf  Descartes.  As  in 
the  ellipse,  the  radii  vectores  vary  so  that  the  increment  of 
one  shall  always  be  equal  to  the  amultaneous  decrement  of 
the  other,  and  in  the  hyperbola,  the  amultaneous  increments 
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of  both  are  always  equal,  so  in  the  Cartesian  ovals  these 
increments*  are  in  an  invariable  ratio.  If  z  and  a/  be  two 
lines  drawn  from  the  two  loci  to  any  point  in  the  curve,  the 
condition  ' 

dz  +  mdz^  =  0 

will  always  be  fiilfiUed ;  which  being  integrated,  gives 

z  +  ma/  =  2o, 

2a  being  any  arbitrary  constant.  These  curves  may  there- 
fore be  defined,  the  locus  of  the  vertex  of  a  triangle  on  a 
given  base,  one  of  whose  sides  bears  a  given  ratio  to  the  sum 
or  difference  of  a  given  line  and  the  other  side.  The 
equation  of  this  class  of  curves  may  easily  be  determined. 
Let  2c  be  the  distance  between  the  foci,  and  oi  the  angle 
tinder  z  and  Zq ;  hence 

4icz  COS.  w  =  2f*  +  4>c*  —  z\ 

By  eliminating  V  by  means  of  this  and  the  former  equation, 
we  find 

(wi«  -  !)«*  +  4(a  -  m^c  cos.  of)z  +  4(m«€?*  —  a")  =  0, 
which  is  a  curve  of  the  fourth  order,  except  when  m  =  1,  in 
which  case,  after  reduction,  it  becomes 

fl(l  -^«) 

Z  =  r— ^ , 

1 — e  cos  ttf 

which  is  the  polar  equation  of  an  ellipse  or  hyperbola. 

The  circumstance  which  occasioned  the  invention  of  these 
curves  was  the  investigation  of  the  figure  of  the  sur&ce, 
which  must  divide  two  mediums  of  given  densities,  so  that 
rays  of  light  emerging  from  a  given  point  shall  be  all  re- 
fracted accurately  to  another  given  point.  Descartes  proved 
that  the  surface  must  be  one  generated  by  the  revolution  of 
these  ovals  upon  the  line  joining  their  foci.  And  he  showed 
that  if  the  focus  of  incident  rays  be  at  an  infinite  distance, 
or  if  the  pencil  of  rays  be  parallel,  the  oval  beconies  an  el- 
lipse. .  See  art.  665.    For  a  more  detailed  account  of  these 
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curves  and  their  optical  properties,  se^^Huygens  de  Lumine, 
'  and  Rabuel's  Commentary  on  the  Geometry  of  Descartes^ 

Art.  212. 

The  polar  equations  found  in  this  proposition  are  of  con- 
siderable use  in  physical  astronomy.  The  variable  z  ex- 
presses the  distance  of  the  planet  from  the  sun,  (cu  —  f)  the 
anomaly,  and  f  the  direction  of  the  ap^des. 

Art.  216. 

From  this  proposition  it  obviously  follows,  that  the  per- 
pendicular from  the  focus  of  an  hyperbola  on  the  asymptote 
is  equal  to  the  semiconjugate  axis;  the  asymptote  being 
considered  as  the  tangent  to  a  point  at  an  infinite  distance. 

Art.  227. 

This  property  is  used  by  some  geometrical  authors  to 
distinguish  the  species  of  lines  of  the  second  degree.  See 
Leslie's  Geometry  of  Curve  Lines. 

Art.  267. 

The  focal  tangents  are  those  which  touch  the  curve  at  the 
extremity  of  the  focal  ordinate. 

The  property  expressed  in  this  proposition  is  not  peculiar 
to  the  parabola,  but  common  to  all  lines  of  the  second 
degree.     See  art.  316. 

Art  281. 

This  propoidtion  might  also  be  investigated  in  a  manner 
similar  to  art.  282. 

Art.  298. 
This  prindple  has  furnished  means  pf  describing  an  ellipse 
"JBfinhMMmlly;    Let  ab  and  ac  be  two  fixed  rulers,  and  bc 

filh  rings  at  b  and  c  capable  of  running  upon 
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the  fixed  rulers,  and  a  pencil  at  any  point  p,  whicb^  upon 
moving  the  ruler  bc,  will  describe  an  dlipse. 


Art.  802. 
This  property  extends  to  all  similar  curves;  for  if  the 
radii  vectores  of  any  curve  expressed  by  a  polar  equation  be 
all  increased  or  diminished  in  a  given  ratio,  they  will  pro- 
duce a  similar  curve,  and  vice  versa.  It  should  be  observed 
that  the  curves  are  supposed  to  have  a  common  vertex  and 
one  common  axis. 

Art  818. 

The  equation  of  a  tangent  drawn  from  a  given  point  out- 
side a  curve  may  be  found  thus:  Leti/af  be  the  point,  and 
i/'a:f^  the  point  of  contact     The  equation  of  the  tangent  is 

^~-'^~^^^~^  =  ^- 

By  means  of  this  equation,  the  equation  of  the  cbrve,  and  its 
first  differential,  and  by  the  condition 

the  quantities  ^jfi  and  thdir  differentials  may  be  eliminated, 
and  the  resulting  equation  will  be  that  of  the  tangent 

sought 

The  method  of  drawing  tangents  to  curves  explained  here, 
and  founded  on  the  principles  of  the  differential  calculus,  has 
sifperseded  the  other  solutions  for  the  same  problem  given 
by  Descartes,  Fermat,  Roberval,  and  otiiers.    The  methods 
given  by  these  geometers  were  either  limited  to  particular 
classes  of  curves,  or  in  some  cases  so  incommodious  as  to 
amount  nearly  to  impracticability.     The  determination  of 
the  equation  of  a  tangent  by  the  calculus  is  at  once  simple 
and  general.      It  depends  merely  on  differentiating  the 
equation  of  the  curve,  and  therefore  extends  to  every  curve 
capable  of  being  expressed  by  an   equation,   and  whose 
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equntion  is  capable  of  differentiation*  The  methods  of 
Descartes^  which  have  been  explained  in  the  note  on  art* 
1 32,  require  that  the  conditions  on  which  two  roots  of  the 
equation  resulting  from  the  elimination  of  one  of  the  va- 
riables shall  be  equal  should  be  determined.  These  methods 
extend  at  most  only  to  algebnuc  curves. 

The  method  of  Roberval  deserves  notice,  as  well  on  ac- 
count of  the  elegance  of  the  conception  on  which  it  is 
founded,  as  of  its  close  analogy  to  the  fundamental  principle 
of  the  Newtonian  fluxions.      He  considered  a  curve  de- 
scribed by  a  point  affected  with  two  motions,  the  variation 
in  the  quantity  and  direction  of  which  ore  to  be  determined 
by  the  nature  of  the  curve.     At  any  point  of  the  curve  be 
supposed  a  parallelogram  constructed,  the  sides  of  which  are 
proportional  to  and  in  the  direction  of  the  generating  velo- 
cities, and  laid  it  down  as  a  principle,  that  the  diagonal 
which  represents  the  direction  of  the  resultant  is  the  di- 
rection of  the  element  of  the  curve  at  that  point,  and  there- 
fore the  direction  of  the  tangent.     There  are  many  instances 
in  which  this  method  may  be  applied  with  great  clearness 
and  fadlity;  but  in  most  cases  its  application  is  either 
totally  impracticable,   or    attepded  with   very  perplexing 
difficulties,  owing  to  the  intricacy  of  the  investigations  ne- 
cessary to  determine  the  component  velocities  of  the  gene- 
rating point.    We  shall  give  some  examples  in  which  its 
application  is  effected  with  great  clearness  and  beauty. 

1^  To  determine  the  tangent  to  a  point  in  an  ellipse  or 
hyperbola. 

In  the  ellipse  the  sum 
of  the  distances  f'p  and 
FP  of  the  describing  point 
fix)m  the  foci  is  invaria- 
ble; therefore  one  in- 
creases with  the  same  ve»- 
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locitjr  that  the  other  dimuiishes.  Hence  the  velocity  of  the 
describing  point  in  the  directions  pa  and  i^ci  are  equal; 
therefore  if^  pa  =  valy  the  diagonal  is  the  tangent  which 
bisects  the  exterior  angle. 

In  the  hyperbola  the  difference  of  the  distances  from  the 
foci  is  constant,  and  therefore  the  two  distances  increase 
with  the  same  velocity.  Hence,  pa'  should,  in  this  case,  be 
taken  as  well  as  pa  on  the  produced  part  of  the  focal  di- 
stance, and  therefore  the  tangent  bisects  the  angle  under  the 
radii  vectores  from  the  focus. 

^.  To  draw  a  tangent  at  a  given  point  in  a  parabola. 

Let  AB  be  the  directrix, 
and  AX  the  axis,  and  f 
the  focus.  By  the  pro- 
perties of  this  curve, 
jp  =s  BP,,  •.'  the  vdocities 
in  the  directions  pa  and 
pa'  are  equal;  therefore,  as 
before,  the  tangent  bisects 
the  angle  apo'. 

3^.  To  draw  a  tangent  at  a  ^ven  point  in  a  cycloid. 


»  • 

Let  p  be  the  given  point.      By  the  definition  of  the 

cycloid,  the  generating  point  at  p  has  two  motions,  one  in 

the  direction  of  the  tangent  pa'  to  the  generating  circle,  and 

the  other  in  the  direction  pa  parallel  to  the  base ;  and  these 

two  motions  are  equal,  because  the  generating  point  moves 

uniformly  round  the  circumference  of  the  gererating  circle 

in  the  same  time  that  the  circle  itself  is  carried  along  the 

base  through  an  equal  space.    Hence,  if  pa  and  po'  repre- 
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fient  the  two  motions,  pa  =  po^,  and  therefore  the  tangent 
bisects  the  angle  apof,  and  is  parallel  to  the  anrespond* 
ing  chord  p'v  of  the  generating  drde  described  upon  the 
axis. 

The  method  of  Roberval  is  peculiarly  applicable  to  curves 
which  can  be  described  mechanicaUy  by  motion. 

Barrow  subsequently  invented  a  method  of  tangents  which 
approached  as  near  the  principle  of  the  differential  calculas 
as  RobervaPs  did  to  the  fluxional  principle.  He  inves- 
tigates an  infinitely  small  triangle  composed  of  the  incre- 
ments of  the  absciss  and  ordinate,  and  the  elementary  arc  of 
the  curve.  The  student  will  readily  perceive  this  to  be  in 
effect  the  spirit  of  the  method  used  in  the  text ;  but  both  this 
and  the  method  of  Roberval  want  what  constitutes  the  prin- 
cipal excellence  of  the  methods  in  the  fluxional  and  dif- 
ferential calculus,  that  uniform  algorithm  by  which  a  general 
formula  expresses  the  equation  of  a  tangent  to  any  curve, 
and  the  general  rules  by  which  the  particular  values  of  the 
quantities  composing  this  general  formula  can  be  found  in 
particular  cases. 

It  should  be  observed,  that  the  method  of  Barrow  is  very 
nearly  the  same  as  that  of  Fermat 

Art.  328. 

The  polar  subtangent  is  a  line  drawn  from  the  pole 
perpendicular  to  the  radius  vector,  and  terminated  in  the 
tangent. 

Art.  381. 

The  value  of  the  second  diffierendal  oo-^dent  given  bj 
the  equation  (1)  is  here  understood  to  be  substituted 
in  (4). 

Art.  337. 

Although  the  first  idea  of  the  evolute  of  a  curve  is  to  be 
found  in  ApoUonius,  yet  Huygens  must  be  admitted  to  be 
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the  inventor  of  the  theory  of  evolutes  in  general  It  forms 
the  third  part  of  his  De  Horohgium  Osculatorium.  He 
defines  the  evolute  by  the  property  in  art  342,  and  from 
this  definition  deduces  its  other  properties.  The  first  curve 
to  which  he  applied  this  theory  was  the  parabola.  This 
consideration  led  him  to  the  discovery  of  the  property  of  the 
cycloid,  on  which  its  tautochronism  depends. 

Art  338. 

Thie  involute  of  a  curve^  whose  equation  is  given,  may  be 
found  by  eliminating  i/af  and  their  differential  co-efficients 
by  means  of  the  equations  of  the  curve  and  its  differentials 
combined  with  the  values  yo/,  and  the  condition 

dy  __      daf 
dx  ""      d}/' 

Art.  864 
Jt  may  be  observed,  that  the  condition 

■  SS   QD 

dx^ 
also  indicates  a  pcnnt  of  inflection,  since  the  sign  of  -r^ 
changes  in  passing  through  this  value. 

Art.  36a 

A  multiple  point  in  general  is  characterised  thus:  the 
equation  of  the  curve 

v{yx)  =  0 

being  differentiated,  let  the  result  be 

vdy  +  odr  =  0 ; 
if  the  same  values  of  ^  and  x  give  more  than  one  value  of 

-p-,  there  will  necessarily  be  at  the  point,  whose  co-ordinates 
are  these  values,  an  intersection  of  as  many  different  branches 
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of  the  curve  as  there  are  different  values  of  —  for  the  same 

p 

value  of  j^  and  ir.  In  this  case  there  must  be  always  one  or 
more  radicals  in  -—^  which  do  not  appear  in  the  equation  of 

the  curve  solved  for  ^.  The  possibility  of  this  may  eadly 
be  conceived,  when  we  consider  that  a  variable  multi* 
plier  of  a  radical  may  be  removed  by  differentiation,  and, 
consequently,  any  value  of  x,  which  would  render  that  mul- 
tiplier =  0,  will  make  the  radical  disappear  from  the  equa- 

lion  of  the  curve,  but  not  from  ^. 

A  difficulty,  however,  of  a  different  kind  presents  itself 
here.  If  the  equation  of  jthe  curve  be  cleared  of  irrational 
functions  of  the  variables,  and  then  differentiated,  its  dif- 
ferential coefficient  -^  will  be  necessarily  also  a  rational 

function  of  the  variables.  How  then  can  this,  for  one  and 
the  same  value  of  or,  and  one  and.  the  same  value  of^,  have 
different  values  ?     This  is  explained  by  showing  that  in  this 

case  the  value  of  ^  must  assume  the  form  -jr,  which  may 

be  proved  thus :  Let  two  of  the  values,  of  which  -^  is  sus- 
ceptible, be  Pj  //.     Hence  we  have  the  equations 

Q  -1-  pp  =  0, 

Q  +  ipp'  =  0. 
By  subtraction,  we  find 

but  since  by  supposition  p  and^  are  unequal,  we  infer 

p  =  0, 
which,  substituted  in  the  first  equation,  gives  .. 

a  =  0, 

'  dx~  0' 
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The  true  values  of  -—-  may  be  found  in  this  case  by  sub- 
stituting  die  value  of^  resulting  from  the  solution  of  the 
equation  of  the  curve  in  the  value  of  -y-,  which  then  be- 
comes a  function  of  x  alone.     If  it  continues  of  the  form 

0    . 

-jT-,  its  values  may  be  determined  by  the  general  method 

furnished  by  the  calculus  for  determining  the  true  values  of 
functions  of  this  form,  or  we  may  frequently  obtain  the  result 
without  substituting  the  value  of  y  with  greater  facility  by 
finding  the  successive  differentials  of  the  equation  of  the  curve 
undl  we  find  one  from  whidi  all  the  differential  co-efficients, 
except  the  first,  will  disappear  by  the  particular  values  of  ^ 

and  X  which  render  -j-  =  -rr.     The  roots  of  this  equation 

dy 
will  give  the  true  values  of  --^.    An  example  will  render 

these  observations  easily  apprehended.  Let  the  equaticHi  of 
the  curve  be 

y  +  9>ai/^x  -  flw:^  =  0     (1). 

By  differentiating,  we  find 

dx      4y(^*+^w)      ^ 

By  substituting  for  ^  in  this,  its  value  in  the  equation  of  the 
curve,  it  becomes 


dy 3fl  j-t-2a' + 2a  ^/a^ + ax 

"^      4  v'a^-V-ox  .  \^  -««  ±  ^a^x^+aar^ 

dfj 
If  y  and  x  be  supposed  =  0,  the  values  of -^become,  one 

0 

infinite  and  the  other  -jr.     The  true  values  of  the  latter 

may  be  determined  by  differentiating  the  numerator  and 
denominator  of  (3),  which  gives,  when  x  =  0,  *- 
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or  more  readily  by  differentiating  the  equation  (S)  reduced 
to  the  form 
4j/ V'a*  -{-ax  dy  -  (^ax  +  2a«  -  2a  a/o^  +  aar)Ac  =  0, 
which  gives 

8y(a«  +  axyd^y  +  8(a2  +fljr)»<^*  —  (4a'  +  8a«x)dar*  =0, 
which^  when  y  and  a:  both  =  0,  becomes 

^aHtf  —  ^a^dx'^  =  0, 
'.•  2J^2  —  dor*  =  0, 
dy  1 

dx      -  ^2 

Art.  874.. 

Conjugate  points  derive  their  existence  from  some  par^ 

ticular  value  being  given  to  one  of  the  constants  in  the 

equation  of  a  curve,  one  part  of  which  is  an  ovai^  which 

valu^,  rendering  the  diameter  of  the  aoaH  =  0,  causes  it  to 

vanish  into  a  point.     Thus  the  curve  represented  by  the 

equation 

oy  —  ;p3  _^  ^  J  _  ^)  j.ft  +  6car  =  0 

has  this  figure  in  general.  But  if  c  be  supposed  =  0,  the 
oval  AB  vanishes  into  a  point,  and  the  other  branches  of  the 
curve  continue  unchanged. 


o^ 


There  is  another  species  of  singular  point  called  a  'pwni  (^ 
undviation ;  its  nature,  and  the  circumstances  which  produce 
it,  are  expUUned  in  the  XXth  section. 
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Art.  875,  376. 


It  appears,  from  the  results  of  these  articles,  that  the  qim- 
drature  and  rectification  of  the  circle  are  two  problems  de- 
pending on  each  other,  so  that  the  solution  of  either  neces- 
sarily involves  that  of  the  other. 

The  qiuuirature  of  the  circle  is  a  pi*oblem  which  has 
exercised  and  baffled  the  ingenuity  of  geometers  from  the 
remotest  ages  of  mathematical  record.     The  earliest  at- 
tempts at  its  solution  were  merely  tentative.    Amongst  these 
are  mentioned  those  of  Aiiaaagoras^  Hippocrates,  Bryson, 
and  Antiphon.    The  first  attempt  to  ascertain  demonstra- 
tively the  limit  of  the  ratio  of  the  diameter  to  the  circum- 
ference was  that  of  Archimedes^  who  proved  that  the  cir- 
cumference is  less  than  the  diameter  multiplied  by  3f§,  and 
greater  than  the  diameter  multiplied  by  3^.     Archimedes 
might  easily  have  carried  his  approximation  farther,  but  his 
object  was  only  to  obtain  the  ratio  with  sufficient  accuracy 
for  practical  purposes.     A  nearer  approximation  was  sub^ 
sequendy  made  by  ApoUonius. 

After  the  invention  of  the  differential  calculus,  various 
mathematicians  gave  series  for  calculating  the  ratio  within 
any  proposed  limits  of  accuracy. 

Art.  378. 

The  result  of  this  proposition  may  be  extended.  Let  al 
and  V  be  any  system  of  semiconjugate  diameters,  and  $  the 
angle  under  them,  and  let  two  ellipses  be  constructed,  the 
equal  conjugate  diameters  of  each  being  inclined  at  the 
angle  6,  and  those  of  on6  being  equal  to  2a',  those-  of  the 
other  to  W;  the  area  of  the  given  ellipse  will  be  a  geome^ 
trical  mean  between  the  areas  of  these.  Thus  the  pro- 
position will  have  the  same  result  if  the  lines  in  the  cut  rei- 
presenting  the  axes  be  supposed  to  represent  any  conjugate 
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diameters,  and  the  two  circles  to  be  ellipseSi  of  which  these 
are  the  equiconjugate  diameters  respectively. 

Art.  386. 

Amongst  the  discoveries  of  ^rcAim^^^none  is  iliore  con- 
spicuous than  the  quadrature  of  the  parabola.  He  effected 
this  in  two  ways ;  one  by  mechanical,  the  other  by  mathe- 
matical principles.  He  showed  by  the  principles  of  Statics, 
independently  of  any  experiment,  the  relation  between  the 
weights  of  a  lamina  of  matter  bounded  by  right  lines,  and  a 
parabolic  arc,  and  a  rectilinear  space.  It  has  been  erro- 
neously stated  by  some  that  his  proof  depended  on  actually 
weighing  the  one  against  the  other ;  but,  on  the  contrary,  the 
demonstration  is  founded  on  the  abstract  principles  of 
Statics,  totally  independent  of  any  tentative  means.  He 
also  gave  a  geometrical  solution  to  the  same  problem. 
This  solution  is  memorable  for  being  the  first  complete  one 
which  was  given  for  the  quadrature  of  a  curve. 

Art.  896. 

The  semictibical  parabcia,  which  is  here  proved  to  be  the 
evolute  of  the  common  parabola,  is  remarkable  for  having  been 
the  first  curve  which  was  rectified.  The  discovery  of  this 
is  contended  for  by  William  Neil^  an  English  geometer, 
and  Vcm  HurcLet^  sl  Dutch  mathematician,  who  was  very 
active  in  the  cultivation  of  the  Cartesian  geometry*  They 
each  seem  to  have  a  right  to  the  invention,  as  there  is  every 
reason  to  suppose  that  neither  was  aware  of  the  other^s  dis- 
covery. It  seems,  however,  that  the  English  geometer 
has  the  priority  in  pubUcation.  The  method  used  by  Van 
Hwra€t  merits  notice,  as  it  is  a  general  one  by  which  rec- 
Jtification  is  reduced  to  quadrature. 

Let  APp'  be  the  curve  whose  rectification  is  sought,  and 
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M  N"  Mr 


let  PM  be  an  ordinate 
to  any  point  of  the 
axis  AX,  and  pn  the 
normal,  and  let  m  be 
any  given  right  line. 

Assume  pk  so  that 

PM  :  PN  : :  m  :  pu, 
and  all  the  ordinates  being  thus  produced,  let  the  curve  Alppf 
be  the  locus  of  the  extremities  of  the  produced  ordinates. 
The  rectangle  under  the  line  m  add-- the  arc  ap  is  equal 
to  the  area  ab^m,  and  therefore  if  the  curve  A^pp^  is  susceptible 
of  quadrature,  app'  can  be  rectified. 


m 


Let  PM  ss  y,  and  pu.  ==y,  '.*  pn  =  j^ 


dx        ' 


•  • 


y  =  •». 


dx 


'.•  i/dx  =s  m  ^dy''  +  dic«, 
**fjf^  =  mf*/d^^Tli3^^ 

One  side  of  this  equation  is  the  area  apm,  and  the  other  is 
the  rectangle  under  the  arc  ap  and  the  given  line  m.  Hence, 


fVdf  +  cfc^  = 


f7» 


If  the  curve  be  the  semicubical  parabola  represented  by 
the  equation 

py^  s  x^ 

by  differentiating,  we  find 

9pydy  =  Sr^dir, 


By  this  substitution,  we  find 


H  H 
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which  is  the  equation  of  a  common  parabcda,  the  co-ordinates 
of  whose  vertex  are 

J/  =  0,  T  =  -  -^p. 

Hence  the  rectification  of  the  semicubical  parabola  depends 
on  the  quadrature  of  the  common  parabola,  which  can  be 
e£Eected  geometrically* 

If  the  curve  be  the  Common  parabola  represented  by  the 
equation 

by  difierentiating 

.  djf      2x 

Hence,  by  substituting  this  in  the  geaeral  formula,  we  find 

I 

which  is  the  equation  of  the  hyperbola.  The  rectification 
of  the  jM»ra&o2a  therefore  depends  on  the  quadrature  of  the 
hyperbola. 

To  find  the  axes  Sa  and  2b  of  the  hyperbola^  let  x  and^ 
successively  =  0  in  the  above  equation,  and  we  find 

a2  =  m\ 
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Hence,  if  ap  be 
aparabola,  and  Ap 
an  hyperhcia^  whose 
conjugate  or  second 
axis  is  equal  to  the 
.parameter  of  the 
parabolojand  whose 
centre  is  at  a^  the 
rectaiagle  under  aa^ 
and  the  arc  af  is 
equal  to  the  area 
aV^m. 


Art.  397. 

The  logarithmic  curve  was  first  proposed  by  James  Gre- 
gory, the  celebrated  inventor  of  the  reflecting  telescope :  see 
his  work  entitled  Geometrue  Pars  Universalis.  Professor 
Leslie  states  that  Gregory^  of  St.  Vincent,  was  the  in* 
▼oitor.  He  does  not,  however,  ^ve  his  authority  for  this 
statement,  nor  does  he  mention  in  what  work  of  that  geo- 
meter the  invention  is  to  be  found*  Its  leading  properties 
were  very  fully  investigated  by  Huygens.  It  is  of  oon- 
dderable  importance  in  its  apjdications  to  physical  sdence, 
particularly  to  the  relations  and  properties  of  elastic  fluids. 
For  example,  once  the  density  of  the  atmosphere  decreases 
geometrically  as  its  bright  increases  arithmetically,  its 
density  may  be  represented  by  the  ordinate  to  a  logarithmic, 
the  altitudes  bring  oieasured  upon  the  asymptote. 


Art.  408. 

NicoMEDES,  a  Greek  geometer,  who  lived  about  two  cen- 
turies before  the  Christian  era,  and  shortly  after  the  time  of 

H  H  2 
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Archimedes,  inyented  this  curve  for  the  solution  of  the 
famous  problems  of  the  duphcation  of  the  cube  and  the  tri- 
section  of  an  angle.  He  invented  also  an  instrument  which 
has  been  called  the  trammel  for  describing  it  by  continuous 
motion. 

Let  AB  be  li  flat  ruler  in  which  there  is  a  groove  cd.  At- 
tached to  the  middle  k  of  this  is  another  flat  ruler  ef  per- 
pendicular to  it,  in  which  at  i  there  is  a  fixed  pin,  which  b 
inserted  in  the  groove  of  a  third  ruler  gh,  in  which  there  is 
also  a  fixed  pin  at  k,  which  is  inserted  in  the  groove  cd. 
The  system  being  thus  adjusted,  let  a  stem  of  any  proposed 
length  HP  be  attached  to  h,  carrying  a  pencil  at  p,  and  the 
rectangular  rulers  ab  and  ef  being  fixed,  let  hg  be  moved. 


so  that  the  pin  at  K  will  move  in  the  groove  on,  the  pin  at  i 
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oondnuing  in  the  groove  of  the  moveable  ruler^  the  pencil  at 
p  will  trace  the  superior  conchoid.  And  if  another  pencil 
were  fixed  to  the  moveable  ruler  at  the  same  distance  on  the 
other  side  of  the  pin  k,  it  would  describe  the  iriferior 
conchoid. 

To  apply  the  concfuAd  to  the  bisection  of  an  angle. 

Let  ABC  be  the  angle  to  be  trisected.  With  the  vertex  b 
of  the  given  angle  as  pofe,  and  any  perpendicular  ca  to  one 
of  its  sides  ba  as  rwfc,  and  a  modulus  av  =  2bc,  let  a  con- 
choid  be  described,  and  let  cc  be  drawn  parallel  to  ay 
meeting  the  curve  in  e,  and  draw  be.  Let  bf  be  drawn 
bisecting  the  angle  cbb.  The  angle  abc  will  be  trisected 
by  Br  and  be. 


For  let  ge  be  bisected  at  d,  and  draw  dc.  Since  gcd  is  a 
right  angle,  cd  =  de  =  gd,  •.•  cd  =  cb.  Hence  the  angle 
CBD  is  equal  to  cdb,  which  is  equal  to  twice  ced.  But  ced 
is  equal  to  dbv,  therefore  cbd  is  equal  to  twice  dbv  ;  and 
since  cbd  is  bisected  by  bf,  it  is  plain  that  abc  is  trisected 

by  BE  and  bf. 

To  find  two  geometrical  means  (6  and  c)  between  two 
pven  lines  (o  and  d)  by  means  of  the  conchoid. 

Let  a  rectangle  be  constructed,  the  rides  of  which  are 
equal  to  the  extremes  ab  =  o,  ac  =  d.  On  ab  construct  an 
isosceles  triangle  bda,  the  side  of  which  bd  is  equal  to  half  of 
AC  Produce  ba  so  that  ae  =  ba,  and  connect  d  and  e,  and 
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through  B  draw  bi  parallel  to  de.  Through  b  produce  ab^ 
and  with  d  as  pole,  bi  ef  rule,  and  BD^as  modulus^  describe 
a  conchoid  meeting  ab  produced  in  f^  and  draw  fg  inter- 
secting AC  produced  in  h«     Then  bf  =  &«  and  ch  s  c. 

For  dince  bi  and  de  are  parallel,  di  :  if  :  :  eb  :  bf,  or 
ni  :  4J  :  :  Sa  :  BF.  But  also  on  account  of  the  similar 
triangles,  sc  :  a  ::  d:  bf,  *.*  hc  =  di.  Since  bda  is  isos- 
celes, the  square  of  df  is  equal  to  the  rectangle  under  af 
and  fb,  together  with  the  square  of  bd.  But  also  the 
square  of  df  is  equal  the  square  of  the  sum  of  hc,  and  half 
of  AC,  or  to  the  rectangle  under  ah  and  hc,  together  with 
the  square  of  half  of  ac.  Taking  away  this  last  from  both,  it 
follows  that  the  rectangle  under  ah  and  ho  is  equal  to  the 
rectangle  under  af  and  fb.  By  this  and  the  similar  tri- 
angles we  have  the  proportions 

AH  :  AF  : :  AC  :  bf. 

Ah  :  AF  : :  BF  :  hc, 

AH  t    AF    •  •    HC   I   AB, 

•••  AC  :  BF  :  HC  :  ab, 
or  a   :   6    :    c    :  d. 
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MoNTUCLA  in  his  historjr  has  fallen  into  an  error  in  ^ving 
the  constraction  for  the  solution  of  this  problem.  He  con* 
struots  the  isosceles  triangle  in  an  altitude  equal  to  half  the 
line  AC. 

The  conchdid  is  the  only  monument  of  the  labours  of 
Nicomedes  which  has  descended  to  us.  In  the  appendix  to 
his  Universe^  Arithmetic,  Newton  approves  of  it  highly 
for  the  construction  of  the  roots  of  equations  of  the  third 
and  fourth  order.  For  these  putposes  he  prefers  it  to  the 
means  which  the  lines  of  the  second  order  present. 

The  intercept  of  the  superior  conehoid  between  the  vertex 
and  the  point  of  inflection  is  sometimes  used  in  architecture 
as  the  figure  of  the  shaft  of  the  Coriiithian  column. 

The  etymology  of  the  name  c&fichoid  is  from  the  Greek 
word  xoy%9;,  a  shell. 

Art.  412. 

PiocLEs,  a  Greek  geometer,  who  lived  in  the  fifth  century 
after  Christ,  was  the  inventor  of  this  curve.  The  occasion 
of  its  invention  was  the  solution  of  the  problem  of  the  inser- 
tion of  two  mean  proportionals.  Pappus  had  previously 
shown  that  this  problem  might  be  solved  by  the  following 
construction.    Let  the  extremes  -p  ^ 

AC  and  CB  be  placed  at  right 
angles,  and  with  c  as  centre 
and  the  greater  ca  as  radius,  . 
describe  a  circle  and  join  db, 
and  produce  it  to  meet  the 
circle  at  e,  and  produce  cb  to 
meet  the  circle  at  f.  Let  a  chord  AG  be  inflected  so  that 
HG  shall  be  bisected  by  cf,  and  ci  will  be  the  first  of  the 
twa  means. 

Thus^  the  solution  of  the  problem  is  made  to  depend  upon 
the  possibility  of  inflecting  ag  so  as  to  be  bisected  by  cF. 
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This  led  Diodes  to  investigate  the  locus  of  the  point  H,  ac 
being  conadered  constant  and  cb  variable,  and  which  is 
evidently  equivalent  to  supposing  ak  always  equal  to  ld. 

To  attain  the  object  for  which  the  cissoid  was  invented^  it 
was  stilly  however,  necessary  to  be  able  to  describe  this 
curve  mechanically,  and  here  the  inventor  failed.  Newton, 
however,  gives  a  very  simple  and  elegant  method  of  effecting 
this. 

Produce  the  axis  da  of  the  curve  until  ae  =  ac,  and 
through  the  centre  draw  ci  perpendicular  to  ab.  Let  an 
indefinite  fixed  ruler  be  placed  upon  ci,  and  let  a  square, 
having  one  leg  gf  equal  to  ad,  and  the  other  gh  indefinite, 
be  so  moved,  that  the  indefinite  leg  gh  shall  always  pass 
through  E,  and  that  the  extremity  f  of  the  other  leg  shall 
move  along  the  indefinite  ruler  ci ;  if  a  pencil  be  attached 
to  the  middle  point  p  of  gf,  it  will  trace  out  the  cissoid. 
For  the  proof  of  this  see  (6S6)« 


The  quadrature  of  the  cissoid  has  been  inadvertently 
omitted  in  the  text  It  is  easily  effected.  By  the  equation 
of  the  curve  solved  for  y^ 
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3 

y= r> 

3 

x'^dx 
\*  ydx  =  • 


(2r— o:)^ 
If  the  angle  p'ca  =  f ,  a?  =  (1  —  cos,  ^)r,  where  r  =  ac^ 
and  ^/%rx  —  X*  =  r  ^n.  9.     Hence 

orfydx  =  r*(l  —  cos.  p)^  .  rfp, 
\'Jydx  =  T^dp  -f  4  an.  9  COS.  p  —  2  sin.  p), 
which,  taken  between  the  limits  p  =  0  and  9  =  Sir,  gives 

^dir  =  ^^^ 
which  shows  that  the  area  included  between  the  cissoid  and 
its  asymptote  is  equal  to  three  times  the  area  of  the  circle, 
whose  radius  is  cb. 

The  name  of  this  curve  is  derived  from  the  Greek  word 
7U<r(rosy  ivy. 

Eutodus  attributes  to  Diocles  the  solution  of  the  problem 
'^  to  divide  a  sphere  by  a  plane  into  two  segments  in  a  given 
ratio ;''  a  problem  which  at  that  time  presented  considerable 
difficulty.  The  solution  given  proves  him  to  have  been  a 
most  able  and  profound  geometer.  It  is  however  subject  to 
the  same  objection  as  most  of  the  ancient  solutions,  as  he 
employs  two  conic  sections  instead  of  using  one  and  the 
circle.  The  work  from  which  Eutocius  quotes  the  solutions 
was  entitled  De  Pyriis^  from  which  Montucla  thinks  that 
Diocles  was  probably  an  engineer. 

Art.  418. 

The  properties  of  this  curve  were  first  considered  by 
James  Bernouilli,  of  whom  see  note  on  art.  430.    It  be- 
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longs  to  a  general  class  of  curves  which  are  iDTestigated  in 
(631)  and  (632). 

Among  the  phy^cal  properties  of  this  curve,  we  may  oh- 
serve  that  a  body  moving  in  it,  by  the  influence  ofatoax 
directed  to  its  centre,  would  be  attracted  by  a  force  varying 
as  the  inverse  seventh  power  of  the  distance,  and  that  its 
velocity  would  bear  to  that  in  a  drclc  at  the  same  dbtance 
the  invariable  ratio  I  :  ^3. 

The  chord  of  the  osculating  circle  passing  through  the 
pole  is  two-thirds  of  the  distance  of  the  point  of  osculation 
from  the  centre,  and  hence  the  locus  of  the  ptnnt  where  the 
osculating  circle  intersects  the  radius  vector  is  the  lemniscata 
represented  by  the  equation 

Z'   =  -Ja"  COS.  Ste. 

Art.  433,  et  seq. 

The  trigonometrical  curves  took  their  origin  probably 
from  "  the  extension  of  the  meridian  line  by  Edward 
Wright,  who  computed  that  line  by  collecting  the  successive 
sums  of  the  secants,  which  is  the  same  thing  as  the  area  of 
the  figure  of  secants.'    Hutton,  iVIath.  Diet.  art.  Figure, 

Under  this  point  of  view,  the  area  of  the  curve  of  Hnes 
determines  the  sum  of  all  the  unes  in  the  semicircle  to  be 
equal  to  twice  the  square  of  the  radius. 

This  curve  difiera  only  apparently  from  the  companioii  of 
the  cycloid.    See  note  on  art.  (497). 

If  the  ordinates  of  the  curve  of  sines  be  increased  or 
diminished  in  the  same  ratio,  the  harmonic  curve  will  be 
produced.  The  areas  of  these  curves  will  be  evidently  as 
their  ordinates;  and  tangents  from  the  extremities  of  coin- 
cick'nt  ordinates  liavo  l!u;  same  subtangent.  Tasfhr  dc 
Iticrcmentis. 

its  of  the  axis  be  endued  with  an  althiclive 
'would  cause  a  material  point  to  move  in  the 
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sinitsoidf  the  force  would  vary  as  the  ordinates.  The  curve 
^joys  this  property  in  common  with  the  logarithmic,  in 
which,  however,  the  force  must  be  repulsive. 

If  a  sinusoid  be  described  on  paper,  and  the  paper  wrap- 
ped on  a  cylinder,  the  radius  of  which  is  equal  to  the  axis  of 
the  curve,  or  to  the  radius  with  respect  to  which  the  curve 
is  constructed,  and  so  that  the  base  of  the  curve  shall  co- 
incide with  the  circumference  of  a  circle  made  by  the  section 
of  the  cylinder  by  a  plane  perpendicular  to  its  axis ;  all  the 
points  of  the  curve  will  lie  in  the  same  plane  intersecting 
the  axis  of  the  cylinder  at  an  angle  of  4f5°,  and  therefore  the 
curve  will  be  coincident  with  the  ellipse  made  by  the  section 
of  that  plane  with  the  cylinder.  The  rectification  of  the 
dnusoid  depends  therefore  on  that  of  the  ellipse,  its  length 
being  equal  to  the  circumference  of  an  ellipse,  of  which  the 
semiconjugate  axis  is  equal  to  the  axis  of  the  sinuaoidy  and 
the  semitransverse  axis  to  the  semiconjugate  in  the  ratio  of 
V^:  !•  This  beautiful  property  is  nearly  evident  from 
the  consideration  that  the  axis,  which  in  the  original  curve  is 
conffl^dered  as  the  circumference  of  a  circle  extended  into  a 
straight  line,  is,  when  wrapped  round  the  cylinder,  restored 
to  its  proper  form,  and  the  sines  of  the  corresponding  arcs 
are  equal  to  the  ordinates,  being  the  sides  of  a  right  angled 
triangle  having  an  acute  angle  of  45^. 

I  am  not  aware  whether  it  has  been  noticed  that  this  pro- 
perty extends  to  all  harmonic  curves.  This  class  of  curves 
is  represented  by  the  equation 

y  -rz  m  sm.  X. 
If  a  curve  of  this  kind  be  rolled  round  a  cylinder  in  the 
manner  before  described,  it  will  coincide  with  an  elliptical  sec- 
tion of  the  cylinder  by  a  plane  inclined  to  the  axis  at  an  angle 

1 
whose  tangent  is  — .     Thus  the  rectification  of  the  har- 
monic curves  and  ellipses  depend  on  the  same  principles. 


\ 
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Art.  430. 

The  earliest  notice  we  find  of  this  curve  is  in  the  works  of 
Descartes,  who  must  be  considered  as  possessing  all  the 
credit  of  its  invention.     In  the  investigation  of  the  motion 
of  bodies  on  inclined  planes,  he  observed,  that  the  part  of 
the  force  of  gravity  which  accelerates  a  body  down  an  in- 
clined plane  cannot  be  rigorously  considered  constant,  inas- 
much as  the  direction  of  the  force  of  gravity  is  continually 
changing,  and   the  direction   of  the  plane  continues  un- 
changed.    This  suggested  the  investigation  of  the  figure  of 
a  line  on  which  a  body  would  be  uniformly  accelerated  by 
the  influence  of  an  uniform  force  directed  to  a  fixed  point. 
He  therefore  inferred  the  true  line  of  descent  to  be  a  spiral 
described  round  the  centre  of  the  earth.     Being  afterwards 
solicited  by  Father  Mersenne  to  give  a  more  explicit  account 
of  what  he  meant,  he  answered  that  the  characteristic  pro* 
perty  of  the  curve  was  that  which  has  been  proved  in  (433). 
;  Upon  this  being  made  known  to  the  mathematicians,  the  pro- 
perties proved  in  arts(431)and  (437),  and  their  consequences, 
were  immediately  discovered.  But  a  complete  discussion  of  the 
properties  of  this  curve  was  reserved  for  James  Bernouilli. 
This  great  geometer  was  born  at  BctsUy  S7th  Dec.  1654, 
and  died  at  the  age  of  50.     He  was  the  first  to  apply  the 
new  calculus  to  geometrical  investigations,  and  to  bring  it 
into  general  use.    One  of  the  first  curves  which  he  examined 
in  this  manner  was  the  logarithmic  spiral.     He  discovered 
it  to  be  its  own  evoluie  and  invchde^  its  own  caustic  and  peri-. 
caiLstic^  both  by  reflection  and  refraction,  the  focus  of  in- 
cident rays  being  at  the  pole.     His  enthusiastic  admiration 
of  this  curve  may  be  conceived  from  the  following  passage 
from  a  paper  of  his  published  in  the  Leipsic  acts,  and  quoted 
by  Mr.  Peacock  in  his  excellent  collection  of  examples  on 
the  calculus. 
''  Cum  autem  ob  proprietatem  tarn  singularem  tamque 
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admirabilem  mire  mihi  plaoeat  spira  hsec  mirabilis,  sic  ut 
ejus  contemplatione  satiari  vix  queam;  cogitavi,  illam  ad 
varias  res  symbolice  reprsesentandas  non  inconcinne  adhiberi 
posse.  Quoniam  enim  semper  sibi  similem  et  eandem  spiram 
gignit,  utcunque  volvatur,  evolvatur^radiet;  fainc  potent 
esse  vel  sobolis  parentibus  per  omnia  similis  emblema; 
rimiUimaJUia  mairi.  Vel  (si  rem  setems  Veritatis  Fidei 
mysteriis  acoommodare  non  est  prohibitum)  ipsius  aetemse 
generationis  Filii,  qui  Patris  veluti  imago,  et  ab  illo  ut 
lumen  a  lumine  emanans,  eidem  ofLoava-ios  existit  qualiscun- 
que  aduml»'atio.  Aut^  si  mavis,  quia  curva  nostra  mira- 
bilis  in  ipsa  mutatione  semper  sibi  constantissime  manet 
nmilis  et  numero  eadem,  poterit  esse,  vel  fortitudinis  et  con- 
stantias  in  adversitatibus ;  vel  etiam  camis  nostrae  post  varias 
alterationes  et  tandem  ipsam  quoque  mortem,  ejusdem 
numero  resurrecturft  symbolum;  adeo  quidem,  ut  si  Ar- 
chimedem  imitandi  hodiemum  consuetudo  obtineret,  libenter 
spiram  banc  tumulo  meo  juberem  incidi  cum  Epigraphe : 
Eladem  numero  mutaAa  reaurgo^ 

It  might  be  further  observed,  that  if  a  planet  moved  in  a 
logarUhmic  spiral^  the  sun  being  in  the  pole,  the  curve  of  a 
star's  aberration  in  a  plane  parallel  to  the  plane  of  the  orbit 
would  be  also  a  logarithmic  spiral.  Also,  if  a  body  moving 
in  A  logarUhmie  spiral,  the  force  being  at  the  pole,  be 
stopped  at  any  point,  and  allowed  to  descend  towards  the 
pole,  the  locus  of  the  point  at  which  it  will  acquire  the 
velocity  in  the  curve  is  a  logarithmic  spiral.  See  arts. 
(688)  (655). 

If  the  pole  of  a  logarithmic  spiral  be  a  centre  of  fivce,  the 
law  of  the  force  necessary  to  retain  a  body  in  the  spiral  is 
the  inverse  cube  of  the  distance. 

'  Professor  Leslie  has  described  an  instrument  for 
tracing  this  curve  mechanically.  See  his  Geometry  of  Curve 
lines,  p.  436. 
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If  a  logarithmic  apiral  be  described  upon  the  plane  of  a 
great  circle  of  a  sphere  with  the  centre  as  pole,  and  per- 
pendiculars be  drawn  from  every  point  in  it  to  meet  the 
surface  of  the  sphere,  the  extremities  of  those  perpoidicuUrs 
will  trace  out  a  loxodramic  curve^  or,  in  other  words,  the 
jHTOJection  of  the  loxodromic  curve  on  the  plane  of  the 
equator  is  a  logarithmic  spiral.  The  loxodromic  curve 
is  the  track  of  a  ship  which  continues  sailing  towards 
the  same  point  of  the  compass,  provided  that  point  be 
not  one  of  the  cardinal  points*  Its  d^tinctive  property 
is  that  it  cuts  all  the  meridians  at  the  same  sng^.  The 
properties  of  this  curve  were  fully  investigated  by  James 
Bemouilli,  being  one  of  those  on  which  the  powers  of  the' 
calculus  were  first  tried. 

The  loxodramic  curve  may  be  looked  upon  as  a  kind  of 
logarithmic  spiral  described  upon  the  surface  pf  the  sphere, 
of  which  the  pde  is  the  pole  of  the  sphere,  and  of  which  the 
radius  vector  is  the  arc  of  a  meridian  intercepted  between 
the  point  and  the  pole. 

The  genesis  of  the  logarithmic  spiral  may  be  deriyed 
from  the  logcmthmic.  Let  a  logarithmic  be  represented  by 
the  equation 

With  the  origin  of  co-ordinates  as  centre,  and  a  radius  equal 
to  the  linear  unit,  let  a  circle  be  described,  wd  a  tangent 
to  this  drde  be  drawn  parallel  to  the  asymptote*  Suppose 
this  tangent  a  flexiUe  string  to  which  the  olndinfttes  j/  are 
attached,  so  as  to  continue  perpendicular  to  it,  aiid  let  it  be 
wrapped  round  the  periphery  of  the  circle.  The  ordinates 
still  retaining  the  same  length,  and  still  continuing  to  be 
perpendicular  to  the  string,  will  all  meet  in .  the  centre, 
and  the  portions  of  them  which  before  were  intercepted  be- 
tween the  asymptote  and  parallel  tangeAt  become  radii 
of  the  drde  emanating  from  the  centre^  the  parts  which  lay 
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aix>ve  the  tangents  being  the  productions  of  the  r^dii. 
The  values  of  x  become  arcs  of  the  circle  with  the  radius 
unity,  so  that,  if  jp  be  changed  into  m,  and  y  into  r,  the 
equation  of  the  curve  found  by  the  extremities  of  the  ordi- 
nates  which  have  now  become  radii  vectores  is 

r  =  aw, 
which  is  that  of  the  hga/ntlmi,ic  spwd. 

It  is  plain  that  this  reasoning  is  not  confined  to  the 
logarithmic  spiral.  All  curves  represented  by  equations 
related  to  rectangular  co-ordinates  have  corresponding 
spirals^  whose  equations  may  be  derived  iq  the  same 
manner. 

Thus  the  equations 

y^  =  px, 

give  two  spirals, 

ru)  =  py 
called,  for  the  same  reason,  the  parabolic  and  hyperbolic 
spiraJs. 

Or,  as  the  dass  of  parabolae  and  hyperbola  in  general  are 
r^nresented  by  the  equations 

y^  =.  par% 

y'^ar  =  p, 
where  m  and  n  are  positive  integers,  so  the  general  classes 
of  parabolic  and  hyperbolic  spirals  are  included  under  the 
general  equations 

r**  =  puTf 

r^uf^  =r  p. 

I  Art.  445. 

This  spiral  was  first  imagined  by  Conon^  a  friend  of  Archi- 
medes.  A  point  being  supposed  to  move  uniformly  towards 
the  centre  of  a  circk,  and  at  the  same  time  the  radius  passing 
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through  it  to  revolve  round  the  centre  with  an  unifomi 
angular  velocity ;  by  the  combination  of  these  two  motions, 
the  point  will  describe  the  spiral.  But  Canon  advanced  no 
further  than  merely  to  imagine  its  description.  All  its  pro- 
perties were  discovered  by  Archimedes^  and  it  has  been 
hence  called  the  spiral  of  Archimedes ^  because,  as  Montucla 
says,  ^^  Celui  qui  p^n^tre  fort  avant  dans  un  pays  inconnu, 
m6rite  k  plus  juste  titre  de  lui  donner  son  nom,  que  celui 
qui  ne  fait  que  le  reconnoitre." 

Archimedes  was  a  native  of  Sicily,  bom  about  three  cen- 
turies before  Christ.  He  was  the  most  illustrious  of  the 
andents  in  both  geometry  and  mechanics.  Of  the  latter,  as 
a  science,  he  may  be  justly  styled  the  father;  for  until  his 
time  almost  no  general  principles  of  mechanics  were  known. 
Amongst  his  most  remarkable  geometrical  discoveries  may 
be  enumerated  the  relation  between  spheres,  cylbfiders,  and 
cones ;  the  approximation  to  the  quadrature  of  the  circle  (see 
note  on  art.  376);  his  discoveries  of  the  properties  of  conoids 
and  spheroids,  and  his  quadn^turc  of  the  parabola.  In  me- 
chanics he  first  established  the  condition  of  equilibrium,  that 
the  weights  must  be  inversely  as  their  distances  from  the 
centre  of  motion,  and  the  properties  of  the  centre  of  gravity, 
and  the  methods  of  finding  it.  His  discoveries  in  Hydrostatics 
were  occainoned  by  the  well  known  circumstance  of  the 
golden  crown  of  Hiero,  in  which  an  alloy  of  silver  was  sup- 
posed to  be  mixed  by  the  artist,  and  which  fact  Archimedes 
discovered  by  weighing  it  in  water,  and  ascertaining  the 
specific  gravity  by  the  loss  of  weight.  When  Syracuse 
was  bedeged  by  the  Romans,  he  assisted  the  citizens  in  de- 
fending it  by  the  invention  of  offensive  machines,  which 
struck  such  horror  into  the  besiegers,  that  they  were  obliged 
to  discontinue  their  attack,  and  turn  the  siege  into  a  block- 
ade. The  Syracusans  slumbering  in  too  great  security,  left 
part  of  the  walls  unguarded  on  some  occasion,  whereby  the 
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Romans  were  enabled  to  scale  them  and  possess  themselves 
<^  llie  town,  and  Archimedes  fell  by  the  hand  of  a  Roman 
soldier  in  the  seventy-fiAh  year  of  his  age. 

» 

Art.  454. 

The  hyperbolic  spiral  is  one  of  a  general  class  of  spirals, 
in  which,  if  a  material  point  were  to  move  attracted  by  a 
force  directed  to  the  pole,  the  law  of  its  variation  would  be 
the  inverse  third  power  of  the  distance.  One  of  the  most 
remarkable  circumstances  attending  the  motion  in  this  curve 
is,  that  the  centripetal  and  centrifugal  forces  are  equal,  and 
therefore  the  paracentric  velocity  is  uniform. 

If  the  earth's  orbit  were  an  hyperbolic  spiral,  the  sun 
being  at  the  pole,  the  curve  of  aberration  of  a  star  in  a  plane 
parallel  to  that  of  the  earth^s  orbit  would  be  the  involute  of 
the  circle. 

Art.  471. 

The  cycloid  has  been  so  remarkable  for  the  dissensions  it 
has  created  amongst  those  mathematicians  who  discovered 
its  properties,  that  it  has  been  called  the  Helen  of  geometry* 
It  was  first  imagined  by  Galileo^  who  long  sought  its  qua- 
drature without  success.  Upon  this  failure  he  attempted 
to  discover  its  relation  to  the  area  of  the  generating  circle  by 
describing  a  cycloid  and  its  generating  circle. on  a  lamina  of 
matter  of  uniform  thickness,  and  ascertaining  their  weights. 
The  result  of  this  experiment  showed  the  cycloid  to  be 
nearly  but  not  exactly  three  times  the  area  of  the  generating 
dide,  and  finding  several  repetitions  of  the  experiment  agree, 
he  abandoned  the  inquiry,  concluding  that  the  ratio  could 
not  be  expressed  by  rational  numbers.     This  circumstance, 

I  I 
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wbich  tcttmBly  does  not  reflect  mueh  honour  on  the 
m^nory  «f  the  great  Italian  philosopher,  has  been  de- 
fended by  the  example  of  Archimedes  in  his  quadrature 
of  the  parabola ;  but  this  was  effected  in  a  very  different 
manner.  Archimedes  founded  his  solution  on  the  abstract 
principles  of  equilibrium,  axioms  nearly  as  general  and 
certain  as  those  of  mathematical  science  itself. 

About  the  year  1630  the  same  problem  was  proposed  by 
Mersenne  to  Reberval,  who^  after  a  period  of  six  years 
spent  in  the  cultivation  of  the  geometry  of  the  Greeks,  and 
particularly  the  works  of.  Archimedes^  gave  the  solution  cIl 
it,  and  proved  the  area  three  times  that  of  the  generating 
circle*  Descartes  being  apprised  by  Mersenne  of  the  dis- 
covery of  Roberval,  declared  that  any  one  tolerably  skilled 
in  geometry  would  have  solved  the  problem,  and,  on  the 
instant,  himself  gave  a  solution  for  it.  This  was  the  founda- 
tion of  a  quarrel  between  Descartes  and  Roberval.  . 

Descartes  next  discovered  the  method  of  drawing  tangents 
to  the  cycloid,  and  challenged -the  mathematicians, of  the  day 
to  solve  the  problem,  which  was  effected  by  FermtU^  a  geo- 
meter who  may  be  considered  to  rank  almost  with  Descartes 
himself. 

Subsequently  Pascal  discovered  the  quadrature  of  any 
segment  of  a  cycloid,  and  the  contents  of  the  segments  of 
solids  of  revolution  formed  by  a  cycloid  revglving  round  its 
base  or  axis,  and  their  centres  of  gravity. 

The  rectificatioh  6f  the  cycloid  was  discovered  by  Sir 
Christopher  Wren,  who  also  discovered  the  dimennons  of  the 
surfaces  of  solids  of  revolution  of  the  cycloid,  and  the 
centre  of  gravity  of  a  cycloidal  arc. 

The  rectification  of  the  curtate  and  prolate  cycloids  was 
proved  by  Pascal  to  depend  on  the  rectification  of  an 
ellipse. 
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The  evolute  of  the  cycloid  was  discovered  by  Huygens, 
who  also  discovered  the  remarkable  physical  property  that  a 
cydoidal  pendulum  is  tautochronous.  A  cydoid  is  the 
line  of  swiftest  descent  between  two  points  so  placed,  that 
the  line  which  joins  them  shall  be  neither  vertical  nor 
horizontal. 

It  is  remarkable,  that  if  a  material  point  describe  a  cycloid 
by  the  attraction  of  a  force  parallel  to  the  axis,  the  law  of 
the  force  is  the  inverse  square  of  the  ordinate;  a  law 
analogous  to  that  of  universal  gravitation.  And  further, 
the  times  of  describing  different  cycloids,  whose  bases  coin- 
cide, observe  the  harmonic  law,  their  squares  being  propor- 
tional to  the  cubes  of  the  axes. 

Art.  477. 

The  notation  cos.'^a  signifies  the  angle,  the  cosine  of 
which  is  A.  This  very  convenient  notation  is  the  invention 
of  Mr.  J.  F.  Herschel,  of  Cambridge.  It  is  used  in  the 
valuable  collection  of  examples  on  the  Calculus  of  Finite 
Differences,  lately  published  by  him. 

Art.  497. 

The  discovery  of  this  curve  followed  that  of  the  cycloid. 
Its  properties  were  investigated  by  Robervcd,  fVallis, 
LahuerBf  and  others.  It  is  the  curve  of  sines  presented 
under  another  point  of  view ;  for  the  equation 

X 

y  —  T  COS. r  3=  0 

bang  put  under  the  form, 

X 
y  ^  r  •=■  T  COS.    — , 

and  the  origin  transformed  to^e  middle  pcnnt  of  the  axis^ 
gives    • 

1 12 
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X 

^      y  =r  r  COS.  — , 


which  may  be  expressed, 

which  is  the  equation  of  the  curve  of  sines. 

It  is  therefore  a  species  of  the  more  general  class  called 
Tiarmonic  curves.     See  note  on  art.  422* . 

Art.  606. 

The  invention  of  epicycloids  is  due  to  Roemer^  the  Danish 
astronomer^  illustrious  for  the  discovery  of  the  progressive 
motion  of  light  by  observations  on  the  satellites  of  Jupiier. 
He  invented  this  class  of  curves  in  Paris,  about  the  year 
1674,  and  showed  that  an  epicycloid  is  the  proper  figure  for 
the-teeth  of  wheel  work,  so  as  to  prevent  as  much  as  possible 
the  friction  arising  from  their  action*  The  first  who  gave  a 
solution  for  their  rectification  was  Newton,,  in  the  first  book 
of  his  PuiNCipiA.  Their  properties  were  subsequently  in- 
vestigated by  John  Bernouilli.  The  epicycloids  are  re- 
markable for  being  among  the  caiLstics  of  the  circle.  See 
art:  668. 

Art.  516. 

This  curve  has  a  remarkable  physical  property.  If  a 
material  point  be  supposed  to  move  in  it  attracted  by  a  force 
directed  to  its  cusp,  the  law  of  the  force  will  be  the  inverse 
fourth  power  of  the  distance.  Also,  the  velocity  in  it  bears 
to  the  velocity  in  a  circular  orbit,  at  the  same  distance, 

the  invariable  ratio  V2  :  a/8. 

If  a  chord  be  drawn  through  the  cusp  of  the  cardioide,  it 
will  always  be  equal  to  the  axis;  for  in  its  equation,  if 
ir  +  a;  be  substituted  £br  02,  and  the  two  values  of  z  added^ 
their  sum  will  be  equal  to  the  axis,  since 
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COS.  ft;  =    —  COS,  (tf  4-  »). 

Also,  if  tangents  be  drawn  through  the  extremities  of  any 
of  these  chords,  they  will  intersect  at  right  angles ;  for  if 
0  and  d'  be  the  angles  under  the  radius  vector  and  tangent^ 
we  have  the  condition. 


dzr 


2 


It 

e  -  y  =  — , 

and   9  —  d'  is  obviously  equal   to  the  angle   under  the 
tangents. 

This  curve  derives  its  name  from  the  similitude  of  its 
figure  to  a  heart. 

Art.  529. 

DinostratuSy  a  pupil  of  Plato,  applied  this  curve  to  the 
quadrature  of  the  circle  and  the  multisection  of  an  angle. 
Although  the  curve  has  been  distinguished  by  the  name  of 
this  geometer,  there  is  some  reason  to  suppose  its  invention 
was  antecedent  to  his  time.  Proclus  mentions  the  qua^ 
dratrix  as  the  invention  otHippias,  Now  ihe  only  ancient 
geometer  of  this  nan;ie  was  a  contemporary  of  Socrates,  and 
therefore  prior  to  the  time  of  Dinostratus*  The  mere  cir- 
cumstance of  the  curve  being  nam^^  from  Dinostratus  is  no 
more  a  proof  of  its  being  his  invention  than  the  name  of  the 
spiral  of  Archimedes  proves  it  the  invention  of  that  geo- 
meter. 

Art.  539. 

This  curve  Is  named  from  its  inventor  Tshimhausen,  a 
German  mathematician  of  the  seventeenth  century.  He  is 
celebrated  for  having  been  one  of  the  first  to  adopt  and 
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apply  the  modem  inventions  of  the  differential  calculus  and 
the  geometry  of  Descartes.    He  was  also  the  inventor  of 

caustics.  ^ 

Art  646. 

For  the  origin  of  the  name  of  this  curve^  see  note  on 
art.  663. 

Art.  667. 

The  tractrix  has  been  very  erroneously  identified  with 
the  centenary.  See  Hutton^s  Mathematical  Dictionary, 
Tractrix.  The  tractrix  received  its  name  from  a  sup- 
position that  it  is  the  curve  which  would  be  described  by  a' 
wdght  drawn  on  a  plane  by  a  string  of  a  ^ven  length,  the 
extremity  of  which  is  carried  along  the  directrix.  Euler 
has  shown  that  this  concluaon  is  wrong,  unless  the  mo- 
mentum of  the  weight  which  is  generated"  by  its  motion  be 
every  instant  destroyed.  The  real  track  of  the  weight  he 
has  shown  to  be  a  semicycloid  with  its  vertex  downwards. 
See  Euler,  Nffoa  Comm,  Petrop,,  1784.  The  tractrix  was 
invented  by  Huygens. 

An  instruinent  is  described  by  Professor  Leslie  for  de- 
scribing mechanically  the  tractrix  or  its  involute  the  cate- 
nary. 

Art.  680,  et  seq. 

The  method  of  determining  the  roots  of  equations  was 
probably  suggested  to  Descartes,  who  appears  to  have  been 
the  first  who  used  it,  by  the  method  of  the  ancients  for 
solving  determinate  problems  by  the  intersection  of  geo- 
metric loci;  which  originated  in  the  Platonic  school.  In  his 
Geometries  Descartes  constructs  equations  of  the  third  de* 
gree  by  multiplying  them  by  ^  =  0,  as  in  art.  685,  and 
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thereby  reduces  them  to  the  fourth  degree,  and  constructs 
them  by  the  intersection  of  the  circle  and  parabola.  He 
also  gives  similar  methods  of  constructing  equations  of 
superior  orders  by  a  curve  of  the  third  degree,  called  the 
parabolic  conchoid  and  the  circle.  Descartes  supposed  that 
the  most  simple  mean  of  constructing  equadons  by  the  inter- 
section of  curves  was  to  select  from  the  different  curves 
capable  of  fulfilling  the  required  conditions,  those  whose 
equations  were  6f  the  simplest  form.  Newton,  however, 
was  directed  in  his  choice  by  a  different  principle.  He  con- 
sidered that  the  principle  of  Descartes  would  make  the 
parabola  more  proper  than  the  circle,  since  the  equation 
y^  z=:  px\&  simpler  than  any  form  which  the  equation  of  *che 
drde  can  aosume.  He  therefore  selected  those  curves  as 
fittest  for  the  purpose  which  were  most  easily  described  by 
continued  motion.  In  this  respect  he  conceived  the  conchoid 
of -Nicomedes  to  be  the  most  proper  for  the  purpose  next^to 
the  circle,  as  the  instrument  by  which  it  is  described  (see 
note  on  art.  408)  is  next  in  simplicity  to  the  compass. 
Newton,  however,  seems  to  have  overlooked  the  instrument 
described  in  the  note  on  art.  ^8  for  tracing  the  ellipse  by 
continued  motion,  and  which  is  certainly  simpler  than  the 
trammel  of  Nicomedes. 

Art.  588. 

The  resolution  of  (.r*"  +  oT)  into  its  factors  was  first  effected 
by  Cotesi,  and  publisheid  in  bis  Harmonia  Memurarum,  in 
the  year  1122,  being  six  years  after  his  death.  In  the  same 
year  the  more  general  theorem  by  which 

x^^  —  ^p"*  cos.  p  +  1 

is  resolved  into  its  factors  Vas  pubfished  by  Moivre  in  the 
Philosophical  Tramactiom.  The  elegant  theorem  expressed 
by  the  equation 
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(cos.  J?  +  v'  —  1  sin.  xY  =  COS.  mar  +  a/  —  1  sin.  mx 

*  r 

is  also  the  discovery  oiMoivrey  and  that  on  which  the  former 
depends.     It  may  be  established  thus :  Let 

y  =  sin.  ar,         «;  =  cos.  ar, 
•••  dy  =,  COS.  ar(ir,  di?  =  —  sin.  orcZr, 
4j/  =  *vdx^         dv  =  ^  ydx* 

If  the  first  be  multiplied  by  v'"^n[,  and  added  to  the 
second,  the  result  is 


dv^  V  ^\dy^  {^  y  •{:  V  ^^ZrjXdx, 

v£ic+  V -\dy=z{^y'zri^^)^^--zr\^ 

d(v+J^:zTy        

which,  by  integration,  becomes 

log.  {v+  V  -  ly]  =  ^V"^, 

No  constant  is .  added,  because  when  a?  =  0,  y  =  0,  and 
T^  =  1.     The  values  of  v  and  y  being  substituted,  we  find 

COS.  ^  +  ^/'^l  sin.  .r=^^~*, 
and  therefore  in  general, 

COS.  p  +  ^  -  Isin.  <p  =z  e^^~^^ ; 
let  f  =  »?ia7,  and  we  find 

COS.  ma;  —  a/"^  sin.  war  =  /^^"^ 
,  and  by  raising  the  former  equation  to  the  wth  power, 

(cos.  X  +  x/~^l  sin.  xY  =  ^^"S* 
%•  (cos.  ^  +  ^/":iri  sin.  xY  =  ;cos.  wo:  +  ^1  sin.  wo:. 
In  the  whole  range  of  analysis  there  is  probably  no 
formula  which  exhibits  more  sunphcity  and  elegance  in  its 
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form,  and  extensive  utility  in  its  various  applications,  than 
this.  It  may  be  considered  as  implicitly  involving  the  whole 
science  of  trigonometry.  Although  it  may  be  somewhat 
foreign  to  the  subject  of  the  text,  we  trust  the  student  will 
excuse  us  for  giving  him  here  a  few  examples  of  its  fer- 
tiKty. 

By  multiplying  the  equations 

cos.  X  +  ^/  —  \  sin,  X  =  ^       , 

008.^  +  \/  —  1  sin.y  =  c^'^*"^, 
we  find 


cos.  X  cos.  y  —  sin.  x  sm.  y  -¥  V  —  1 

(an.  X  co&.y  +  sin.  y  cqs.  x)  =  ^(*+y)^"-* ; 
but  we  have  also 

COS.  (a:  +  3^)  +  V^^  sin.  (x  +  y)  =  e^'+y)^""^, 
•.•  cos.  X  COS.  y  —  sin.  x  sin.  y  +  v  —  1 

(an.arcos.y+sin.ycos.  jr)=cos.(jr+y)+  a/  — 1  sin.  {x+y). 

The  real  and  impossible  parts  of  this  equation  must  be  re- 
spectively equal,  and  therefore 

cos^  X  COS.  ^  —  sin.  x  sin.  y  =  cos.  (a?  +  y), 
sin.  X  COS.  y  +  sin.y  cos.  x  =  sin.  (x  +  y). 

From  these  equations  may  be  deduced  all  the  other 
formulae  of  trigonometry. 

We  can  find  expres^ons  for  the  sine  and  cosine  of  an  arc 
in  terms  of  the  arc  itself  from  the  same  formulae  by  adding 
and  subtracting  the  equations 

COS.  a?  +  V  —  1  sin.  a?  =  ^   "*, 
COS.  ar  —   a/  —  1  sin.  x  =  e"**'^"  *, 
the  results  of  which  are 
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ain.  X  =  — - — ,= . 

From  tbeee  beautiful  formulte  may  eaalj  be  deduced  the 
series  for  the  sin.  x  and  cos.  x  in  powere  of  x.  Eiikr  de- 
rived the  above  expressions  from  compaiing  tl^ese  series 
with  the  developement  of  c*.  See  Vol.  VII.  Misc.  Berol.  ■ 
He  also  deduced  them  fi-om  the  series  for  multiple  arcs.  We 
flhall  pursue  the  results  of  this  formula  bo  farther,  having 
smd  enough  to  excite  the  young  student  to  further  is- 
quiry. 

Art.  692. 

Curves  represented  by  equations,  in  whidi  the  exponent! 
of  the  variables,  or  any  of  them,  are  rational  numbers,  are 
called  by  Leibnitz  interacendental,  as  holding  an  interme- 
diate place  between  algebruc  and  transcendental  curves. 

Art.  693. 
In  the  geometrical  treatises  oa  curve  hues  by  Professor 
Leslie,  the  degree  of  a  line  is  determined  by  the  greatest 
number  of  points  in  which  a  right  line  can  intersect  it. 
This,  however,  is  not  any  criterion  for  the  degree  of  a  curve ; 
tor  there  are  mimy  curves  of  the  fourth  degree,  wbidi  no 
right  line  can  intersect  in  more  than  two  points.  Fcr  ex- 
ample, the  curve  which  is  discuraed  in  art  631,  when  e<b. 
It  is  true,  that  in  this  case  the  curve  has  a  conjugite  pmnt 
through  which  a  line  passing  is  equivdeHt  to  twf>  ptnnts  of 
btersection ;  but  the  existence  c^  conjugate  pcnnts  cannot 
be  recognised  geometrically. 

Art.  602. 
'■e  principle  assumed  here,  that  the  equation  found  by 
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eUmioating  one  of  the  variables  from  two  equations,  one  of 
the  mtb,  and  the  other  of  the  nth  degree,  cannot  exceed  the 
mnth  degree,  may  be  thus  established':  Let  the  two  pro* 

posed  equations  be 

jT  +  AJc*-^  +  BJ?"r*     .  .    .  V  =s  0    (1), 

a?'*  +  a'4?*'-*  +  ^^af*^    .  .    .  V  =  0    (2), 

in  which  the  co-efficients  a,  b^  .  •  .  v  and  a',  b^  •  •  •  V 

are  functions  of  j/  of  the  following  forms : 

A  =  ay  +  ft, 

B  =  cj/^+dy  +e. 


Now  it  is  evident  that  the  degree  of  the  final  equation 
will  not  be  diminished,  if  these  co-efficients  be  supposed 
only  to  consist  of  that  term  in  each,  which  involves  the 
highest  dimennon  of  y.  By  this  condition  the  several  co* 
effidents  are  reduced  to 

B  =  cy«, 


•    •    •    • 

b'  -  cy , 

•  •         •        t 

•  •  •  • 

And  the  equations  are  reduced  to  the  forms, 
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;r-  +  a;r-^*y+*^«^*^+<?^P*"y  •  •  •  <a?y— i  +  r^=0  (8), 
ar'+a^"-*j(+6^a:*^3^-4-c'ar'*^  .  -  .  ^jy^*+t'y=0  (4). 
These  equations  are  less  general  than  (1)  and  (2) ;  but  as 
far  as  respects  the  final  equation  resulting  from  the  eliminar 
tion  of  either  of  the  yariables.,  its  degree  is  not  diminished  by 
the  deficiency  of  the  terms,  including  the  inferior  dimenaons 
of  the  variables. 

Let  (3)  be  divided  by  y",  and  (4)  by  y,  and  the  results 
are 


+  o'=0. 


(F)-^<7r-Kr-'(7) 

Considering  —  as  the  unknown  quantity,  let  the  roots  of 

the  first  equation  r,  r^^T^y  .  .  .  and  those  of  the  second 
Pi  y>  P">  •  •  •  *°^  ^'^^y  ™*y  ^  expressed 

which  being  multiplied  by  f^  and  y*  respectively, 

(j7  —  ry)     {x  —  7^y)     {x  —  r"^)  .  .' .  =0, 
(x  -  pi/)     [X  -  fly)     [X'-fy)  ...   =0. 
If  the  values  which  fulfil  the  latter  be  sufecessively  sub- 
stituted in  the  former,  the  results  are 

y^ir^-r)     (//-/)     (p'-r^')  •  •  .  =0, 
y^(f--r)     (f-f^     (/— r^  ...  =0. 


And  since  the  number  of  roots  of  the  latter  cannot  exc^ 
n,  the  number  of  these  equations  cannot  exceed  n.  The 
product  of  these  equations  is  necessarily  the  equation  which 
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would  result  from  the  elimination  of  ^;  for  it  becomes  =0 
for  those  roots  which  make  its  several  factors  vanish,  and 
only  for  those. 

It  is  obvious  that  the  condition  which  has  been  intro- 
duced affects  the  numerical  values  of  each  system  of  values 
of  y  and  x  which  fulfil  the  equation ,  but  it  does  not  increase 
or  diminish  the  number  of  such  values,  which  is  the  only 
object  of  the  present  inquiry.  This  is  only  a  particular 
case  of  a  much  more  general  algebraical  theorem  respecting 
the  final  equation  found  by  eliminating  [n  —  1)  variables 
by  means  of  n  equations  of  any  proposed  degrees.  What 
has  been  proved  here  is  sufHcient  for  the  particular  applica- 
tion of  the  principle  made  in  the  text.  Students  desirous  of 
inquiring  further  will  find  extensive  information  on  this 
subject  in  Gamier's  ElemensdCA/gebre^  Chap.  XXV.  His 
Analyse  Algebrique^  Chap.  VIII.  Also  an  Essay  by  M.- 
Bret,  published  in  the  Journal  of  the  Polytechnic  Schooly 
Cah.  15,  Tom.  VIII.  The  extension  of  the  principle  to  an 
equation  involving  any  even  number  of  variables  has  been 
effected  by  M.  Poisson :  see  Journal  de  YEcole  PolytecTt^ 
nique,  Cah.  11. 

Art.  608. 

Those  who  are  desirous  of  further  information  concerning 
the  general  properties  of  algebraic  curves  are  referred  to 
Cramer,  Int.  i  V Analyse  de  Lignes  Courbes.  Euler's  Ana^ 
lysis  Infinitorum.  Stirling  on  Newton's  enumeration  of 
lines  of  the  third  order.  De  Gua,  F  Usage  de  FAnalysey  8cc. 
We  conceived  that  entering  further  on  the  subject  in  the 
present  treatise  would  be  sweUing  the  volume  without  offer-, 
ing  any  adequate  advantage. 

Art.  629. 
This  curve  is  called  the  witch.     It  is  the  iQvention  of  an 
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Italian  lady,  M.  Maria  Gkietana  Agneri,  a  celebrated  madie- 
matician.  She  is  the  author  of  a  work  on  the  algebraic  and 
transcendental  analysis,  entitled  Analytical  Institutions^  She 
subsequently,  according  to  Montucla,  redred  to  a  convent 

Art.  631. 

These  articles  contain  a  full  invesdgadon  of  the  properties 
of  the  general  class  of  curves,  of  which  the  lemniscata  of 
Bemouilli  is  a  very  particular  case.  I  am  not  aware  whether 
the  properties  of  these  curves  have  been  ever  investigated. 

Art.  638. 

This  curve  was  invented  by  the  celebrated  Cassini,  and  is 
sometimes  called  Cassini's  ellipse. 

Art.  635. 

This  proposition  and  its  applications  were  suggested  to 
me  by  an  article  in  the  works  of  John  Bemouilli.  He  ap- 
plies it  to  show  the  relation  between  the  parabola  and  the 
spiral  of  Archimedes.  John  Bemouilli  derived  the  idea 
from  a  paper  published  by  his  brother  James  in  the  Leipsic 
acts,  in  which  he  supposes  the  axis  of  a  parabola  wrapped 
upon  the  drcumference  of  a  circle  and  its  ordinates,  there- 
fore to  converge  towards  the  centre,  .and  proposes  to  in- 
vestigate the  spiral  so  produced. 

Art.  636. 

This  question  is  solved  by  Delambre,  by  conridering  that 
as  the  sun  in  the  comrse  of  each  day  describes  a  parallel  of 
declination,  a  ray  passing  through  the  top  of  the  perpen- 
dicular dtyle  will  describe  a  conical  sutftce,  the  intersection 
of  which  with  the  horizon  will  be  the  path  of  the  cdiadow. 
The  method  given  in  the  text,  however^  seems  more 
analytical. 
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Art  638. 

In  this  and  the  following  propositions  the  eflfect  of  the 
projection  of  the  aberration  on  the  surface  of  the  sphere  is 
not  taken  into  account.  The  curve  whose  plane  is  parallel 
to  the  ecliptic  being  determined,  its  projection  may  eaaly  be 
found. 

Art.  64S. 

The  equation  of  the  path  of  a  projectile  in  vacuo  may  be 
determined  thus:  Let  the  axes  of  coordinates  be  ver- 
tical  and  horizontal,  and  the  force  of  gravity  be  repre- 
sented by  2nh  the  velocity  it  produces  in  the  unit  of  time. 
This  force  acting  parallel  to  the  axis  of  ^,  and  there  being 
no  force  acting  parallel  to  the  axis  of  x^  we  have 

By  integrating  these 

-£-  =  €  -Zmt  (I),   M  =  (Jdt  (2), 

c  and  cf  being  the  arbitrary  constants  introduced  in  the  in* 
tegration. 

fiy  integrating  a  second  time, 

y  =r  ^  —  fUt^     X  =  dU 

By  eliminating  i  by  these  equations,  we  find 

which  is  the  equation  of  the  path  of  the  projectile.    Each  of 
the  integrations  has  its  peculiar  signification.    The  value  of 

-^,  determined  by  the  first  integration,  expresses  the  ver- 

tical  velocity,  and  -^  the  horizontal  velocity  of  the  pro- 
jectile.   The  equation  (S)  shows  that  the  horieontal  vdodty 
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is  uniform,  and  expressed  by  the  constant  d.  The  equation 
(1)  shows  that  the  constant  c  expresses  the  velocity  of  pro- 
jection resolved  in  the  vertical  direction. 

If  H  be  the  height  due  to  the  velocity  of  projection,  that 

velocity  is  2  v'hw.     Hence  we  have 

c  r=  9,^  am  sin.  g, 

cf  =  2  \/nm  COS.  a. 

By  these  substitutions,  the  equation  of  the  path  of  the 
projectile  assumes  the  form  given  in  the  text 

No  constant  has  been  introduced  in  the  second  integration, 
because  y,  x,  and  ty  are  supposed  to  vanish  together. 

The  subjects  of  this  and  the  next  two  propositions  are 
taken  from  an  introductory  essay  on  Central  Forces,  pub- 
lished by  the  author  of  the  present  work,  for  the  use  of  the 
students  in  the  university  of  Dublin. 

Art.  662,  663. 

These  demonstrations  are  taken  from  Whewell's  Me- 
chanics, Habere  a  very  detailed  account  of  the  various  species 
of  catenaries  is  given. 

The  catenary,  which  has  received  its  name  from  the  pro- 
perty proved  in  this  proposition,  was  first  solved  by  James 
Bernouilli.  Long  before  this,  "Galileo  had  directed  his  at- 
tention to  the  curve  into  which  a  perfectly  flexible  string 
forms  itself,  and  very  inconsiderately,  and  without  any  good 
reasons,  concluded  it  to  be  a  parabola.  A  German  geo- 
meter, Joachim  Ju/ngiti8f  showed  by  experiment  the  error  of 
GaiileOy  and  proved  that  it  was  neither  a  parabola  nor 
hyperbola.  He,  however,  did  not  make  any  attempt  at  the 
true  solution  of  the  question.  Four  great  geometers  share 
the  honour  of  its  solution ;  the  two  Bernouillis,  James  and 
John,  Leibnitz,  aiid  Huygens.  The  remarkable  physical 
properties  of  this  curve  are. 
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1^.  Of  all  curves  of  the  same  length  joining  two  given 
points,  the  centre  of  gravity  of  the  catenary  lies  the  lowest. 
This  property  is  very  apparent  from  the  mechanical  prin- 
ciple, that  every  system  of  particles  of  matter  will  move 
amongst  themselves,  until  they  settle  themselves  into  that 
position  in  which  th^  centrjB  of  gravity  will  be  at  the  lowest 
point  which  the  law  of  their  connexion  admits.  This  phy- 
ncal  property  points  out  a  very  remarkable  mathematic&l 
one,  scil.,  that  of  all  solids  of  revolution  derived  from  a 
curve  of  a  given  length  joining  two  given  points,  that  derived 
from  the  catenary  has  the  greatest  surface. 

SP.  The  catenary  is  the  figure  in  which  an  infinite  number 
of  voussoirs  should  be  placed,  in  order  to  form  an  arch, 
which  would  sustain  itself  by  its  own  weight. 

If  the  wind  acted  upon  a  sail  by  impact  instead  of  pressure, 
the  curvature  of  the  sail  would  be  that  of  the  catenary. 

James  Bemouilli  prosecuted  the  inquiry  further,  and 
assigned  the  form  of  catenaries  on  the  supposition  that  the 
thickness  and  weight  of  the  string  were  different  in  different 
parts  of  its  extension,  and  that  it  was  differently  extensible, 
and  also,  that  the  force  acting  on  different  parts  of  it  was 
different,  and  varied  according  to  any  proposed  law. 

Art.  654,  655. 

The  subjects  of  these  articles  are  taken  from  Lardner  on 
Central  Forces. 

Art  657. 

This  elegant  property  of  the  semicubical  parabola  was 
proposed  for  solution  to  the  mathematicians  of  Europe  by 
Leibnitz.    The  solution  was  effected  by  James  Bernouilli. 
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right  lines  as  a  function  of  their  equa-  of  the  angles  determined,  and  this  point 

tions,  and  the  angle  of  ordination,  17.  shown  to  be  the  centre  of  the  inscribed 

(31)    to    (36.)    The   changes    the  circle,  the  radius  of  which  is  shown  to  be 

formula  thus  determined  undergoes  in  equal  to  twice  the  area  divided  by  the 

particular  cases,  ibid.  perimeter,  27. 

(37)    To    determine   the  equation  (60.)     The  locus  of  a  point  firom 

of  a  right  line  inclined  to  a  given  right  which  two  right  lines  drawn  at  given  an- 

line  at  a  given  angle,  18.  gles  to  two  lines  given  in  position  shall 

(39.)  To  determine  the  equation  of  a  have  a  given  ratio  determined  to  be  a 

right  line  perpendicular  to  a  given  right  right  line,  28. 

line,  19.  (61.)   A  parallel  to  the  base  of  a 

(41.)  To  determine  the  equation  of  triangle  being  drawn,  and  its  points  of 

a  right  line  inclined  to  a  given  right' line  intersection  with  the  sides  being  con- 

ia  an  angle  equal  to  the  angle  of  ordiu&-  nected  with  the.  alternate  extremities  of 

tion,  ibid.  ^  ^^^  base,  the  locus  of  the  intersection  of 

(44.)  To  express  the  length  of  a  line  the  connecting  lines  is  the  right  line 

joining  twopoinu,  20.  passing  through  the  vertex  and  middle 

(45.)  To  express  the  intercept  of  a  point  of  the  base,  ibid, 

given  right  line  between  two   points  (62.)  A  parallel  being  drawn  as  be- 

situated  on  it,  ibid.  fore,   the  locus  of  the  intersection  of 

(46.)  To  express  the  distance  be-  perpendiculars  to  the  sides  through  its 

tween  any  point  on  a  given  right  line  extremities  shown  to  be  a  right  line,  29. 

and  the  point  where  it  intersecte  an-  (6;i-)    The  locus  of  a  point  from 

other  given  right  line,  ibid.  which   the  sum   of  the  perpendicuhirs 

(47.)  To  express  the  length  of  a  line  drav/n   to   several    given    right    lines 

drawn  from  a  given  point  to  a  givea  have  a  given  ijiagnitude,  is  proved  to  be 

right  line^  and  inclined  to  it  at  a  given  a  right  line,  and  the  equation  of  this 

angle,  21.  right  line  determined,  30. 

(48)  to  (51.)  The  several  varieties  of  (64.)  The  area  of  a  polygon  ex-* 

which  the  formula  thus  determined  is  pressed  as  a  remarkable  function  of.  the 

susceptible,  ibid.  equations  of  its  sides,  31. 

{^^^  The  solution  of  the  problem  to 

SECTION  V.    -  inscribe  a    parallelogram  of   a  given 

species  in  a  given  triangle,  32. 

ProposUions  calculated  for  cxercue  in  .    (68.)  This  principle  applied  to  the 

the  application  of  equations  of  the.  >°sf "P^oj  of  \^^^  > ^  triangle,  33. 

nrtt  degred,  (^^0  ^  "gbt  hne  so  determined  that 

the  sum  of  the  perpendiculars  from  se- 

(52.)  The  point  of  intersection  of  y^^  giygn  points  on  it  shall  have  a 

perpendiculars  from   the  angles  to  the  gj^gn  magnitude.    This  right  line  is 

sides  of  a  triangle  determined,  ibid.  ghown  to  be  a  tangent  to  a  circle,  the 

(54.)  The  point  of  intersection  of  the  centre  of  which  is  the  centre  of  gravity 

bisectors  of  the  sides  of  a  triangle  de-  of  the  %ure  formed  by  connecting  the 

termined,  23.                              ^  given  points»  and  the  radius  of  which 

(50.)  The  point  of  intersections  of  muitipjied  by  tiie  number  of  points  is  the 

perpendicuhrs  through  the  middle  pointe  gjven  magnitude^  34. 

of  the  sides  determined,  24.  Note  445. 
.  (57.)   The  radius  of  the  inscribed 

circle  proved  equal  to  the  product  of  the  SECTION  VI. 

sides  divided  by  four  times  the  area,  25.  ^  ^  ,            ^          .       «          ,.     . 

Note  445.  CfthetranrfortnatumofcO'Ordtnates. 

(58.)  The  three  points  of  intersection,  (71.)  The  use  of  the  transformation- 

10.  Of  the  perpendiculars  from  the  an*  of  co-ordinates,  35. 

gles  on  the  opposite  sides;  2«.  Ofthe  (730  The  general  formulae  for  trans- 
bisectors  of  the  sides ;  S\  Of  the  per-  formation  of  direction  and  origin,  36.    . 
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The  changes  these  undergo  by  par.  SECTION  VIII. 

ticular  eonditions,  36. 

Of  the  dtatnetert,    axes,    and  atynu 

ptoiet  of  Unet  6f  the  second  degree, 
SECTION  VII.  (90.)  The  locus  of  the  points  of  bi- 

section of  a  system  of  parallel  chords 

The  discussUm  of  the  general  equation  .  determined  to  be  a  right  line,  and  hence 

of  the  second  degree,  ^®  relation  between  the  position  of  a 

diameter  and  its  ordinates  established* 

(78.)  The  efifect  of  constants  of  an  49. 
equation  on  the  position  andjlgure  of  a        (91.)  The  diameters  of  a  parabola 

line,  37*  proved  to  be  parallel,  50. 

(dO,)  The  solutions  of  the  general        (92.)    The  equation  of  a  diameter 

equation  for  each  rariable,  on  the  sup.  through  a  given  point  determhied,  51. 
position  that  the  co-efficients  of  the        (94.)  AH  diameters  of  an  ellipse  or 

squares  of  the  variables  are  finitet  and  hyperbola  intersect  in  one  point  (called 

the  eflfect  and  signification  of  the  irra-  the  centre),  the  co-ordinates  of  which 

tional  parts  of  these  solutions  with  re-  are  determined,  ibid, 
spect  to  the  locus  of  the  equation,  39.  (96.)  If  any  diameter  be  parallel  to 

Note.  The  algebraical  principles  used  the  ordinates  of  another,  the  latter  will 

in  this  section  explained  and  proved,44  5«  be  parallel  to  the  ordinates  of  the  former, 

(81.)  The  determination  of  the  values  52. 
of  d?,  which  give  real  values  of  y,  and        (97.)  The  investigation  of  the  axes 

the  values  of  y,  which  give  real  values  and  their  equations   determined.    An 

of  x,  when  S>  ~  4ac  >  0»  41.  ellipse  or  hypertwia  proved  to  have  two 

(82.)  A  similar  determination  when  axes  intersecting  at  right  angles,  and  a 

B^  —  4ac  3=  0,  42.  parabola  but  one,  ibid. 

(83.)  A  similar  determination  when        (100.)  The  investigation  of  the  inter- 
s'* —  4ac  <  0, 43.  section  of  the  curve  with  Us  diameter. 

(^4.)  The  conditions  under  which  it  A  parabola  proved  to  meet  its  diameter 

is  possible  for  the  irrational  parts  of  the  but  once,  53. 

two  solutions  in  (80)  to  become  =»  0,        (101.)Thev«r<tc^«  of  a  diameter,  54. 
ibid.  ( 102.)  A  vertex  of  the  curve,  ibid. 

(85.)  The  curve,  when  B^-4AC>0f  (104.)  Those  diameters  of  an  hyper- 
investigated  and  shown  to  be  an  hyper-  bola  which  meet  the  curve  separated 
bola,  except  in  the  case  where  the  roots  from  those  which  do  not  meet  it  by  the 
of  the  quantity  under  the  radical  are  asymptotes.  The  fonner  called  trans* 
real  and  equal,  in  which  case  the  locus  is  verse,  the  latter  second  diameters,  54. 
two  intersecting  right  lines,  44.  (105.)  The  equations  of  the  asym< 

(86.)  This  is  also  the  case  even  if  the  ptotes,  56. 
squares  of  the  variables  be  wanting,  45.        (109.)  All  diameters  of  an  ellipse 

(87.)  The  locus  investigated  when  meet  it  in  two  points,  57. 
B^  —  4ac  s  0,  and  shown  to  be  a  para- 
bola when  either  bd--2ae,  or  be— 2cd,  SECTION  ix! 
are  not  «sO ;  but  if  both  of  these  »0,  the 

locus  is  shown  to  be  two  parallel  right  Qffj^^  different  forms  of  the  equations 
Imej  one  right  Ime,  or  impossible,  ac-        of  lines  of  the  second  degree  rchted 
cording  as  d«  -  4af,  or  E«  -  4cf,  is        ^^  different  axes  of  co-ordinates. 
>  0,  =  0,  or  <  0, 46.  -"  -^ 

(88.)  The  locus  investigated  when        (112.)  The  form  ofthe  equation  when 

jfi ..  4ac  <  0,  and  shown  to  be  an  el-  the  curve  passes  through  the  origin  of 

lipse  when  the  roots  of  the  quantity  co-ordinates,  58. 
under  the  radical  are  real  and  unequal,  a        (113.)    The  form  of  the  equation 

point  when  they  are  real  and  equal,  and  when  a  diameter  and  its  ordinates  are 

impossible  when   they  are  impossible,  parallel  to  the  axes  of  co-ordinates,  ib. 
47.                         ,  (1 14.)  The  form  when  the  axes  of 

Note.     On  the  invention  and  origin  co-ordinates  are  a  diameter,  and  a  line 

of  lines  of  the  second  degree,  447.  parallel  to  its  ordinates,  59. 
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(1 19.)  The  forth  when  iKe  origin  is  cvl  battnomc&Hy  by  Ike  curvtf  ani  the 

at  the  centre,  59.  line  joining  the  points  of  contact,  ibid. 

(120.)  The  form  when  either  aids  is*       (159.)  The  locus  of  the  intersection 

pendlel  to  an  asymptote,  60.  of  tangents  through  the  extremities  of  a 

(!«8.)  The  form  when  the  axes  of  chord  passing  through  a  given  point  is  a 

eo-ordidates  are  a  system  of  conjugate  right  line  parallel  to  the  ordinates  of  a 

diameters,  61.  drameter  passing   through   the   giren 

(190.)  The  general  equation  of  the  point,  70. 
Mide^  62.  (^^1*)  '^^  l^n^  joining ^e  points 

of  contact  of  tangents  drawn  from  the 

SECTION  X.  points  of  a  right  Hne  given  in  position 

,  intersect  each  other  at  a  fixed  point,  71. 
Qfihe  equatums  of  tangent*,  normals,        /^^g.)  Thecanrthcter  of  a  diameter, 

tubtangentt,  and  subnortnalt,       .  y^ 

(132.)  The  general  equation  of  a        The  parameter  a  third  proportional  to 

tangent  to  a  fine  of  the  second  degree  Che  diaitaeter  and  its  conjugate,  ibid, 
passing  through  a  given  point  in  any        Note.    On  the  names  «2i»p«tf,  hypers 

position,  63.  lola,  waA parabola^  ^h\. 

Note.    The   Cartesian  methods  of        H  63.)  The  ^rindpal  parameter,  ib. 
drawing  talents,  449.  064.)  The/oci»,ib. 

(183.)  l%e  form  which  this  assumes        The  distalK»  of  the  focus  from  the 

when  the  point  is  on  the  curve,  64.  vertex,  72. 

(194.)  Theffoma^i  ibid.  The  square  of  the  distance  of  the 

(135.)  Theequatioa  of  the  normal,  focas.from  the  centre  is  equal  to  the 

S5.  diflerence  of  the  squares  of  the  semi- 

!(136.)  The  tubtangfinU  ibid.  axes  in  an  ellipse,  and'the  sum  of  the 

(137.)  The  subnormal,  ibid.  squares  of  the  semiaxes  in  an  hypeibola. 

The  distance  of  tSe  focus  of  ft  paraboh 

SECTION  XI.  from  the  vertex  is  a  fourth  of  the  prin« 

dpsl  parameter,  ib» 
Of  the  general  properties  of  lines  of  the       Viss.)  The  diredlria?,  73. 

second  degree.  ^^^^  j  jhe  equations  of  the  directrix. 

(IS8.-)  If  several  pairs  of  intersecting  An  ellipse  and  hyperbola  have  two  dii 

right  lines  paralld  to  two  right  lines  rectrices  equally  distant  from  the  centre, 

Iftven  in  position  meet  a  line  of  the  se«  and  a  parabola  but  one,  ib. 
cond  degree,  the  rectangles  under  their 

segments  intercepted  between  the  se.  SECTION  XII. 

veral  points  of  intersection,  and  the  cor.  ^,  ^.      ^^,     ,il  ,, 

respondiiig  .points  of  occurse  with  the  The  properties  qftJ^elhpse  and  hyper.. 

curve,  will  be  in  a  constant  ratio,  66. 

(139),  et'^seq.  Consequences  of  this  .    (167.)  An  dlipse  or  hyperbola  being 

theorem,  67.      "^  expressed  fay  an  equation  related  to  its 

(154.)  The  equation  of  a  right  line  axes  af  axes  of  co..ordinates,  to  express 

joining  the  points  of  contact  of  two  tan-  the  lengths  of  any  semidiameter  and  Its 

gents  drawn  from  a  given  point,  6$.  semiconjugate  in  terms  of  the  co-onK- 

Note,  450.  natesofits  vertex,  74. 

(155.)  The  line  joining  the  points  of        (168.)  In  an  ^ipse,  the  sum  of  the 

contact  is  an  ordinate  to  the  diameter  squares  of  any  system^  of  conjugate  dia- 

passing  through  the  point  of  intersection  meters  is  equal  to  the  sum  of  the  squares 

of  the  tangents,  69.  ef  the  axes ;  and  iu  an .  hyperbok  the 

(156.)  The  loeus  of  the  intersection  difeenoe  of  the  squiises  is  equal  to  the 

of  tangents  through  the  extremities  of  a  difference  of  the  squares  of  the  axes^ 

chord  parallel  to  a  line  given  in  po-  75. 
sttiott,  is  the  diameter  to  which  thbJ^        Ndte,  451. 
chord  is  an  ordinate,  ibid.  (169.)  An  equihteral  hyperboh^  75. 

(157.)  Every  secant  drawn  from  the        (170.)  Inclinations  of  conjugate  dili« 

point  of  intersection  of  two  tangents,  meters  to  the  axes,  ib. 
and  meeting  the  curve  in  two  points,  is        (173.)  The  polar  equation  of  an  eV 
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BpM  or  byiteibota,  the  pple  being  the        (200),  «t  aeq.   Renrnkable  conse* 

{Stntftt  76k  quences  of  thh  theorem^  85.. 

(174.)  Dtatneters  eqoally  incHned  to       <a04.)  The  noet  obliqee  conjugate 

the  axil  are  equal,  ib.  diameters  of  an  eHipse  are  the  equal  con^ 

(175.)  The  greateat  aaid  lent  dht^  jugate  dtametert.     Thegenenlvaiaeof 

kneten,  77»  the  angle  under  a  syatem  of  conjagate 

<177.>  The  a^nnptotea  are  the  di«.  diameters,  ^i 

gonalsofthe  rectangle  formed  by  perpeiDk  -    (StOS.)  Note,  4^2. 
liculars  t6  the  axes  pasalog  through  their        (206.)  The  rectangle  under  the  non. 

vertices,  ib.  mal  and  transverse  axes  is  equal  to  the 

(179.)    Eqaal  <conJagate  diameDers  t«etangle  iinder  the  conjugate  axis  and 

analogous  to  aaynrptotea,  78.  aamiconjugate  diameter,  87. 

(185.)  To  determine  the  conjugate        (207.)    Parallelograms    formed    hf 

diameters  which  contain  the  greateat  and  tangents  through  the  vertices  of  con- 

leaat  rectangle,  79.  ]ngate  diameters  are  dl  e^oai  to  each 

(186.)  To  find  the  limits  of  the  anm  \other,ib. 
or  diflfe^ce  of  conjugate  diameters,        Note,  452. 
ibid.  (258.)  Expreiiion  for  the  distance  of 

(18*7),  et  aeq.  Equations  of  the  tan-  any  point  in  an  ellipse  or  hyperbola 

gent,   ftulbtangent,  normal,    and    sub-  from  the  focus,  88. 
normal,  relatively  to  a  system  of  con-        (SOQ.)  in  an  eHipse  the  sunk  of  the 

jugate  diameters  aft  axes  of  co-ordinatet^  distances  of  any  point  from  the  foci^ 

80.  and  in  an  hyperboU  the  difference  <k 

(189.)  Note.    Geometrical  method  these  distance!  is  egull  to  the  transverse 

of  drawing  a  tangent  to  a  line  of  the  axis,  89. 
aecond  degnse,  452.  Note.    On  the  ovsds  of  Descartes. 

(192.)  Any  semidiameter  is  a  meali  Their  optical  properly,  452. 
proportfonal  between  the  parts  of  the        (2*1 1.;  Mechanical  description  of  an 

tangent  which  is  parallel  to  it,  inters  ellipse  and  hyperbola,  89. 
cepted  between  the  points  of  contact,        (212.)  The  polar  equation,  the  pole 

and  any  system  of  conjugate  diameters^  being  the  focus,  90. 
82.  ^te,  454. 

(193.)  The  triangles  formed  by  or-        (213.)  The  rectangle  under  the  di* 

dinatea  to  any  diameter  fVom  the  extre<  atances  of  any  point  from  the  foci  Is 

mities  of  a  system  of  conjugate  di».  equal  to  the  square  of  the  semiconjugate 

meters,  and  the  intercepts  between  them  diameter,  90. 
and  the  centre  are  equal,  ib.  (214.)  Bxpresftions  for  the  perpett- 

(194.)  If  on  the  axes  of  an  ellipse  as  dieodarS    from   the  foci  on  a  tangent, 

diameters  circles  be  de8cril)ed,  that  on  91. 

the  transverse  axis  will  be  entirely  out-        (219.)   The  rectangle  under  these 

aide  the  ellipse,  touching  it  at  the  ex-  perpendiculars  equal  to  the  square  of 

tremities  of  this  axis ;  that  on  the  con*  the  semiconjugate  aids,  ih. 
jugate  axis  will  be  entirely  within  the        Note.    On  the  value  of  the  perpen- 

ellipse,  touching  it  at  the  extremities  dicular  from  the  focua  and  the  asym- 

of  the  conjugate  axis,  83.  ptote,  454. 

(196.)  The  projection  of  a  circled        (216.)  The  perpendiciilars  are  pro- 

an  ellipse,  84.  portional  to  the  distances  of  the  point  of 

Note.     On  the  application  of  tbia  coniactAromthefoci,  91. 
prop,  to  the  phases  of  a  planet,  452.  (2']7.)    The    foCfil    r^dii   veetores 

(197.)  Angles  in  a  temiellipse  on  equally'inclined  to  the  tangent,  92. 
the  transverse  axis  are  obtuse,  and  oft        (218),   et  seq.    RemarkaMe  conii&. 

the  conjugate  axis  acute^  B4.  ^Iiences  of  this,  91. 

(198.)  The  lin^ts  of  an  angle  in-       (222.)  A  parallel  to  tbb  C^al  Vectdr 

scribed  in  a  semiellipse,  ibid.  drawn  from  the  centre  to  meet  the  tnn- 

(199.)  The   sides  of  an   angle  in^  ^ntis'equtfMo'the''setfnttrf(ifsver8e  axis, 

scribed  in  a  semiellipse  (called  supple^  93. 

mental  cJtordg),  are  parallel  to  conju-  ~  (223.)  The  loeua  ef  the  intersection 

gate  diameters,  85.  of  a  tangent  with  a  perpendicular  to  it 
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from  the  focus,  U  the  circle  described  (246.)  In  general  the  lecftangle  under 

upon  the  transverse  axis,  93.  the  segments  of  a  secant  through  the 

(224.)  The  tectangle  under  the  di-  focus  is  equal  to  the  rectangle  under  the 

glances  of  the  focus  and  directrix  from  whole  secant  and  a  fourth  of  the  prin- 

the  oentre  is  equal  to  the  square  of  the  cipel  parameter*  102. 

BemitransTerse  axis,  94.  (249.)  The  distances  of  a  point  on  a 

(227.)  The  distances  of  a  point  on  parabola  from  thefocus  and  directrix  are 

the  curve  from  the  focua  and  durectrix  equal,  103. 

are  in  a  constant  ratb,  ib.  .   (250.)  Mechanical  description  of  a 

Note^  454.  parabola,  ib. 

(228.)  The  directrix  is  the  locus  of  (251.)  Expression  for  perpendicular 

the  extremity  of  the  polar  subtangent*  from  the  focus  on  the  tangent,  104. 

95.  (252.)  This  perpendiciSar  is  a  mean 
(229.)  The  limit  of  the  position  of  proportional  between  the  distances  at 

the  tangent  to  an  hyperbola,  the  point  of  the  point  of  contact  and  vertex  from  the 

contact  being  indefinitely  removed,  is  foeus,  ib. 

the  asymptote,  ib.  (253.)  The  vertical  tangent  is  the 

(230),  et  seq.  Consequences  of  this,  locus  of  the  intersection  of  this  perpen* 

96.  .  dicular  with  the  tangent,  ib. 

(233.)  The  part  of  a  tangent  inters  (254.)  The  intercept  of  the  axis  be- 

cepted  between  the  asymptotes  is  equal  tween  the  tangent  and  focus  is  equal  to 

to  the  diameter  to  which  it  is  paralleli  the  distance  of  the  point  of  contact  from 

ibid.  thefocus,  105. 

(234.)  The  parts  of  a  secant  inter-  (255.)  The  diameter  and  focal  vector 

cepted  between  an  hyperbola  and  its  -are  equally  inclined  to  the  tangent,  106. 

asymptotes  are  equal,  97,  (256.)    Remarkable  consequence  of 

(235.)  A  right  lin^  being  intercepted  this,  ib. 

between  the  asymptotes,  the  rectangle  (257.)  The  distance  of  a  point  from 

under  the  segments  of  it  made  by  the  the  focus  is  eijual  to  a  perpendicular  to 

curve  is  equal  to  the  square  of  the  pa-  the  axis  intercepted  between  the  axis 

rallel  semidiameter,  ib.  and  focal  tangent,  ib. 

(236.)  The  intercept  of  a  parallel  to  Note,  454. 

the  asymptote  between  any  point  on  the  (258.)  The  relation  between  the  prin. 

curve  and  the  directrix  is  equal  to  the  ciful  parameter  and  the  parameter  of 

distance  of  that  point  from  the  focus,  98.  any  given  diameter,  107. 

(237.)  The  asymptotes  of  an  equi.  SECTION  XIV. 

lateral  hyperbola  are  rectangular,  lb.  n    n           r    • 

(238.)  Parallels  to  each  asymptote  t^robUms  relative  to  Unes  of  the  second 

being  drawn  to  meet  the  other,  the  pa-  ^^Sree  WustraHve  (fthe  preceding 

fiUlelogram  so  formed  is  of  a  constant  prtnctplcs. 

magnitude,  ib.  (260.)  Given  the  base  and  vertical 

(239.)  The  subtangent  relatively  to  angle  of  a  triangle,  to  find  the  locus  of 

the  asymptotes^  99*  the  vertex,  108. 

(261.)  Given  the  base  and  ratio  of 

SECTION  XIII.               .  sides,  to  find  the   locus  of  the  ver. 

^-^,           I  J  tex,  109. 

Of  the  parabola.  (^62.)  Given  the  base  and  sum  of 

(240.)  A  parabola  is  the  limit  of  an  squares  of  sides,  to  find  the  locus  of  the 

ellipse  or  hyperbola*  the  parameter  and  vertex,  ib. 

focus  of  which  being  given,  the  trans-  (263.)  Given  the  base  and  vertical 

verse  axis  is  increased  without  limit,  99.  i^igle,  to  find  the  locus  of  the  intersection 

(241),  et  seq.  Equations  of  tangent,  of  the  perpendicukrs,  110.  '^ 

normal,  subtangent*    and    subnormal,  (264.)  Given  the  base  and  vertical 

100.  angle,  to  find  the  locus  of  the  intersection 

(243. )  Expression  for  the  distance  of  of  the  bisectors  of  the  sides,  ib. 

of  a  point  from  the  focus,  101.  (265.)  Given  the  base  and  vertical 

(244.)  The  polar  equation,  the  focus  angle,  to  find  the  locus  of  the  centre  of 

being  the  pole^  ib.  inscribed  circle,  111. 
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(266.)    The  polar  equation  of  the  (289.)  A  similar  investigation  applied 

circle,  112.  to  the  parabola,  124. 

(267.)  A  secant  of  a  circle  passes  (290),etseq.  The  locus  of  the  centre 

through  a  iixed  point,  to  find  the  locus  of  the  circle  inscribed  under  the  focal 

of  the  point  which  divides  it  in  a  given  radii  vectores  of  an  ellipse  and  hyperbola, 

ratio,  ib.  125. 

(268.)  The  locus  of  a  point  from  (292.)  Given  the  focus  and  a  tangent 

which  lines  being  drawn  to  several  given  of  a  parabola,  the  locus  of  the  vertex  is 

points,  the  sum  of  the   squares  being  a  circle,  129* 

given,  is  a  circle,  113.  (293.)  Given  the  vertex  and  tangent, 

(269.)  The  locus  of  a  point,  from  the  locus  of  the  focus  is  a  parabola,  130. 
which  lines  being  drawn  inclined  at  (294.)  Given  a  diameter  of  a  para- 
given  angles  to  the  sides  of  a  given  bola  and  the  distance  and  its  parameter, 
rectilinear  figure,  the  sum  of  thdr  squares  the  locus  of  the  focus  is  a  circle,  131. 
being  given,  is  a  line  of  the  second  de-  (^295.)  Given  the  point  where  a  para- 
giee,  ib.  bola  intersects  a  given  diameter,  and  also 

(270.)  Two  right  lines  being  drawn  the  parameterof  that  diameter,  the  locus 

from  a  point  at  given  angles  to  two  of  the  vertex  of  the  curve  is  an  ellipse^ 

given  right  lines,  so  that  the  rectangle  ibid. 

under  them  shall  be  given,  the  locus  of  (296),  et  seq.  Given  the  diameter  of 

that  point  is  a  line  of  the  second  degree,  a  parabola  and  a  tangent  through  its 

114.  vertex,  the  loci  of  the  vertex  and  focus 

(271.)  Given  the  base  and  difference  are  right  lines,  132. 

of  base  angles  of  a  triangle^  the  locus  of  .    (298.)  A  right  line  of  a  given  length 

the  vertex  is  an  hyperbola,  115,  is  terminated  in  the  sides  of  a  given 

(274.)  Given  the  base  and  product  of  angle,4he  locus  of  a  given  point  upon 

tangents  of  base  angles,  the  locus  of  it  i  s  an  ellipse,  ib. 

vertex  is  an  ellipse  or  hyperbola,  1 1 5.  Note.  On  the  elliptic  compasses,  454. 

(275.)  Given  the  base  and  sum  of  the  (299.)  A  right  line  passes  through  ir 

tangents,  the  locus  is  a  parabola,  ib.  given  point,  and  is  terminated  in  the 

(276.)  Given  the  base  and  difference  sides  of  a  given  angle,  the  locus  of  a 

of  tangents,  the  locus  is  an  hyperbola,  point  which  divides  it  in  a  given  ratio  is 

117.  an  hyperbola,  133. 

(277.)  The  locus  of  a  point  from  (300.)  To  find  a  curve  of  such  a  na- 

which  perpendiculars  to  the  sides  of  a  ture,  that  the  intercept  of  a  parallel  to 

given  angle  shall  contain  a  given  area,  the  axis  of  x  between  the  radius  vector 

is  an  hyperbola,  118.  and  a  parallel  to  the  axis  of  y  shall  have 

(278.)  The  locus  of  the  centre  of  a  a  constant  magnitude,  134. 

circle  touching  a  given  line  and  passing  (301.)  A   right    line  being    drawn 

through  a  given  point,  is  a  parabola,  ib.  .  through  a  given  point  intersecting  the 

(279.)  The  locus  of  the  centre  of  a  sides  of  a  given  angle,  apart  is  assumed 

circle  touching  a  given  right  line  and  a  from  the^given  point  equal  to  the  part 

given  circle,  is  a  parabola,  1 1 9.  intercepted  between  the  sides  of   the 

(280.)  The  locus  of  the  centre  of  a  angle,  to  determine  the  locus  of  its  ex- 

circle  which  touehes  two  given  circles,  iremity,  ]  35. 

is  an  hyperbola,  ib.  (302.)   Similar  lines  of  the  second 

(281.)  The  locus  of  the  ijitersection  degree  htiving  a  common  axis  and  ver. 

of  tangents  to  a  parabola  whicii  inter,  tex,  divide  secants  through  the  vertex 

sect  at  a  given  angle,  is  an  hyperbola,  proportionally,  1 36. 

ibid.  Note,  455. 

Note,  454.  (303.)  Two  similar  ellipses  or  hy« 

(282.)  The  locus  of  the  intersection  perbolae  have  a  common  centre  and  co- 
of  tangents  to  an  ellipse  or  iiyperbola  incident  axes,  and  through  the  vertex  of 
inclined  to  the  axes  at  angles,  the  pro-  the  smaller  a  tangent  is  drawn  inter- 
duct  of  whose  tangents  is  given  in  an  secting  the  other;  any  two  chords  of  the 
ellipse  or  h3rperbola,  121.  greater  passing  through  the  point  where 

(283),  et  seq.  Particular  applications  this  axis  meets  it,  and  equally  inclined 

of  the  preceding,  122.  to  this  tangent  are  together  equal  to  tWo 
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cbordfl  of  the  tmidler  ellipse  parallel  to  the  centre  of  an  ellipse  uptfn  an  ordinate 

them  and  passing  through  the  vertex,  to  the  axis  equal  to  that  ordinate,  the 

138.  locns  of  the  point  where  it  meets  it  is  an 

(304.)  Three  unequal  circles  being  ellipse,  151. 
given,  if  to  every  two  of  them  common 

tangents  be  drawi^  the  three  points  of  SECTION  XV. 

intersectipn  cf  the  tangents  to  each  pair  -^- ,,^  ^     ,.    ..^  ^  .,      ,.^      ^.  , 

qf  drdes  wiU  lie  in  Uie  same  straigbt  ^f  '^  ^IP^^^t^  €  t^  dtfferenlial 
K       139  "*^^  tntegrtd  calculus  to  curves, 

(305.)  Two  circles  being  given,  a  tan-  (318.)  Greneral  mediod  of  determinmg 
gent  to  one  of  them  intersects  the  other,  a  tangent  to  a  curve,  152. 
the  locus  of  the  intersection  of  tangents  Note.  On  the  dififerent  methods  of 
to  the  second  passing  through  the  points  tangents.  Roberval's  method;  exam. 
of  Intersection,  is  a  line  dT  the  second  pies  of  it  applied  to  lines  of  the  second 
degree^  140.  degree  and  the  cydoid,  455. 

(306.)  To  find  the  equation  of  a  line  (323),  et  seq.  General  formulae  for 
of  the  second  degree  touching  the  three  the  subtangent,  normal^  and  subnormal, 
gides  of  a  given  triangle^  141 .  '155. 

(307.)  To  determine  the  locus  of  its  (326),  et  seq.  Formalse  for  passing 
centre^  14^      -  from  rectangular  to  polar  co-ordinates^ 

(308.)  To  inscribe  an  ellipse  or  by-    and  vice  versa,  156. 
peibola  in  a  triangle  so  as  to  touch  its        (3^7.)  The  angle  under  the  radius 
base  at  the  middle  point,  and  also  to    vector  and  tangent,  ]  57. 
touch  one  of  die  sides  at  a  given  point,        (328.)  Note  on  polar  subtangent,458. 
144.  (329.)  Method  of  rectification,  158. 

(309.)  The  locus  of  the  centre  of  an        (330.)  Method  of  quadrature,  159. 
ellipse  or  hyperbola  inscribed  in  a  tri-        (331.)  Of  osculating  circles  and  cvo- 
angle,  and  touching  one  side  of  a  given    lutes,  ibid, 
point,  is  a  right  line,  ib.  .  Note,  438. 

(310.)  Given  the  base  of  a  triangle,        (333.)  Centre  and  ndius  of  ovulating 
one  of  the  base  angles  being  doable  the    circle,  162. 
other,  the  locus  of  the  vertex  is  an  by-        (337.)  Note,  458. 
perbola,  145.  (338.)  Evolute  determined,  164. 

(311.)  Given  in  magnitude  and  po-        Note,  459. 
sition  the  vertical  angle  of  a  triangle        (340.)  Normal  of  the  curve  is  thtf 
whose  area  is  also  given,  the  locus  of  a    t&ngent  to  the  evolute,  165. 
point  which  divides  the  opposite  side  in        (342.)    Radius  of  osculating  circle 
a  given  ratio,  is  an  hyperbola,  146.  equal  to  the  arc  of  the  evolute,  ih. 

(312.)  The  locus  of  the  extremity  of        (344.)  The  evolute  of  every  alge- 
a  portion,  assumed  upon  the  sine  of  an    braic  curve  rectifiable,  166. 
arc  equal  to  the  sum  or  difierence  ofits        (345.)  Method  of  determining  asym- 
chord  and  versed  sine^  is  a  parabola,  ib.     ptotes,  167. 

(31 3.)  The  ordinate  to  the  axis  of  a  QWPTTnXT  YVT 

line  of  the  second  degreebeing  produced  bEUllUJN  A  VI. 

until  the  part  produced  equals  the  di.^       Qf  the  generai  principles  of  ccmtact 


stance  of  the  point  where  Jt  meeta  the  and  osculation. 


gree,  149. 

(315.)  A  line  being  inflected  from  SECTION  XVII. 

the  point  when  it  meets  it  is  a  line  of  the  (363.)  Point  of  inflection,  175. 

second  degree,  150.  (364.)  Note,  459. 

(316.)  A  line  being  inflected  from  (368.)  Multiple  points,  }77^ 
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Note.    On  the  detenmination  of  muU 
.tiple  points,  459. 

(37a)  DooUe,  triple  points,  &c  178., 
(372.)  Cusps  of  the  first  and  second 
kind,  ib. 

(374*)  Conjugate  points,  .ib. 
.  Note.    On  the  origin  of  conjugate 
points,  462. 

SECTION  XVIII. 

Qf  the  rectification^  quadrature,  and 
curvature  of  lines  of  the  second  dc* 
gree. 

(375.)  The  rectifWa^on  of  the  circle, 
179. 

(376*)  The  quadrature  of  the  circle, 
181. 

Note.  On  the  quadrature  of  the 
circle.  463. 

(378.)  The  quadrature  of  the  ellipse, 
ibid. 

Note,  463. 

(388.)  The  quadrature  of  the  hyper, 
bola,  183. 

(386.)  The  quadrature  of  the  para- 
bola, I84» 

^     Note.     This  quadrature  discovered 
by  Archimedes,  464. 

(387.)  The  osculating  circle  to  a 
point  in  an  ellipse  or  hyperbola,  1 84. 

(390.)  The  osculating  circle  to  a 
point  in  the  parabola,  1 85. 

(393.)  The  evolute  of  the  ellipse  or 
hyperbola,  186. 

(396.)  The  evolute  of  the  parabola, 

188.         , 

Note.  Van  Huraet's  rectification  of 
this  curve,  and  the  application  of  this 
method  to  the  parabola  and  hyperbola, 
464. 

SECTION  XIX. 

Qf  the-properties  of  the  logarithmic^ 

^  concJioid,  cissoid,  and  other  curves^ 

tfoih  algebraic  and  transcendental. 

(397.)  The  logarithmic,  189. 

Note.  Inventor  and  physical  (hto- 
perty  of  this  curve,  467. 

(398.)   Equidistant  values  of  y  in 
geometrical  progression,  190. 
'   (400.)  The  axis  of  ir  an  asymptote^ 
ibid. 

(401.)  The  tangent  and  subtangent, 
19). 

(408.)  The  osculating  circle  and  point 
of  greatest  curvature,  ibid. 


(405.)  The  quadrature  of-thls  curve, 
192. 

(408.)  The  conehoid  of  Nicomedes, 
193. 

.  Note.  Of  the  invention  of  this  curve. 
Description  of  the  trammel  of  Nico« 
medes,  an  instrument  for  describing  it 
by  continuous  motion*  The  trisectidn  of 
an  angle,  and  the  insertion  of  tyro  mean 
proportionals  by  this  curve,  467. 

(410.)  The  tangent  and  singular 
points,  194. 

(412.)  The  cistoid  of  Diocles,  196. 

Note.  Of  the  invention  of  this  curve. 
An  instrument  for  describing  it  by  con- 
tinuous  motion  invented  by  Newton. 
The  quadrature  of  the  cissoid.  Other 
inventions  of  Diocles,  47  K 

(4 1 4. )  Of  the  figure  of  the  cissoid  and 
its  tangent,  197. 

(418.)  The  lemniscfita  of  James  Ber- 
nouilli,  1 98. 

Note.  Physical  properties  of  this 
curve,  473. 

(421.)  Its  figure  and  quadrature, 
20O. 

(422.)  The  curve  of  sines,  its  figure 
and  quadrature,  20O. 

Note.  Of  the  invention  of  thes^ 
curves.  Of  harmonic  curves,  and  their 
connexion  with  trigonometrical  curves^ 
The  rectification  of  harmonic  curvet  re- 
duced to  that  of  the  ellipse,  474. 

(427.)  The  curve  of  tangents,  its 
fijfjrure  and  quadrature,  202. 

(429.)  The  curve  of  secants,  204. 

(430.)  The  logarithmic  spiral,  205. 

Note.  Of  the  invention  of  this  curve 
and  its  several  properties.  Its  physical 
properties.  Instrument  for  describing  it 
Its  relation  to  the  loxodromic  curve. 
Its  genesis  derivable  from  the  logarith- 
jonic  This  method  generalised  and 
shown  to  apply  to  curves  iti  general, 
476. 

(431.)  Equidistant  radii  vectores  in 
geometrical  progression, -205. 

(434.)  Tangent  and  polar  subtangent) 
ibidtf 

(437.)  Its  rectification  and  quadra- 
ture, 206. 

(441.)  Its  osculating  drde  and  evo« 
lute,  208. 

(445.)  The  spiral  of  Archimedes,209. 

Note.  Of  the  invention  of  this  curve 
by  Conon.  Its  properties  discovered  by 
Archimedes.  Of  the  other  discoveries 
of  Archimedes,  479. 
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(447.)  Equidistant  radii  vectores  in 
arithmetica}  progression,  209. 

(448),  et  seq.  Its  tangent  and  qua- 
drature, 210. 

(453.)  General  class  of  spirals  of 
which  this  is  a  species,  211. 

(454.)  Hyperbolic  spiral,  ibid. 

Notew     Fhyncal  properties,  48 1 . 

(456)^  ct  seq.  Its  asymptote  and 
tangent,  212. 

(460)»  et  seq.  Its  polar  subtangent 
and  quadrature,  213. 

(464.)  The  lituus,  its  asymptote  and 
tangent,  214. 

(471.)  Of  cycloids,  215. 

Note.  Of  the  inventors  of  these 
curves,  481. 

(472%  et  seq.  The  prolate,  curtate, 
and  common  cycloids,  216. 

(477.)  The  intercept  of  the  ordinate 
to  the  axis  between  the  generating  circle 
and  cycloid,  bears  a  given  ratio  to  the 
corresponding .  arc  of  the  generating 
drcle,  218. 

Note.  On  the  notation  cos.  —iA,  483. 

(479.)  The  tangent  and  figure  of  the 
cycloid,  219. 

(481.)  Greometrical  methods  of  draw- 
ing tangents,  normals,  &c.  220. 

(487.)  The  quadrature  rectification 
and  evolute  of  the  cycloid,  2^2. 

(496.)  Remarkable  relation  between 
the  common  cycloid  and  the  involute  of 
the  generating  circle,  2-25. 

(497.)  The  companion  of  the  cycloid, 
ibid. 

■  Note.    This  curve  identical  with  the 
sinusoid,  483. 

(502),  et  seq.  The  tangent  figure  and 
quadrature  of  this  curve,  226. 

(505.)  General  equation  of  cycloidal 
curves,  228. 

(506.)  Of  epitrochords  and  epicy« 
doids,  ibid. 

Note.  The  inventor  of  epicycloids, 
484. 

(510),  et  seq.  Tangent,  rectification 
and  evolute  of  these  curves,  231. 

(516.)  Of  the  cardioide,  236. 

Note.    Physical  properties,  484. 

(520.)  The  tangent,  quadrature,  rec« 
tification  and  evolute  of  this  curve, 
238. 

(529.)  The  quadratrix  of  Dinostra- 
tus,  240. 

Note.  On  the  inventor  of  this  curve, 
485. 

(330),  et  seq.  T-he  properties  from 


which  thb  curve  derives  its  name, 
242. 

(538.)  The  multisection  of  an  angle 
Ijy  this  curve,  244. 

(539.)  The  quadratrix  of  Tshim- 
hausen,  ibid. 

Note.  On  the  inventor  of  this  curve, 
483. 

(541),  et  seq.  The  figure  and  qua- 
dration  of  this  curves  245. 

(544.)  The  multisection  of  an  angle 
by  it,  247. 

(545.)  The  catenary,  ibid. 

Note,  486. 

(547),  et  seq.  Its  tangent  and  rectifi- 
cation, 249. 

(551),  et  seq.  Its  osculating  circle 
and  evolute,  251. 

(554.)  Its  quadrature^  252. 

{555.)  The  involute  of  the  circle,  its 
tangent  and  quadrature^  252. 

(561.)  Its  rectification  and  polar  sub- 
tangent,  254. 

(566.)  Remarkable  relation  between 
this  curve  and  the  spiral  of  Archimedes, 
255. 

(567.)  Of  the  tractrix  and  equitan- 
gential  Curves,  ibid. 

Note,  486. 

(569),  et  seq*  The  tangent,  figure, 
and  quadrature  of  the  tractrix,  256. 

(572),  et  seq.  The  rectification  an^ 
evolute  of  the  tractrix,  258. 

(576.)  The  syntractrix,  261. 

SECTION  XX. 

The  nature  and  properties  of  the  roots 
qf  equations  illustrated  hy  the  geo^ 
mctry  of  curves. 

(  580. )  General  method  of  construct- 
ing the  value  of  y  for  any  given  value 
of  0?,  265. 

Note,  486. 

If  two  numbers,  substituted  for  x  in 
any  equation  produce  results  with  op- 
posite signs,  there  must  be  an  odd  num- 
ber of  real  roots  between  them,  and  at 
least  there  must  be  one,  268. 

If  two  numbers,  substituted  for  .r  in 
any  equation  give  results  af&cted  with 
the  same  sign,  there  must  be  either  no 
real  root  or  an  even  number  of  real  roots 
between  them,  ibid. 

If  two  numbers,  whose  difierence  is 
less  than  the  least  difierence  of  two  con- 
secutive roots  of  an  equation,  substituted 
for  .T  in  the  equation,  give  results  affected 
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with  different  signs,  one  and  only  one 
real  root  lies  between  them ;  and  if  they 
give  results  afiected  with  the  same  sign 
no  real  root  lies  between  them,  269. 

If  two  numbers,  which  include  be- 
tween them  an  even  number  of  real  and 
equal  roots,  be  substituted  for  x  in  any 
equation,  they  will  give  results  affected 
with  the  same  sign,  sro. 

If  two  numbers,  which  include  be- 
tween them  an  odd  number  of  real  and 
equal  roots,  be  substituted  for  Xy  they 
will  give  results  with  dififeient  signs, 
ibid. 

If  numbers  greater  than  the  greatest 
root  of  an  equation,  whether  positive  or 
negative,  be  substituted  for  x,  th^  will 
continually  give  results  with  the  same 
sign,  271. 

Equations  of  an  even  order  have  either 
an  even  number  of  real  roots  or  none, 
ibid. 

Bqua^ons  of  an  odd  order  have  al- 
ways an  odd  number  of  real  root;,  272. 

Impossible  roots  exist  by  pairs,  ibid. 

Every  equation  which  wants  the  last 
term  has  a  root  »  o,  ibid. 

An  equation  of  an  even  order,  with 
the  last  term  negative^  has  at  least  two 
real  roots  with  diiSferent  signs,  ibid. 

J3y  changing  the  value  of  the  last  term 
of  an  equation,  real  roots  passing  through 
equality  become  impossible,  and  vice 
versa,  273. 

The  equation  of  UmUs  and  it&  pro. 
perties,  274. 

(581.)  Method  of  constructing  the 
roots  of  equations  by  the  intersection  of 
curves,  275.  ^ 

(582.)  Constructions  for  the  roots  o£ 
a  quadratic  equation,  276. 

(583.)  Constructions  for  the  roots  of 
an  equation  of  the  third  degree,  278. 

(585.)  To  find  a  cube  which  shall 
bear  a  given  ratio  to  a  given  cube,  285* 

(586.)  To  find  two  mean  propor- 
tionals, 286. 

(587.)  The  trisection  'of  an  angles 
ibid. 

(588.)  The  resolution  o{(x'^±arx) 
into  its  simple  fiictors,  288. 
Not^  487. 

SECTION  XXL 

Of  the  general  properties  of  algebraic 
curves, 

(592.)  Division  of  curves  into  alge- 
braic and  transcendental^  295. 


Curves  classed    by  the  degi«es    of 
their  equation^  296. 
Note,  490. 

(595.)  The  analytical  parallelogram 
of  Newton,  298. 

The  analytical  triangle  of  De  Gua. 
299. 

(596.)  The  number  of  terms  in  a 
general  equation,  300. 

(597.)  How  far  the  angle  of  or^a- 
tion  affects  the  curve,  ibid. 

(598.)  Complex  curves,  301. 

(600.)  An  algebraic  curve  of  the  nth 

degree  may  be  drawn  through  "^**'*'    ^ 

points,  304. 

(601.)  The  greatest  number  of  points 
in  which  a  right  line  can  meet  an  alge- 
braic curve  is  expressed  by  the  exponent 
of  its  order,  305.   ' 

(602.)  Two  algebraic  curves  of  the 
mth  and  nth  order  can  only  intersect  \n 
mn  points,  306. 

Note.  On  the  degree  of  a  final 
jequation,  490. 

(606.)  If  two  right  lines  parallel  to 
two  right  lines  given  in  position  inter*' 
sect  a  curve  of  the  nth  order,  the  con- 
tinued products  of  their  segments  inter- 
cepted between  thdr  point  of  intersection 
and  the  curve  will  be  in  a  constant  ratio, 
309, 

(607.)  Diameters  in  general,  310. 

Curvilinear  diameters,  3 1 2. 

An  absolute  diameter,  ibid". 

Counter  diameters,  iliid. 

Centres  in  general,  313. 

(608.)  Classification  of  lines  of  the 
third  order,  314. 

Note,  493. 

SECTION  XXII. 

Geometrical  problems^  illustrative  of 
the  application  of  the  preceding 
parts  ^algebraic  geometry, 

(609.)  Given  the  base  .of  a  triangle 
and  the  ratio  of  the  rectangle  under  the 
udes  to  the  difference  of  their  squares 
to  determine  the  locus  of  the  verte]^ 
315. 

(610.)  Two  right  lines,  each  passing 
through  a  given-point,  intersect  in  such 
a  manner  as  to  intercept  between  them 
a  given  magnitude  of  a  right  line  given 
in  portion  to  find  the  curve  traced  by 
their  intersection,  316. 
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(611.)  Given  the  base  and  locus  of  curve  whose  subtangent  varies  as  the 

vertex  of  a  triangle^  to  investigate  the  rectangle  under  its  co-ordinates,  332. 

luci   of  the  points  where  the  inscribed  (624.)  To  find  the  equation  of  a  curve 

square  meets  its  sid^  and  also  that  of  whose  area  equals  twice  the  rectangle 

the  centre  of  Uie  inscribed  square,  317.  under  its  co-ordinates,  ib. 

(612.)  A  given  right  angled  triangle  (625.)  To  find  the  spiral  whose  area 
is  so  qpoved,  that  the  vertex  of  the  right  is  proportional  to  the  logarithm  of  the 
angle,  and  one  extremity  of  the  hypo-  radios  vector,  333. 
tenuse,  describe  right  lines  perpendi-.  (626.)  Of  two  right  angles  one  is 
cular  to  each  other,  and  given  in  pod-  given  in  positioiiy  and  -the  other  is  so 
tion ;  to  find  the  nature  of  the  curve  de-  moved  that  while  one  of  its  sides  inter- 
scribed  hy  the  other  extremity  of  the  sects  a  side  of  the  fixed  angle  at  a  given 
hypotenusev  319.  point,  the  intercept  of  the  other  side  be- 

(613.)  To  determine  the  curve  in  tween  its  vertex  and  the  other  side  of  the 

which  the' sine  of  the  angle  of  projection  fixed  angle  shall  be  of  a  given  magni. 

varies  inversely  as  the  square  of  the  ra-  tude^  to  determine  the  curve  traced  by 

diutf  vector  (equilateral  hyperbola)*  ibid,  the  middle  point  of  this  intercept,  lb. 

(614.)  To  find  the  locus  of  a  point  (^^7.)  Tb  find  the  locus  of  the  inter, 

from  which  several  right  lines  being  section  of  a  tangent  to  a  given  circle, 

drawn  to  several  ^ven  points>  the  sum  and  a*  line  perpendicular  to  it  passing 

•f  their  2mih  powers  will  be  given,  m  through  a  ^yen  point  on  the  circle,  334. 

being  supposed  a  positive  integer,  321.  (628.)  Two   equal  parabolas  being 

(615.)  To  find  the  locus  of  a  point,  placed  in  the  same  plane,  and  so  as  to 

the  di0eience  of  the  2mth  powers  of  touch  at  their  vertices,  let  one  of  them 

whose  distances  from  two  given  points,  be  supposed  to  roll  upon  the  other,  to 

i«  given,  m  being  supposed  a  positive  find  the  loci  of  its  focus  and  vertex,  335. 

inte^r,  ibid.  (6^9.)  The  ordinate  to  the  dkmeter 

.   (616.)  To  find  the  locus  of  a  point  of  a  circle  bdng  produced,  until  the  rec 

from  wUch  the  sum  of  the  mth  powera  tangle  under  the  whole  produced  ordi- 

of  right  lines  drawn  at  givsn  angles  to  se-  nate^  and  the  absciss,  shall  be  equal  to 

veral  given  right  lines  diall  be  given,  m  tiie  rectangle  under  the  original  ordinate 

being  supposed  a  positive  int^er,  392.  and  diameter,  to  investigate  the  locus  of 

(617.)  To  find  the  equation   of  a  its  extremity,  336. 

curve  of  a  given  species  r«ifi»Tg  through  Note.  On  the  name  and  inventor  of 

any  proposed  number  of  given  points,  this  curre,  493. 

323.  (630.)  To  investigate  the  figure  of 

(618.)  To  investigate  the  figure  and  the  curve,  whose' equation  is  ^"^  —  a'x* 

area  of  a  curve  represented  by  the  equa-  —  ^^-^  +  a'^'  —  c9y  =  0, 330. 

tion  fl^  —  y«a«  —  16j:4  =  0,  327.  (631.)  To  find  the  locus  of  the  inler- 

(619.)  To  investigate  the  figure  and  section  of  the  tangent  to  an  ellipse,  with 

quadrature  of  the  curve  represented  by  a  perpendicular  to  it  passing  through 

the  equation   s^  —  (i»jfi  +  a*y^  =  0,  the  centre,  340. 

328.  Note,  494. 

(620.)  The  ordinate  to  the  axis  of  a  (632.)  To  determine  the  locus  of  the 
cyck>id  being  produced  until  it  becomes  intersection  of  the  tangent  tp,  an  hyper- 
equal  to  the  cycloidal  arc  intercepted  bola,  and  a  perpemBcular  to  it  through 
between  it  and  the -vertex;  to  find  the  the  centre,  345. 
locus  of  its  extremity,  329.  (^33.)  Given  the  base  and  rectangle 

(621.)  A  drcle  and  a  right  line  inter,  under  the  sides  of  a  triangle,  to  deter- 

secting  it,  are  given  in  position,  the  part  mine  the  locus  of  the  vertex,  347. 

t(  a  radius,  or  produced  radius,  inter.  Note,  494. 

cepted  between  the  circle  and  right  line,  (634.)  Given  the  base  and  area  of  a 

is  divided  in  a  given  ratio,  to  determine  triangle^  to  find  the  locus  of  t^  centre  of 

fte  locus  of  the  point  of  division,  330.  the  inscribed  circle,  349. 

(622.)  To  investigate  the  figure  and  (635.)  Two  given  curves,  one  re- 

quadrature  of  the  curve  represented  by  ferred  to  rectangular,  and  the  other  to 

a«y  -  x^  —  a3  =3  0,  331. '  polar  co-ordinates,  are  so  related  that 

(623.)  To  find  the  equation  of  the  the  ordinates  of  the  one  are^  equal  to  the 


CONTENTS.  511 

corresponding  ladiivectores  of  tbe  other,  cities,  to  find  Uk  loci  of  iheir  vertices 

to  determine  Ihe  conditions  by  which  the  and  foci,  370w 

equation  of  either  of  these  curves  may         (648.)  Given  the  velocity  dioection  of 

be  found  firom  that  of  the  other,  355.  a  projectile  to  find  the  point  where  it  will 

Note,  494.  meet  a  given  place,  and  also  the  time  of 

flight,  ib. 
SECTION  XXIII.  (€49.)  Givep  the  v^bdty  of  projection 

-,  ,.  to  find  the  angle  of  prcneotion,  at  ifhich 

Proptmtums  tUuttrqiwe  qftfte  appjtca.  ^  diatance  of  the  pomt  where  the  pro- 

tum  of  the  preceding  part  of  Alg^^  j^^g^  „^j,  ^  given  phme,  shiOl  be  a 

hraic  Geometry  to  various  parti  qf:  maximum,  371. 

Fhyticia  Science.  (^550)  X^,  ^^  ^^  jo^u,  of  H^g  g^p^y 

(636.)  Aright  line  of  a  given  length  foci   of  the  orbits  of   several  planets 

being  erected  perpendicular  to  an  hori-  havmg  a  common  point  of  nkteraeotion, 

zontal  plane,  to  find  the  nature  of  the  and  at  that  point  having  the  same  velo- 

curve  traced  out  by  the  extremity  of  its  city,  374. 
shadow,  360.  (65 1 .)  To  investigate  the  figuM  of  the 

Note^  494.  earth  from  the  horizontal  paraUax  of  the 

(637.)  To  find  the  curve  traced  by  the  moon  accurately  observed  in  difTerent 

vertex  of  the  earth's  conical  shadow,  36 1 .  latitudes,  375. 

(638.)  if  a  body  revolves  in  any  pro-  (65*2.)  A  perfectly  flexible  and  ine- 
posed  curves  to  find  the  curve  of  a  fixed  lastic  chain  of  uniform  density  and  thick- 
star's  aberration  as  seen  from  this  body,  ness  beiiqg  suspended  ^em  two  fixed 
362.  points,  to  find  the  curve  into  which  it 

Note,  495.  «iU  form  itself  by  the  effect  of  its  own 

(639.)  The  orbit  being  a  line  of  th«  weight,  376. 
second  degree  with  the  centre  of  force        Note^  496. 

at  the  focus,  to  find  the  curve  of  abernu        (653.)  A  flexible  and  elastic  chain  is 

tion,  363.  attached  to  two  fixed  points,  to  find  the 

(640.)  The  orbit  being  an  ellipse  or  curve  into  which  it  will  form  itself  by  its 

hyperbola,  with  the  centre  of  force  at  its  own  gravity,  377. 
centre,  to  find  the  curve  of  aberration,        (654.)  A  given  orbit  is  described  by  a 

S65.  body  round  a  given  point  as  centre  of 

(641.)  The  orbit  being  a  parabola,  the  force,  and  from  any  point  in  it  a  body  is 

force  acting  along  the  diameters,  to  find  projected  with  the  velocity  in  the  orbit 

the  curve  of  aberration,  ib.  in  a  direction  immediately  opposed  to  the 

(642.)  The  orbit  of  the  planet  being  action  of  the  force,  to  find  the  locus  of 

supposed  a  circle,  with  the  sun  in  the  the  point  at  which  it  shall  cease  to  recede 

circumference,  to  find  the  curve  of  aber-  from  the  orbit,  379. 
ration,  366.  Note,  497. 

(643.)  The  orbit  of  a  comet  being         (655.)  A  given  orbit    is  described 

supposed  parabolic,  to  find  the  place  of  round  a  given  point  as  centre  of  force, 

perihelion  from  two  distances  from  the  and  a  body  being  placed  at  any  point  in 

sun,  and  the  included  angle,  ib.  the  orbit,  is  moved  by  the  action,  and  in 

(644.)  The  parabolic  orbits  of  several  the  direction  of  the  force,  until  it  ac 

comets  having  a  common  tangent,  to  quires  the  velocity  it  would  have  in  the 

find  the  locus  of  the  perihelia,  367.  orbit,  to  find  the  locus  of  the  point  at 

(645.)  The  parabolic  orbits  of  several  which  this  velocity  shall  be  acquired, 

comets  intersecting  at  the  same  point,  380.       ^ 
to  find  the  locus  of  the  perihelia,  368.  {656,)  A  material  point  is  moved  by 

(646.)  Projectiles  being  thrown  from  its  own  weight  on  a  curve,  the  plane  o£ 

a  given  point  with  the  same  velocity  in  which  is  vertical,  to  determine  the  per- 

di&rent  directions,  to  find  the  loci  of  the  pendicular  pressure  on  the  curve^  383. 
vertices,  and  foci  of  the  parabolse  de.         (657.)  To  determine  a  curve  such, 

scribed  by  them,  ib.  that  a  material  point  constrained  to  move 

Note,  495.  w  it  by  the  force  of  gravity  will  descend 

(647.)Several'projectilesbeing  thrown  with  an  uniform  velocity,  388. 
in  the  same  direc&>n  with  diftrent  velo.        Note,  497. 
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(658.)  A  right  line  fixed  at  a  point  io  (664.)  To  find  the  image  of  a  straight 

ail  horizontal  plane  is  so  fixed  as  to  re-  line  in  a  lens,  41 8. 

volve  in  a  Tertical  plane^  to  determine  (€65.)  To  find  a  refracting  curve  such, 

the  locus  of  a  point  in  it  auch,  that  the  that  parallel  homogeneous  rays  incident 

time  of  descent  from  it  to  the  fixed  point  on  it,  shall  be  all  refVaoted  to  the  same 

shall  be  the  same  at  all  elevations,  the  point,  ibid. 

friction  being  supposed  proportional  to  (666.)  To  determine  the  caustic  by  re- 

the  pressure,  389.  flection  of  a  given  curves  419. 

(659.)  Two  weights  are  connected  by  (667.)  To  find  the  caustic  of  the  cir. 

a  stringwhich  passes  over  a  fixed  pulley;  cle,  the  radiant  being  on  the  circum- 

one  hangs  vertically,  the  other  is  sup-  ference,  420. 

ported  upon  a  curve,  the  plane  of  which  (668.)  To  find  the  caustic  of  the  cir- 

is  vertical,  to  find  the  point  on  the  curve  cle,  the  rays  being  parallel,  421. 

at  which  the  weights  will  be  in  equilibrio,  '  (669.)  To  find  the  caustic  of  the  cy- 

391.  cloid,   the  rays  being  parallel  to  the 

(660.)  To  find  the  centre  of  gravity  axis,  422. 

of  a  plane  curve,  393.  (670.)  To  find  the  caustic  of  the  loga- 

(661.)  To  investigate  the  centres  of  rithmic  spiral,  the  radiant  being  at  the 

gyration  and  percussion,  or  oscillation  of  pole,  424. 
a  plane  curv^  403. 

(662.)  A  vessel  saib  between  two  SECTION  XXIV. 

light-houses,  to  find  the  track  she  must  p      • 

describe  so  as  to  recdve  an  equal  quan-  irraxu. 

tity  of  light  from  each,  4l6iv  This  section  contains  a  collection  of 

(663.)  To  find  the  image  of  a  straight  questions  without  solutions,  adapted  for 

line  in  a  spherical  reflector,  4 1 7.  general  exercise. 


THE  END. 
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